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PREFACE. 



In the present edition this work has been carefully revised 
throughout, and with special reference to recent changes 
in the regulations of the University of London. Several 
new sections and additional examples have been introduced. 

At the same time the author has stedfastly kept in 
view his original design; namely, that of supplying a 
manual, by the aid of which a Student may intellig^itly 
prosecute the study of Natural Philosophy in the earlier 
stages of his Mathematical course. 

The Work is divided into two parts. The First Part 
embraces the more elementary portions of Mechanics, and 
can be read by a student who has advanced as far as the 
earlier propositions of the Sixth Book of Euclid, and has 
an elementary knowledge of Plane Trigonometry. In the 
Second Part some of the subjects are carried forward 
to the point at which a knowledge of the Differential 



VI PREFACE. 

Calculus becomes necessary. For reading this a moderate 
knowledge of Algebraical Geometry and of Spherical Trigo- 
nometry is requisite. 

The changes thus made in the Work will, it is hoped, 
increase its utility, as well for the purposes of general 
Education, as for those who are preparing for University 
Examinations. 

SAMUEL NEWTH. 



New College, London, 
October, 1879. 



CONTENTS. 



CHAPTER I. 

Page 
DEFINITIONS AND AXIOMS . . . . . . 1 



CHAPTER II. 

ON THE COMPOSITION AND RESOLUTION OF FORCES . . . 5 

EXAMPLES . . . . ... 33 

CHAPTER III. 

ON THE CENTRE OF GRAVITY . . . . . 41 

EXAMPLES . . ... 61 

CHAPTER IV. 

ox THE SIMPLE MACHINES . . . ... 53 

EXAMPLES . . . . ... 72 

CHAPTER V. 

ON COMBINATIONS OF THE SIMPLE MACHINES . . . . 76 

EXAMPLES . . . . ... 85 

CHAPTER VI. 

ON FRICTION . . . . ... 87 

EXAMPLES . . . ... 96 



VIU CONTENTS. 

CHAPTER VII. 

Page 
STATICAL PROBLEMS . . . ... 98 

EXAMPLES . . . . ... 109 



CHAPTER VIII. 

ON THE LAWS OF MOTION . . . . . . 113 

EXAMPLES . . . . ... 122 

CHAPTER IX. 

ON THE COMPOSITION AND RESOLUTION OF VELOCITIES . . .124 

EXAMPLES . . . . ... 129 

CHAPTER X. 

ON UNIFORM FORCES AND GRAVITY . . . . . 130 

EXAMPLES . . . . ... 146 

CHAPTER XL 

ON PROJECTILES . . . . ... 149 

EXAMPLES . . . . ... 156 

CHAPTER XII. 

ON IMPACT . . . . ... 159 

EXAMPLES . . . . ... 167 

CHAPTER XIII. 

ON THE FREE CURVILINEAR MOTION OF A PARTICLE AND ON MOTION 

ABOUT CENTRES OF FORCE . . . . . 170 

EXAMPLES . . . . ... 182 

CHAPTER XIV. 

ON CONSTRAINED MOTION . . . . . . 184 

EXAMPLES . . .• . ... 193 

CHAPTER XV. 

ON WORK . . . . ... 195 

EXAMPLES . . . . ... 208 



CONTENTS. IX 



CHAPTER XVI. 

Page 
ON THE FUNDAMENTAL PROPERTIES OF FLUIDS . . . 206 

EXAMPLES . . . . ... 211 



CHAPTER XVII. 

ON THE EQUILIBRIUM OF FLUIDS ACTED UPON BY GRAVITY . . 212 

EXAMPLES . . . . ... 224 

CHAPTER XVIII. 

ON SPECIFIC GRAVITY . . . ... 227 

EXAMPLES . . . . ... 234 

CHAPTER XIX. 

ON ATMOSPHERIC PRESSURE . . ... 237 

EXAMPLES . . . . ... 245 

CHAPTER XX. 

ON THE LAWS OF ELASTIC FLUIDS . . ... 247 

EXAMPLES . . . . ... 255 

CHAPTER XXI. 

ON THE AIR-PUMP AND STEAM-ENGINE . ... 257 

MISCELLANEOUS EXAMPLES . . . ... 266 



X CONTENTS. 



$art ih 



CHAPTER I. 

Pajfe 
ON THE THEORY OF COUPLES . . ... 273 

EXAMPLES . . . . ... 280 



CHAPTER II. 

ON THE GENERAL EQUATIONS OF EQUILIBRIUM . . . 282 

EXAMPLES . . . . ... 289 

CHAPTER III. 

ON VIRTUAL VELOCITIES . . . ... 290 

CHAPTER IV. 

ON THE CENTRE OF GRAVITY . . ... 302 

EXAMPLES . . . . ... 315 

CHAPTER V. 

ON THE CENTRE OF PRESSURE . . ... 319 

EXAMPLES . . . . ... 328 

CHAPTER VI. 

ON THE EQUILIBRIUM OF FLOATING BODIES . ... 330 

MISCELLANEOUS EXAMPLES . . . . • . 342 

APPENDIX . . . . -..317 



$art S. 



STATICS. 



CHAPTER L 

DEFINITIONS AND AXIOMS. 

1. Whatever is capable of producing motion in a body, or any 
change in the motion of a body, is termed /o^ce. 

In other words, force is the name we employ to express that 
unknown cause which, under any circumstances, can produce a 
change in the state, whether of rest or motion, of any material 
body. 

Whatever causes a change in the motion of a body must be 
regarded as of like nature with that which produces motion, and 
hence the same term (force) is applied to both, even although 
there are some forces which, while they are able to chsinge the 
motion of a body, can never produce it. Such, for example, are 
friction and resistances of all kinds. Forces of this nature can, 
it is evident, never act alone, for some other force must be present 
in order to produce the motion which they change ; and hence, if 
but one force act upon a body, it must be one capable of prodiccing 
motion. 

2. If one force only act upon a body, motion must necessarily 
follow; but when two or more forces act upon the same body, 

B 



2 DEFINITIONS AND AXIOMS. 

their united effect may be such that no motion ensues. Whenever 
this is the case, the forces are said to be in equilibrium, 

3. That branch of mechooics which investigates the relations 
which exist between forces in equilibrium is termed Statics ; and 
that which investigates the effects of forces not in equilibrium, 
but producing motion, is termed Dynamics. 

4. Whenever motion is prevented by muscular effort, as for 
instance, when a weight is held in the hand and so prevented 
from falling to the ground, or when an elastic cord is stretched 
and its rebound prevented, a sensation is produced which we call 
jpressure. But, just as the same word is used in several other 
cases both for the sensation and its cause — e.g, sound, smell, taste 
— so is the term pressure applied also to the force whose resulting 
motion has been thus prevented. In this sense, then, pressure is 
force considered as the cause of the sensation which is felt when 
motion is prevented by muscular effort. It is with this meaning 
that the term is commonly employed in mechanics, although 
extended to all forces when the motion they are capable of pro- 
ducing is in any way prevented, whether it be by muscular action 
or not. Thus, whether a weight be held in the hand or rest upon 
a table, in either case it is said to exert a pressure, and a pressure 
of the same amount. 

The commonest case of pressure is weight, and this supplies 
the most convenient standard of reference by which to compare 
different pressures. By means of weight, other pressures may in 
most cases be easily measured. Thus, when an elastic cord is held 
stretched by the hand, the pressure it exerts may be compared 
with others, by determining what weight will keep the string 
stretched to the same degree. 

Since all questions considered in Statics refer to forces in equi- 
librium, all statical forces may be denominated pressures, and 
consequently may be measured by weight. 

5. Forces may differ from each other, not only in magnitude, 
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but also in direction, and hence may be conveniently represented 
by straight lines; the direction of the lines representing the 
direction of the forces, and the lengths of the lines, each being 
measured by the same scale, the magnitudes of the forces. 

Two forces will be called concurrent^ if they both act towards or 
from the same point. In the case of parallel forces, and of forces 
acting along the same straight line, this point is supposed to lie at 
an infinite distance. 

6. Force, when transmitted by means of a cord, is sometimes 
spoken of as the tension in the cord. 

7. The single force, which represents the combined effect of 
several forces, is termed their resultant ; relatively to the resultant, 
these several forces are termed components or component forces. 
Composition of forces takes place when two or more forces are 
replaced by a single force equivalent to them, that is, when the 
resultant is substituted for its components. Resolution of forces 
takes place when a single force is replaced by two or more forces 
equivalent to it, that is, when the components are substituted for 
their resultant. 

8. A rigid body is one the relative position of whose particles 
is supposed to be invariable. 

9. Axioms, l If two non-concurrent forces acting in the same 
straight line are in equilibrium, they are equal 

iL If two non-concurrent forces acting in the same straight 
line are equal, they are in equilibrium. 

iii The resultant of two forces acting in the same straight 
line is their sum when the forces are concurrent, and their difference 
when non-concurrent. 

iv. The resultant of two concurrent forces acting along different 
lines fedls between them. 

V. The effect of any forces acting upon a rigid body is unaltered 
by the introduction or the removal of any number of forces that 
are mutually in equilibrium. 
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10. Transmissibilitt of Force. A farce acting upon a rigid 
body may he supposed to act at any point, within the body, in the 
line of its direction. 

Thus, if a force P acted upon a rigid body at A, and along the 
line AB in the direction of the arrow, we may suppose P to be 
applied at any other point — » ^ — » . ^ < — 

A' in the line AB within A A' B 

the body. For at A' and B introduce two non-concurrent forces, 
each of the same magnitude as P. The forces at A and B are 
(Ax. ii.) in equilibrium, and may, therefore, by Ax. v., be re- 
moved. There will then remain only a force P at A' of the same 
magnitude as the original force, and acting in the same direction. 

11. If two forces he in equilihrium their directions rrmst he 
exactly opposite. 

For, if possible, let two forces acting upon any body along the 
lines CA, BA, be in equi- 
librium; since there is equi- 
librium, there will not less be A 'd 
equilibrium, if any point be supposed fixed. Let d in the line 
AB be such a point, the force acting along AB will be met by the 
reaction of the fixed point d. The force CA will then remain 
alone, and will turn the body round the fixed point rf, and there- 
fore there will not be equilibrium. Consequently, if two forces 
be in equilibrium, their directions must be exactly opposed, and 
hence, by Axiom L, they are also equal in magnitude. 

12. If any number of forces be in equilibrium, any one force 
must be equal in magnitude and opposite in direction to the 
resultant of the remaining forces. For if, instead of the remaining 
forces, we substitute their resultant, we shall have but two forces ; 
namely, this resultant and the force in question, and these are 
in equilibrium, and therefore are equal and opposite. 
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CHAPTER 11. 



ON THE COMPOSITION AND RESOLUTION OF FORCES. 



13. Parallelogram of Forces. If two concurrent forces 
acting upon a point are represented in magnitude and direction by 
the two sides of a parallelogram, then will their resultant also be 
represented in magnitude and direction by the diagonal drawn 
through the given point. 

First, If two equal forces act upon a point, the direction of the 
resultant is that of the diagonal 

Let AO, BO represent the magnitude and direction of two equal 
forces acting upon the point O, the diagonal OD must be in the 
direction of the resultant : for since 
OADB is an equilateral parallelogram, 
the diagonal OD bisects the angle AOB ; 
and since the forces acting upon are 
equal, there can be no reason why the 
resultant should pass nearer to the one 
than to the other ; it must therefore 
pass at an equal distance from both: consequently it must pass 
along OD. 

Secondly, If the direction of the resultant be that of the 
diagonal, in the case of forces whose magnitudes are p and q, and 
of forces whose magnitudes are p and r, it is so also in the case of 
forces whose magnitudes are p and q + r. 

Let AO, BO represent two forces of the magnitudes p and q + r 
respectively, acting upon the point 0, and suppose them to be 
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kept in equilibrium by some unknown force acting upon 0. Let 
C0 = ^, thenBC = r. 

Complete the parallelograms AC and DB. Draw the diagonals 
OD,OE,andCE. For 
the forces p and q in 
AOand CO substitute 
their resultant, which, 
by the hypothesis, is a 
force acting along OD. 
Suppose this force to 
actatD(Art.lO),then 
resolving it, we have a 
force p acting along 
the line DC, and a 
force q acting along 
the line DE. Let these two forces act at C and E respectively. 

Again, for the forces p in CD and r in CB, substitute their re- 
gultaut, which, by hypothesis, is a force acting along CE. Let this 
force act at E, and resolve it. We shall have then at E a force p 
acting in EF, and two forces q and t acting in EG. We have 
consequently, without disturbing the equilibrium, removed the 
original forces p and q+r horn to E. The resultant, therefore, 
of the given forces must pass through K It must also pass 
through 0, and therefore must act along the diagonal OE. 

Thirdly. The direction of the resultant is that of the diagonal, 
in the case of any two carnmenmrahle forces. 

This has already been shown to be true of equal forces, or of 
the forces^ and^/ and therefore, by the proposition just proved, 
(making q and r both equal to p) of forces p and 2p, therefore also 
of p and 3/?, and so of j? and mp. 

Again, the proposition being true of forces mp and p, and of 
forces mp and p, is true of forces mp and 2p, therefore also of mp 
and 3p, and so of mp and wp, m and n being any whole numbers. 

Fourthly, The proposition is also true of incommensurable 
forces. 
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Let AO, BO represent any two inconunensnrable forces acting 
upon the point 0. If their resultant do not act along the diagonal 
CO, suppose it to act along some other line, 
DO. Take any sub-multiple of the line AO 
that is less than DC. Mark off successive 
portions equal to this along the line AC, 
beginning at A. Some one division will 
ultimately fell between D and C. Let E be 
this point. Draw EF parallel to AO. Then 
AO and FO represent commensurable forces. 
Gombining them, we have a force acting along EO. Listead, then, 
of the forces AO and BO, we have a force in EO and a force in BO 
represented in magnitude by BF. But, by hypothesis, the resultant 
of the forces AO and BO is a force in DO ; therefore the resultant 
of a force in EO and a force in BO is a force in DO, which fells 
without them, which is impossible. (Axiom iv.) Therefore the 
resultant of AO and BO cannot act along DO ; and in a similar 
manner it may be shown, that it cannot act along any other line 
above or below the diagonal CO ; consequently it must act along 
the diagonal 

Fifthly, The diagonal represents the resultant in magnitude. 

Let OA, OB represent two forces acting upon 0. Complete the 
parallelogram AOBC. Draw the diagonal OC and produce it 
through 0. Make OD equal to OC. Through D draw a line 
parallel to OB, cutting 
AO produced in E. 
Join BE, then ODEB 
is a parallelogram. 

The resultant of A 
and OB acts along OC. 
The forces OA and OB 
will consequently be 
kept at rest by a force 
in OD equal to this resultant Suppose such a force to act in 
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OD, then the point will be kept at rest ; but if three forces 
keep a point at rest, any one must be equal and opposite to the 
resultant of the other two. Therefore OA must be equal and 
opposite to the resultant of OB and the force in OD: consequently 
EO n^ust be this resultant. 

But the resultant of any two forces falls along the diagonal of 
the parallelogram whose sides represent these two forces in magni- 
tude and direction. Therefore OD must represent the magnitude 
of the force in OD, otherwise the resultant of it and BO would 
not fall along OE. But the force in OD was taken equal to the 
resultant of the forces in AO and BO, and OD = OC = the diagonal- 
of the parallelogram AB. Therefore the resultant of any two 
forces is represented in magnitude, as well as in direction, by 
the diagonal of the parallelogram, whose sides represent the 
components. 

14. It follows from the preceding, that whenever the directions 
and magnitudes of two forces acting upon a point are known, the 
direction and magnitudes of their resultant can always be found 
by a geometrical construction. We have simply to draw from the 
given point two lines in the given directions, of such lengths that 
they shall represent the magnitudes of the two forces upon any 
scale whatever, and then, completing the parallelogram, the direc- 
tion of the resultant is that of the diagonal drawn through the 
given point, and its magnitude is represented by the length of this 
diagonal on the same scale as the components. 

It also follows that the magnitude of the resultant of two 
forces acting upon a point can be determined by calculation, 
whenever the length of the diagonal of a parallelogram can be so 
determined. In certain simple cases, this can be done without the 
aid of trigonometry. 

The following are some of these. 

Ex. 1. To find the magnitude of the resultant when two forces, 
P and Q, act upon a point at angle of 90°. 
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Let OA and OB represent the forces P and Q. Completing the 
parallelograms, the diagonal OC represents g ^ 

the resultant. 

Since the angle BOA is a right angle, 
the angle OAC is a right angle ; therefore, 
{Eudid i 47,) 

OC' = OA« + AC». 

Hence, if E denote the resultant of P and Q, 

R» = P«+Q«, 
or, R=<y(P+Q»). 





Ex. 2. To find the magnitude of the resultant when two forces, 
P and Q, act concurrently upon a point at an angle of 60°. 

Let OA and OB represent the 
forces P and Q. Completing the 
parallelogram, the diagonal OC re- 
presents the resultant or R. 

Draw CD at right angles to OA 
produced, then, (Euclid ii. 12,) ^ * A 

OC = 0A» + AC + 2.OA AD. 

But since the angle BOA is 60°, the angle CAD is 60°, and the 
triangle CAD is half an equilateral triangle ; therefore, 

AD = iAC = iQ. 
Hence, R» =P+Q='+PQ, - 

or, R =>/(P» + Q» + PQ). 



Ex. 3. To find the magnitude of the resultant when two forces, 
P and Q, act concurrently upon a point at an angle of 45°. 

As in the last example, let OA and OB represent the given 
forces ; then, as before, 

R» = p« + Q«+2P.AD. 
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But since the angles BOA is 45°, the angle CAD is 45°; there- 
fore, also, ACD is 45°. Whence DC = AD ; consequently, 

2 AD» = AC'' = Q» ; 

/. AD = iQv/2. 

Hence, E» = P» + Q' + PQ>/2, 

or, E = t/(P=' + Q' + PQ>/2). 

15. If two forces, P arid Q, act concurrently upon a point at any 
angle 0, and ifRbe their resultant, then R' = P' + Q'' + 2PQ cos 0, 

For let OA and OB in the last figure represent the forces P and 
Q, then OC represents R. 

By trigonometry, 00=" = 0A» + AO* - 2.OA. AC cos OAC ; 

R» = p» + Q» - 2PQ cos OAC ; 
but OAC is the supplement of ; therefore, cos OAC = - cos ^ ; 

R« = P«+Q» + 2PQcos^. 

The result just obtained determines the magnitude of R; to 
determine its direction, we have, 

sin COA : sin OAC : : AC : OC; 
therefore, if RP denote the angle between R and P, 

sin RP : sin ^ : : Q : R ; 

sin EP = ^^. 
si 

T VI • -Dh, P sin 

In like manner, sm RQ = — — — . 

R 

16. Since the components may be substituted for their resultant, 
their effects being equivalent, it follows from the parallelogram of 
forces, that for any force we may substitute two others, whose 
magnitudes and directions are represented by the sides of any 
parallelogram, which has the line representing the given force for 
its diagonal And since an infinite number of parallelograms can 
be diawn, having a given line for their diagonal, any force can be 
resolved into two others in an infinite number of ways. 
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n. If three forces act upon a point, and their resultant be 
required, find the resultant of any two of them ; the composition 
of this resultant, with the third force, will give the resultant of 
the three given forces. In like manner, the resultant of any number 
of forces acting upon a point may be found. Another, and some- 
times more convenient, method is given in Article 24. 

18. Def The sides of any rectilinear figure are said to be taken 
in order y when taken as they would be traversed by a point moving 
continuously around the figure in either direction, that is to say, 
either as the hands of a watch revolve, or in the contrary direction. 
Thus, if ABCD be any quadrilateral, its sides taken in order are 
either AB, BC, CD, DA, or AD, DC, CB, BA. It wiU be some- 
times convenient to describe these relatively to each other, as in 
direct and reverse order respectively. 

19. 7/^ two sides of a triangle^ taken in order , represent in mag- 
nitude and direction two forces acting upon a point, then shall the 
third side, taken in reverse order^ represent the resultant in magni^ 
tude and direction. 

Let the sides KL, LM, of the triangle KLM, representing in mag- 
nitude and 
direction the 
forces P and 
Q acting at 
any point 0, 

then will KM represent in magnitude and direction the resultant 
of P and Q. Through draw OA equal and parallel to KL, and 
pointing in the same way ; also OB equal and parallel to LM, and 
pointing in the same way : then OA and OB represent P and Q 
respectively. Completing the parallelogram, the diagonal OC 
represents the resultant of P and Q. But since the lines OA, AC, 
are parallel respectively to KL, LM, and point in the same way. 
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the angle OAC is equal to the angle KLM. Then in the triangles 
KLM, OAC, the sides KL, LM, and the angle KLM are equal 
severally to the sides OA, AC, and the angle OAC ; therefore KM 
is equal to OC. It can also be easily shown that KM is parallel 
to OC ; therefore the line KM represents OC, the resultant of P 
and Q, both in magnitude and direction. 



20. Triangle of Forces. If three forces^ represented in mag- 
nitude and direction by the sides of a triangle taken in order, act 
upon a point, they will he in equilibrium ; and, conversely, if three 
forces acting upon a point, and in equilibrium, be represented in 
direction by the sides of a triangle taken in order, they vjill also he 
represented in magnitude by the sides of that triangle. 

First. Let three forces, represented 
in magnitude and direction by the 
sides of the triangle ABC, taken in 
order, that is to say, by AB, BC, 
and CA, act upon any point, these 
forces will be in equilibrium. 

For, by the preceding article, the ^ B 

resultant of the forces represented by AB and BC is a force repre- 
sented by AC; that is, a force equal and opposite to the force 
represented by CA. The forces are therefore in equilibrium. 

Secondly. Let any three forces, 
P, Q, and E, acting upon a point, 
be in equilibrium, and let the 
sides of the triangle ABC, taken 
in order, represent the direction 
of these forces ; viz., AB the di- 
rection of P; BC, that of Q ; and 
CA, that of E. Then will these sides, AB, BC, CA, represent 
severally the magnitudes of P, Q, and R 
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Let AB represent P on any scale, then must BC represent Q on 
the same scale. For, if possible, let some other length BD repre- 
sent Q ; then, since AB, BD, two sides of a triangle taken in 
order, represent in magnitude and direction two forces acting upon 
a point, the third side AD, by Art. 19, represents their resultant. 
But, by hypothesis, there is equilibrium; and therefore a force 
represented in direction by AD is balanced by a force represented 
in direction by CA, which is impossible. Therefore, BD cannot 
represent the magnitude of Q. In like maimer it may be shown, 
that no other length than BC can represent Q. Then, since AB 
represents P, and BC represents Q, it follows that CA repre- 
sents K. 



21. The triangle whose sides are severally equally inclined to 
the sides of the triangle ABC, is equiangular to ABC, and conse- 
quently its sides are in the same ratio. Hence, if three forces he 
in equilibrium^ and any triangle he drawn whose sides are severally 
either parallel or equally inclined to their directions^ the forces are 
to one another as the sides of the triangle. 

The following are examples of the application of the triangle of 
forces to the solution of mechanical problems. 

Ex. 1. A weight W is sustained by two cords of given lengths 
CA and CB, fastened to two points A and B, lying in the same 
horizontal line ; to determine the tensions in the cords, when the 
cords are at right angles. 

Let a and h be the lengths of the 
cords CA and CB, then since ACB 
is a right angle, AB =>/(a' + *"). 

The point C is at rest under the 
action of three forces ; viz., W acting 
vertically, and the tensions in CA 
and CB. In the triangle ACB, 
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AB is perpendicular to W, 



BC 
CA 



>> 



the tension in CA, 
„ the tension in CB ; 

tension in CA : W : : BC : AB 

: : h :^(a' + }f)', 
Wb 



tension in C A = 



Similarly, 



tension in CB = 



Wa 

\/((f + If)' 




Ex. 2. Two cords bearing equal weights, P, P, pass over pulleys 
placed at A and B in the same horizontal line, and are joined to a 
third weight W at C ; what must this weight be that C may rest 
at a given distance below AB ] 

Let the vertical line through 
C meet the line AB in D, thence 
since there is no reason why C 
should be nearer to A than to 
B, AB will be bisected in D. 
Let AB = 2a, and CD = h. 

Through D draw DE parallel 
to BC, then AC is bisected in E 

Li the triangle CDE, 

DC is parallel to W, 

CE ,,. the tension in CA, 

ED „ the tension in CB. 

Therefore by the triangle of forces, 

W : tension in CA : : DC : CE. 

But the tension in CA is equal to P, and EC = JAC = i>/(«' + ^'') ; 

W: P : : ft : V(«' + ^); 
W^ 2P6 

Ex. 3. A body whose weight is 168 lbs. rests upon two smooth 
inclined planes; one of the planes rises 3 in 5, and the pressure 
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upon it is 1 60 lbs. : to determine the inclination of the other 
plane, and also the pressure upon it. 

Let AC, BC, be the two 
planes; the plane AC rising 
31115. 

Take AC = 5, and through 
A draw AD perpendicu- 
lar to CD, the horizontal 
line through C; then will 
AD = 3; and, therefore, DC 
=^(25 — 9) = 4. Through A draw B horizontally, and through B 
draw BE perpendicular to CE ; then BE = AD = 3 ; and if x stand 
for BC, CE =v^(af - 9). 

Three forces are in equilibrium ; viz., W the weight of the body, 
and the resistances E„ E^. In the triangle ABC, 

AB is perpendicular to W, 
BC „ E„ 

CA „ E,. 

Therefore, by the triangle of forces, 

E, : W : : CA : AB. 
But, by hyp., E,= i6o, W=i68, CA=5, and AB = DC + CE = 
4 +>/(af - 9). Hence, 

160 : 168 : : 5 : 4+>/(af'-9); 

^(af-9) = l.; 
4 

or the plane BC rises 3 in 3 J, or 12 in 13. 
Also, E,: E, : :BC :CA; 

E, : 160 : : 3J : 5, 
or, Ea = 1 04 lbs. 

22. If three forces acting upon a point he in equilibrium, they 
are severally as the sine of the angle contained between the otJier two. 

Let P, Q, and E, be three forces acting upon a point, and in 
eqailibrium. It has been shown, in Art. 20, that if the sides of 
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the triangle ABC, taken in order, be severally parallel to the direc- 
tions of these forces, then, 

P:Q :E::AB:BC :CA; 
but, by trigonometry, 

AB : BC : CA : : sin BCA : sin CAB : sin ABC. 

A A 

But if PQ denote the angle between P and Q, PQ = i8o°- ABC ; 

A Ak. 

and therefore sin ABC = sin PQ. Similarly, sin CAB = sin KPj 

A 

and sin BCA = sin QK. Therefore, 

P : Q : R : : sin (^ : sin EP : sm PQ. 

23.. Polygon op Forces. If any number of forces acting upon 
a point be represented in magnitvde and direction by the sides of a 
polygon taken in order, they will be in equilibrium. 

Let forces represented by the sides of the polygon ABCDE, 
taken in order, act upon any point, 
they will be in equilibrium; for, by 
Art. 19, the resultant of the forces 
represented by AB and BC will be 
represented by AC. In like man- 
ner, the resultant of the forces re- 
presented by AC and CD will be 
represented by AD ; or AD repre- 
sents the resultant of the forces 
represented by AB, BC, and CD. Substituting this resultant for 
its components, we have remaining three forces, represented by 
AD, DE, EA, three sides of a triangle taken in order ; and, there- 
fore, by the triangle of forces, they are in equilibrium. 

24. If any number of forces be in equilibrium, a force equal and 
opposite to any one will be the resultant of the remaining forces. 
Hence any side of a polygon, taken in reverse order, will represent 
the magnitude and direction of the resultant of any number of 
forces acting upon a point, when these forces are represented in 
magnitude and direction by the remaining sides of the polygon 
taken in direct order. 
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Thils, if AB, BC, CD, and DE in the last figure represent in 
magnitude and direction four forces acting upon any point, the 
remaining side AE (not EA) will represent the magnitude and 
direction of their resultant 

Hence, to find the magnitude and direction of any number of 
forces acting concurrently upon any point, draw a line parallel to 
one of the forces, and representing it in magnitude. Through 
that extremity of this line which points in the same way as the 
force, draw a second line parallel to the next force, pointing in the 
same way, and representing it in magnitude. Through the ex- 
tremity of this second line, draw a third line parallel to the third 
force, pointing in the same way, and also representing it in magni- 
tude. Proceed in this way untU lines have been drawn represent- 
ing all the forces. The straight line whi^h completes the polygon, 
taken in reverse order, will represent the resultant in magnitude 
and direction. 

Example. Three forces, P, Q, and 2P, act upon a point; the angle 
between the first and second is 90°, and the angle between the 
second and third is 30°, required the magnitude of the resultant. 

Through any point A, draw AB equal 
and parallel to P. Through B, draw BC 
equal and parallel to Q; and through C, 
draw CD equal and parallel to the third 
force 2P. Join A, D, then AD represents 
the resultant. 

To find the length of AD : draw CE 
parallel to AB, and DE perpendicular 
to CE ; join E, A. 

By construction, ABC is 90"", and BCD 
is 150°; therefore the angle DCE is 60°, 
and the triangle DCE is half an equilateral triangle. Hence, CE 
is one-half of CD, that is, equals AB or P, and DE = P^3. Then, 
since CE is equal and' parallel to AB, the figure EB is a parallelo- 
gram; and, consequently, the angle AEC is a right angle. But 

c 
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the angle DEC is also a right angle, therefore the lines AE, ED 
are in the same straight line. Therefore, 

AD = AE + ED, 
= Q + Pn/3. 

25. If three forces, acting upon a pointy he represented in magni- 
tude and direction by the three edges of a parallelopiped, their resvlt- 
ant will he represented in magnitude and direction hy the diagonal. 

Let OA, OB, OC, the three edges of the parallelopiped BE, 
represent in magnitude and direction three forces acting upon O. 

Since AC is a parallelogram, the diagonal OE represents the 
resultant of the forces OA and 
OC. Compound this resultant 
OE with the thu'd force OB, 
then since BE is a parallelo- 
gram, their resultant is repre- 
sented by OD ; and therefore 
OD represents the resultant of 
the three forces OA, OB, OC. 

26. Lemma. No force can produce any effect in a direction per- 
pendicular to its ovm. 

For there can be no reason why it should cause the body to 
move towards one side rather than towards the other; and, con- 
sequently, it will not cause the body to move to either side. 

27. To determine the total effect of a force in any given direction, 
Kesolve the force into two other forces, one perpendicular to, 

and the other acting along, the given direction. It follows from the 
preceding Lemma, that the last-mentioned force is the thing sought. 
Thus, let CD represent a given force, and it be required to 
determine its total effect in the direction 
AB. Draw the rectangle nm. Then the 
force CD may be resolved into two forces 
represented by Cw and Cm. The force Cn 
produces no effect in the direction AB, and therefore Cm is the 
force required. 
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•^t P be the given force, and let CD = r, and Cm = x, then the 
required force : T ::x:r, 

or, the required force = P-. 

r 

Let the angle DCm = 0, then the total effect of a force P, in a 
direction inclined to its own, at an angle d, is Pcosd. 

28, Def, The product of a force, and the perpendicular distance 
of its direction from any given point, is termed the moment of the 
force about that point. When two forces tend to produce rotation 
in the same direction about any point, their moments about that 
point are said to be of the sams sign ; but when they tend to pro- 
duce rotation in contrary directions, they are said to be of contrary 
signs, 

29. The momerd of the resultant of any two converging forces 
dbotit a point in their plans is equal to the algebraic sum of the 
moments of the two forces about that point. 

First, let the point lie without the angle contained between the 
two forces, then whatever parallelogram be drawn with two of its 
sides representing the forces, this point wiU be outside the parallelo- 
gram. 

Let AB, AC, sides of the parallelogram ABDC, represent the two 
forces, and let be the given 
point. The diagonal AD repre- 
sents the resultant. Draw OA, 
OB, OC, and OD. Through B 
and C draw BE and CF parallel 
toOA. Draw OF and OE. Then 
it may easily be shown that the 
triangles ABE, CDF are equal 
in all respects, and hence that 
AE = DF. 
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Because BE is parallel to OA, 

triangle OAB = triangle AE, 
And because CF is parallel to OA, 

triangle OAC = triangle OAF. 
But because DF is equal to AE, 

triangle ODF = triangle AE, 

triangle OAB = triangle ODF. 
But, triangle OAD ^ triangle ODF + triangle OAF, 
triangle OAD = triangle OAB + triangle OAC. 

Now, every triangle equals half the product of its base and 
height; and hence if P and Q be the two forces, and E their 
resultant, and if p q, and r be the perpendiculars drawn from O to 
P, Q, and E respectively, the triangle OAD = JEr, the triangle 
OAB = JPi?, and the triangle OAC = iQq. 

Hence, JEr = ^Pp + iQ,q, 

or, Er= Pp+ Qq* 

In this case the moments of the two forces about are of the 
same sign, and the moment of the resultant is equal to the sum of 
the moments of the two forces. 

Secondly, let the point be within the angle contained by the 
two forces. Then the parallelogram whose sides represent the 
forces may be so drawn as that the point shall be within the 
parallelogram. 

Let AB, AC represent the two forces, and let be the given 
point. The diagonal AD repre- q 

sents the resultant Draw OA, 
OB, OC, OD. 

The two triangles OAB, OCD 
are together equal to half the 
parallelo-gram. B 

The triangles OAD, OAC, OCD are together equal to half the 
parallelogram. Therefore, » 

triangle OAD + triangle OAC = triangle OAB, 
or, triangle OAD = triangle OAB - triangle OAC. 
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Hence if, as before, P and Q be the two forces, E their resultant, 
and p, q, r the perpendiculars from to P, Q, and K respectively, 

or, Er= I^-^ Qq. 

Here the moment of P and Q are of contrary signs, and con- 
sequently I^ — Qg' is their algebraic sum. Hence in all cases the 
moment of the resultant is equal to the algebraic sum of the 
moments of the two forces. 

30. It follows from the preceding that if aily tiumber of fotfces 
act upon a point, the moment of their resultant about any point 
whatever is equal to the algebraic sum of the moments of the 
several forces about that point. 

Let P„ Pa, P3 be the forces, ^„ p„ p^ the distances of the forces 
from any point 0. Then if E, be the resultant of P, and P^, and 
r, its distance from 0. Then by Art 29, 

E,r, = P^ t- P,i7„ 

and if E be the resultant of E, and P3, and r its distance from : 
then since E and P3 are converging forces, it follows also that 

Er = E,r, + P327. 
And hence, 

Er = P,i?, + P,i?2 + 'P^Py 

In like manner the proposition may be established for any num- 
ber of forces acting upon a point. 

Eurther on a similar proposition will be established in the case 
of any forces acting in a plane, whatever their directions and 
positions. 

31. If in the preceding the point of reference be in the direction 
of the resultant itself, then, since in this case r = o, the left-hand 
side of the equation vanishes, or the right-hand side is equal to zero. 
Hence, If any number of forces act upon a point, the algebraic 
sum of their moments about any point in the direction of their 
restUtant is zero. 
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In the case of a body moving about a fixed point, it is clear that 
no motion can result from the action of any force whose line of 
direction passes through that point. The effect of such a force is 
simply 'to press the body against the fixed point. Hence, also, 
no motion can result from the combined action of several forces if 
their resultant passes through the fixed point; and the resultant 
will so pass if the algebraic sum of the moments of the forces 
about the point be equal to zero. TMs is time universally, but at 
present is established only so far as relates to forces whose lines of 
direction meet in one and the same point. 

32. To determine the magnitude and position of the resultant of 
two concfu/rrent parallel forces P and Q. 

In the directions of P and Q take any points A and B, and 
introduce at A and B two equal and 
opposite forces (m, m). The resultant 
of m and P is AD, and the resultant 

of m and Q is BE. Eemove the i m /i lo l\ m 
points of application of these two \ /\ \ U 
resultants from A and B to C, and \ / up 



-» c 


.«_- 


' A\ 


m 


-V<H> 


\b^ 



resolve them into their original com- \ / \ \ H 

ponents. We shall then have two 

equal and opposite forces m, m, which ^ 

will destroy each other, and two concurrent forces P and Q acting 

along CO. The resultant therefore is a force whose magnitude is 

P + Q acting along CO. 

Because the triangles DGA, AOC are similar, m : P : : AO : OC ; 

PxAO = mxOC. 
Similarly, Q x BO = m x OC, 

PxAO = QxBO. 

33. To find the resultant of two non-concurrent parallel forces 
P and Q. 

As in the former case, take any two points A and B in the 
directions of P and Q, and introduce two equal and opposite 
forces (m, m). 
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Compound these with P and Q. Produce the directions of the 
resultants till they meet in C. Kemove the point of application 
of these resultants from A 
and B to C, and resolve 
them into their original 
components. We shall then 
have two equal and oppo- 
site forces (m, m) acting in 
a line parallel to AB, which 
will destroy each other, and 
along CO parallel to the 
directions of P and Q, two 

non-concurrent forces equal severally to P and Q. The resultant 
then will he a force P — Q acting along CO. 

Because the triangles DGA, AOC are similar, m : P : : AO : 00 ; 

PxAO = mxOC. 
Similarly, Q x BO = m x 00,' 

PxAO = QxBO. 

34. From these investigations we see, in the case of two parallel 
forces ; — ^That the resultant is always parallel to the eomponents ; — 
That when the components are concurrent, the resultant is con- 
current with them, and equal to their sum ; but when the compo- 
nents are non-concurrent, the resultant is equal to their diflPerence, 
and concurrent with the greater ; — ^That if any line whatever (for 
the points A and B were taken quite arbitrarily) be dmwn across 
the directions of the components, it will be cut by the resultant 
at a point such that the one force multiplied into its distance from 
the resultant measured along this line, equals the other force multi- 
plied into its distance. 

35. In Art. 33, if the forces P and Q had been equal, the con- 
struction would have been impossible. The lines AD, BE would 
have been parallel^ and consequently the determination of the 
point C would have become an impossibility. The two forces will 
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therefore have no resultant Such a combination of forces is 
termed a couple. 

36. The resultant of any number of concurrent parallel forces 
equals the sum of the components. 

Let P„ Pa, P3, P^ be the forces. Let E, be the resultaiit of P, 

and Pa, then 

E, = P, + P,. 

Let Ea be the resultant of E, and P3 ; then 

E2 = E, + P3, 
= P, + Pa+P3. 
The resultant of E, and P^ will be the resultant of the given forces; 
let this be E, then 

E = Eg + P^ 

and similarly of any other number of parallel forces. 

37. Hence the resultant of any number of parallel forces equals 
their algebraic sum. 

Let P„ Pa, &c., and Q„ Qa> &c., be any number of parallel forces, 
of which P„ Pa, &c, act in one direction, and- Q„ Q,, &c., in the 
opposite direction. Let X be the resultant of P„ Pa, &c, and Y 
the resultant of Q„ Qa, &c, and let X be greater than Y. Then, 
since P., Pa, &c., are concurrent forces, 

X = P, + P, + &c. 

For a similar reason, 

Y = Q. + Q, + &c. 

If E be the resultant of the given forces, E must be the resultant 
of X and Y ; but these are non- concurrent forces, therefore 

E = X-Y, 
E = P,+ Pa + &c.-Q,-Qa-&c. 

38. Two concurrent parallel forces, P and Q, act at a distance a 
from each other, to find the distance of the resultant from either 
force. 



.1 

I 



COMPOSITION AND RESOLUTION OP FORCES. 25 

let a; be the distance of the resultant from P ; then, since the 

resultant passes between P and Q, its distance from Q will he a — x. 

Therefore 

Pa; = Q (a — x), 

or, (P + Q)aj = Qa, 

__Qa_ Qa 
^'F + q'^W 

or the distance of the resultant from one of the components equals 
the distance between the components multiplied by the other com- 
ponent, and divided by the resultant. 

39. Two non-concurrent forces, P and Q, act at a distance Sifrom 
each other, to find the distance of the resultant from either force. 

Let P be the greater force, and E their resultant, then K equals 
P — Q, and passes outside P. Let x be the distance of P from the 
resultant, then a + ^ is the distance of Q. Therefore 

Pa; = Q (« + «), 
or, (P - Q) a; = Qa, 

Qg qa 
^""P-Q-E' 

or, as before, the distance of the resultant from either component 
equals the distance between the components multiplied by the other 
component, and divided by the resultant. 

40. To resolve a given force P into two parallel forces, acting at 
given distances on each side of it. 

Let a and h be the given distances, and let X and Y be the forces 
required, then P will be the resultant of X and Y ; consequently 
X + Y = P, andaX=&Y; 

&X + &Y = P2>, 
or, 2>X4-aX = P&, 

X = P-^, and .-. Y = P-^. 
a + b a + o 
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Hence, to find either component, multiply the given force by 
the distance of the other component, and divide by the distance 
between the two components. 

41. To resolve a given force P into two ^parallel forces, acting at 

« 

given distances on the same side of it. 

Let a and h be the given distances, a being the greater, and X 
and Y the required forces. From Art. 34, it appears that X and 
Y will be non-concurrent, and that the force nearer to P, namely, 
Y, will act concurrently with P. Also, Y — X equals P, and aX 
equals & Y ; 

ftY - 6X = Vh, 
or, aX - ^)X = Vhy 

X = P-^^, and .-. Y = P-^ : 

a — o a — o 

or, as before, to find either component, multiply the given force by 
the distance of the other component, and divide by the distance 
between the two components. 

42. The algebraic siim of the moments of any two parallel forces 
about any point in their plane is equal to the moment of the result- 
ant about thai point. 

Let P, and P^ be the two forces, and let E be their resultant : 
let ^„ p^, and r be their distances respectively from the given 
point. 

First, Let the forces be concurrent, a^ c B o 

and let the point (0) lie without 
them. From draw a line perpen- p^ 
dicular to the directions of the forces, 
meeting them in A and B and the 
resultant in C. Then Art. 32, 

P,. AC = P^BC. 
But AC = AG - CO =p,-r and BC = CO - BO = r-p 



y 
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or. 



Pxi'x+Pai?a=(Px + P,)^ = Rn 
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Secondly, Let the forces be concurrent, and let the point (0') be 
between them. Then, as before, 

P,.AC = P^BC. 
But AC = AO' - CO' = J?. - r and BC = BO' + CO' =i?, + r. 

P.(i?,-r) = P,(^, + r), 
or, Px/?,-P»2>a=(Px+P.)r = R^. ' 

As the two forces P, and P, tend to produce rotation about 0' in 
contrary directions, their moments are of contrary signs, and hence 
Pxi?x — Pai^a is the algebraic sum of their moments. 

Thirdly. Let the forces be non-concurrent, and let the point (0) 
be without them. As before, i Pe 

P,. AC = P^BC. 

But AC = CO-AO = r-^,; and 
BC = CO-BO = r-^„ 

.-.• P, (r-i>,) = Pa (^-2>a), 

or, Pxi>x-Pai>a=(Px-Pa)r = Rr. 

Here again the two forces tend to produce rotation about in 
contrary directions, and P,^, - P^^, is the algebraic sum of their 
moments. 

Fourthly, Let the forces be non-concurrent, and let the point 
(0') be between them. As before, 

Px.AC - P^BC. 
ButAC = CO'-AO' = r-p, andBC = BO' + CO'=i?, + r. 

Px(^-i?x) = Pa(i>a + r), 

or, P,i?, + P,i?, = (Px-P,)r = Rr. 

Here the two forces produce rotation about 0' in the same direc- 
tion ; their moments therefore are of the same sign. 

43. If any number of parallel forces act in tJie same plane, the 
algebraic sum of their moments about any point in the plane is 
equal to the mxmient of the resultant about that point. 

Let the forces be P,, P^, P3, P^ &c., and their perpendicular dis- 
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tances from the given point J9„ p^y p^, p^ &c., respectively. Let 
E, be tlie resultant of P, and P^, and its distance from the given 
point r„ then, by Article 42, 

Let Ra be the resultant of R, and P3, and its distance from the 
given point r^'; 

R.^ = R.^x + Pgft' 

and similarly for the rest ; and hence if R be the resultant of aU 
the forces, and its distance from the given point be r, then 

Rr = P J?, + P,2?, + P32?3 + P4^4 + &c. 

Cor. If the given point he in the direction of the resultant r = Oy 
and the left-hand member of the equation vanishes. Hence if any 
number of parallel forces act in the sameplaney the algebraic sum 
of their moments about any point in their resultant imll be equal to 
zero. 

And conversely, if tJie algebraic sum of the moments of any 
number of parallel forces acting in ths same plane, and not in 
equilibrium, about any point in the plane, be equal to zero, that 
point is in the direction of the resultant 

For if possible, let the sum of the moments about a point not in 
the resultant be equal to zero ; then, if x be the distance of this 
point from the resultant, pj_ — x,p^ — x, &c., wiU be the distances of 
the forces from this point; and therefore, by hypothesis, 

Pi(i?i - ») + ^aiP, - a^) + &c. = o. 
But, by the preceding, 

P,p, + Pai?a + &c = oj 
therefore, subtracting, 

(P, + P, + &c.)a; = o; 
or. Re = o. 

But, by hypothesis, the forces are not in equilibrium, that is, R 
does not vanish ; and therefore x = o, or the assumed point must 
be in the resultant. 
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44. If any number of forces parallel or convergent act in the 
same plane, the algebraic sum of their moments about any point in 
their plane is equal to the momsnt of the resultant about that point. 

Let P„ Pa, P3, &c., be the forces, j?„ p^ p^ &c., the distances 
of their lines of direction from the point of reference. Then if 
E, be the resultant of P, and P,, and r, its distance from the point 
of reference, then whether P, and P, be convergent or be parallel, 
it has been seen, Articles 29, 32, 33, that 

Again, let E, be the resultant of K, and P3, and r, its distance 

firom the point of reference ; then whether R, and P3 be convergent 

or be parallel, 

E,r, + P3/?3 = R,r, 

and /. ^iPx + ^aP2 + ^3P3=^a^T 

Hence, whatever the number of forces, if R be the resultant and r 
its distance from the point of reference, 

P*Px + P J>« + ^3/^3 + &c. = Rr. 

Cob. I. If the point of reference be in the line of direction of 
the resultant, then r = o and the right-hand side of this equation 
vanishes ; and hence. If any number of forces parallel or con- 
vergent act in the same plane, the algebraic sum of their moments 
about any point in their resultant is equal to zero. 

Cor. II. If the forces be in equilibrium, then R = o and the 
right-hand of the equation vanishes, wherever the point of reference 
may be ; and hence. If any number of forces acting in a plane be 
in equilibrium, the algebraic sum of their moments about any point 
whatever in their plane is equal to zero. 

45. Equations of Equilibrium. If each of any number of 
forces acting on a plane be resolved into two others, one parallel 
to a given direction, and the other perpendicular to it, the entire 
set of forces is reduced to two sets oi parallel forces, one set being 
parallel to the given direction, and the other set perpendicular to it. 
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If the given forces be in equilibrium, then the algebraic sum of 
each of these sets is equal to zero. For the forces in each set being 
parallel forces, their resultant is their algebraic sum; and if the 
resultant of either set be other than zero, then the given forces 
would have a resultant other than zero; that is, would not be 
in equilibrium. 

Hence, if P^, P^, &c., be any forces in equilibrium, acting at 
angles a„ o^, &c., with a given line, then the components parallel 
to this line are P, cos a,. Pa cos o^, &c., and the components per- 
pendicular to this line are P, sin a,, P, sin a,, &c. ; and hence, 

P, cos a, + Pj, cos a, + &c. = o 
P, sin ttj -f- Pa sin a, + &c. = o. 

And these equations, combined with that given in the preceding 

section, 

PxJPi + P2i?2 + &c. = o, 

are the equations which exhibit the relations subsisting between 
any set of forces acting in a plane and in equilibrium. 

46. If all the given forces act upon a point, then the third 
equation is necessarily satisfied ; since if we take that point as the 
point of reference, the moment of each force about that is zero. 
Hence, in the case of forces acting upon a point and in the same 
plane, the relations subsisting between them when in equilibrium 
are expressed by the two equations, 

Pi cos a, + Pa cos a, + &c. = o 
P, sin a, + Pa sin Oa + &c. = o. 

47. Def, The product of a force, and the perpendicular distance 
of its point of application from any given plane, is termed the 
moment of the force with respect to the plane. 

48. The algebraic sum of the moments of two parallel forces 
with respect to any plane whatever is equal to the moment of their 
resultant with respect to that plane. 



COMPOSITION AND RESOLUTION OF FOBCES. 



31 




Let P, and P, be two parallel forces acting at the points A 
and £. Let E be tbeir re- 
sultant, meeting the line AE 
in C. Let MN be any plane, 
and let perpendiculars to the 
plane from A, B, and C meet 
the plane in D, E, and E, and 
let the lengths of Jhese per^ 
pendiculars be h^ h,, and ?i. 

Then, if AE be parallel fiTthe plane, A„ h^ and A are all equal, 
and consequently since E = P, + P,, Art. 37, 

E^ = PA + P^:^ 

K AE be not parallel to the plane, let AE, or AE produced, 
meet it in O. Let a plane drawn through AE perpendicular to MN 
cut MN in the line OH, then the lines AD, EE, and CF will He in 
this plane. Let the angle EOH be 0. Then, by Art. 42, 

RCO-P..AO + P^EO, 

RCO sin ^ = P,. AO sin ^ + P,.EO sin 0. 

Eut CO aia = h, AO sin ^ = A„ and EG sin ^ = A, ; therefore, 

49. The algebraic sum of the moments of any number of jparallel 
forces with respect to any plane whatever is equal to the moment of 
flie resultant with respect to that plane. 

Let the forces be P„ P,, P3, &c., acting at points whose per- 
pendicular distances from the plane are h^, 7i^ h^ &c. 

Let the resultant of P, and P^ be E^ ; let it act at a distance 0, 
from the given plane ; then, by Article 48, 

Let the resultant of E, and P3 be E, ; and let it act at a distance 
0, from the given plane ; then, 

R^, = RxZx + P A» 

= PA+PA+PA; 
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and in like manner for the rest Hence, if E be the resultant o 
all the forces, and h the distance of its point of application firan 
the given plane, 

Cob. If the plane pass through the point of application of the 
resultant, h = o ; hence, in such a case, the algebraic sum of the 
moments of the forces equals zero. 

50. It has been seen in Art. 37 that the resultant of any number 
of parallel forces, whether acting in one plane or not, is equal to 
the algebraic sum of the components. 

The position of the resultant may be determined thus : 

Take any two planes parallel to the direction of the forces, then, 
by the proposition given in the preceding section, the moment of 
the resultant in respect to each of these planes is equal to the 
algebraic sum of the moments of the components. It is generally 
most convenient to take these planes at right angles to each other. 

Hence, if P„ P,, &c., be the forces, ^„ h^ &c., the distances of 
any points in their lines of direction from one of the planes of 
reference, and A;,, k^, &c., their distances from the other plane, and 
if R be the resultant, h and k the distances of any point in its line 
of direction from the two planes, then the equations for the 
determination of E, A, and k are* 

R = P,+P, + &c., 
R^ = VX + PA + &c., 
RA; = PA + PA + &c. 

Cor. If the forces be in equilibrium, R = o, hence the equations 
of equilibrium for any number of parallel forces are 

P, + P, + &c. = o, 

PA + PA+&C. = o, 
PA + PA+&C. = o. 
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EXAMPLES. 

1. Two forces of 7 and 33 lbs. act upon a point at an angle of 
^0°) required the resultant Ans.* 37 lbs. 

2. Two forces of 5 and 2 1 lbs. act upon a point at an angle of 
120° required tbeir resultant. Ans. 19 lbs. 

3. The resultant of two equal forces acting upon a point at an 
angle of 90° is 100 lbs., required the value of each component. 

Ans. 707107 lbs. 

4. The resultant of two equal forces acting upon a point at an 
angle of 135° is 10 lbs., required the value of each component. 

Ans. 13 '0659 .lbs. 

5. The resultant of two forces acting upon a point at an angle 
of 150° is 19 Iba, one of the components is 11 lbs., find the other 
component. Ans. 16^/3 lbs. 

6. Two forces of 9 lbs. and 56 lbs. acting upon a point are 
balanced by a force of 61 lbs., show that the angle between the two 
forces is 60°. 

7. Two forces of 7 lbs. and 40 lbs. acting upon a point are 
l>alanced by a force of 37 lbs., show that the angle between the two 
forces is 1 20°. 

8. Two forces acting upon a point at an angle of 120° have a 
^ultant whose magnitude is P>/3, and which makes an angle of 
30° with one of the forces, find the magnitude of the two forces. 

The two forces are P and 2P. 

9. Three equal forces acting upon a point are in equilibrium, 
that the angle between any two of them is 120°. 

D 
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10. If two foficeB P and 3P act upon a point at an angle of 
i2o^ show tbat the magnitade of the resultant is not affected bj 
doubling the smaller foice, 

11. Five forces each eqnal to P act vpon a point in soeli a way 
that the fiist is at right angles with the second; the third is at 
right angles with the resultant of the first and second ; the f oarth, 
at right angles to the resultant of the first, second, and third ; and 
the fifth, at right angles with the resultant of the other four; 
required the magnitude of the resultant of the five f orcesL 

Ans. T^S' 

12. If six equal forces act upon a rigid body along the sides of 
a regular hexagon, in such a way that the forces act concurrently 
at each angle, show that the forces will be in equilibrium. 

13. Three forces, whose magnitudes are severally 16, 6^^ and 
156 lbs., act upon a point at right angles to each other, show by 

the paraUelopiped of forces that the resultant is 169 lbs. 

• 

14. Three ^[nces, of 9, 15, and 28 lbs. act upon a point con- 
currently ; the angle between the first and second is 60°, and the 
third is at right angles with each of the other two : required the 
magnitude of the resultant Ans. 35 lbs. 

15. A smooth ring, sustaining a weight W, is carried by a cord 
fastened at two points, A and B, in the same horizontal line; 
required the tension in the cord. 

Let 2b be the length of the cord, and 2a the distance A6, then 
the tension in the cord will be equal to 

Wb 
2^{lf - a»)* 

16. Bequired the horizontal force necessary to draw, on a level 
road, a carriage wheel over an obstacle of given height 

Let W be the weight of the carriage, a the radius of the wheel, 
and e the height of the obstacle, then the required force will be 
equal to W,^{2ac - if) 

a — c. 
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17. Two strings, fastened to two pegs, A and B, in a vertical 
wall, of which A is the higher, are joined at the point C to a 
weight W ; the strings are of such lengths that £C is horizontal, 
the angle £CA is 135^ : find the tensions in the strings. 
The tension in AC is equal to W^2, and the tension in £C is 
to W. 



18. Four equal forces act concurrently upon a point, and in the 
same plane, the angle between the first and second, that between 
the second and third, and that between the third and fourth, are 
each equal to 72° : find the magnitude of the resultant 

The resultant is equal to one of the components. 

19. A ball, whose weight is W, slides along a smooth rod, 
inclined at an angle of 30° with the vertical line; what force 
applied in the direction of the rod will keep the ball at rest 

Ans. iW^3. 

20. A heavy ball, which slides along a smooth rod, inclined at 
an angle of 45° with the vertical line, is kept at rest by aftorce P 
acting along the rod ; required the weight of the ball. 

Ans. P\/2. 

21. Two forces of 65 and 84 lbs. act upon a point at an angle 
of 70°, required the magnitude of the resultant 

Ans. 122*54 lbs. 

22. Two forces of 20 and 64 lbs. act upon a point ; their resultant 
IB 76 lbs., what is the angle between the two forces 1 

Ans. 60°. 

23. Two forces of 3 and 5 lbs. act upon a point ; their resultant 
is 7 lb&, what is the angle between the resultant and the larger of 
the two forces 1 

Ans. Sin-/'^^) 
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24 One of two components is double the other, and their 
lesoltant is equal to half their sum; required the angle between 
them. 



Ans. coflT* 



(-Is) 



25. The resultant of two forces acting upon a point is equal to 
one half of one of them, and is at right angles with the other; 
required the angle between the two forces. Ans. 150°. 

26. K X, Y, and Z be three forces acting upon a point, and the 
angle between X and Y be equal to a, and the angle between Y 
and Z be equal to P, and if E be the resultant, then 

K» = X» + Y' + Z» + 2XY cos a+2YZ cos P+ 2ZX cos (a + j8). 

27. A weight W, to which two cords are attached, rests upon a 
smooth horizontal table ; one cord passes over a pulley placed at 
the edge of the table, and bears a weight Q ; the other cord passes 
over a pulley placed above the table, and bears a weight P; required 
the inclination of the latter cord to the table % 

Ans. cos"'* ^ 



m 



28. One end of a cord is fastened to a fixed point A, the other 
is carried over a fixed pulley at B, and fastened to a weight P; 
what weight must be attached to the cord at a point C, midway 
between AB, that the part AC may rest horizontally % 

Let AB be inclined to the horizon at an angle a, then the required 

weight will be equal to 

2P sin a 

V(5 - 4 cos a)' 

29. In the preceding, show that the tension in AC is equal to 

P(i — 2 cos a) 
V^(5 - 4 cos a) 
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30. A particle, whose weight is W, rests against the circumference 
of a circular plate, whose plane is vertical ; a cord attached to the 
particle passes over a pulley placed vertically above the highest 
point of the circle, at a distance from the circle equal to the radius; 
required the position in which the particle will rest, and the pressure 
on the circle, when a weight P hangs from the cord. 

In the position of equilibrium, the inclination of the cord to the 
vertical line is equal to 

"^ { 8WP / 

and the pressure on the circle is equal to 

31. A bar AB, 5 feet 4 inches in length, rests horizontally upon 
two vertical props A and B ; a weight of 320 lbs. is suspended 
fe)m the bar at a distance of 27 inches from A : required the 
pressures upon the props. 

Ans. 185 lbs. on A, and 135 lbs. on B. 

32. Two weights P and Q, of which P is the greater, are sus- 
pended from the extremities of a straight bar ; where must a third 
weight W be attached that the bar may balance about its middle 
pomt? 

Let 2a be the length of the bar, then the weight W must be 
attached at a distance from the middle point, on the side of Q, 
equal to (P-Q) a 

33. Three concurrent parallel forces, of 15, 20, and 24 lbs., act 
in the same plane upon a rigid body, and at distances of 12, 14, 
and 30 inches respectively to the right of a certain point in their 
plane : required the distance of their resultant from the same point. 

Ans. 20 inches. 

34. K a weight W rests upon a triangular table ABC, at a point 
0, show that the pressure on the leg A is to W as the triangle 
BOG is to the triangle ABC. 
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35. If the magnitude of four concuirent parallel forces be S, 
12, 15, and 25 respectively, and the distances of their points of 
application from a given plane be 5, 10, 8, and 6, what is the dis- 
tance of the point of application of their resultant from the same 
plane) Ans. 7^. 

36. If the distances of the points of application of n equal con- 
current parallel forces firom a plane passing through the point of 
application of the resultant fonfi a descending arithmetical series, 
of which the first term is a, and common difference b, show that 

a n— I 

37. Eesolve a given force R into three parallel components, P„ 
Pj, Pj, acting at given points. Let z be the distance of the point 
of application of E from any line in the plane of the points, and 
2^i> ^a> ^p ^© distances of the given points from the same line, and 
let h, \f h„ hy be the respective distances of the same points from 
any other line ; then shall 

38. Show that the resolution of any force into more than three 
parallel components, acting at given points in one plane, is an 
indeterminate problem. 

39. A bar is formed of unequal lengths of two substances, each 
of uniform thickness and density, the one weighing m oz. per inch, 
and the other n oz. per inch ; how far from the middle point must 
a fulcrum be placed that the bar may balance about it by its own 
weight ? 

Let a be the length in inches of the one part, and b that of the 
other, then the distance required is 

ab m(^n 
2 ma + nb 
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40. A series of n equal weights is suspended from a weightless 
bar, in such a way that the distance between the first and second 
is a, that between the second and third 2a, that between the 
third and fourth 3a, and so on, the successive intervals forming an 
arithmetic series; required the distance of the resultant from the 
first weight. 

Assuming that the sum of n terms of the series i + 3 + 6 + 

io + &c...- "-<'^+^ Ii8 "-("+^) ("+') , show that the distance 

2 6 

required is equal to ^ (^^"^ - i) «• 

41. Weights P, 2P, 3P, &c....wP are suspended at distances a, 
2a, 30, &c,...na firom one extremity of a weightless rod; required 
the distance of the resultant from that extremity. 

Ans. J (2W+ i) a. 

42. A straight weightless bar ABCD rests horizontally upon 
two pegs at B and C ; required the pressures upon the pegs, when 
weights P and Q are suspended from A and D. 

Let AB = a, BC = c, and CD = b ; then the pressure at B is 

equal to P<«+;)-Q^ 

and the pressure at C is equal to -^-t ^ . 

c 

43. A weightless bar ACB, bent so as to form a right angle 
at C, is moveable about a fixed axis at C ; required the position of 
equilibrium, when weights P and Q are suspended from A and B, 

Let AC = a, and BC = b ; then, if ^ be the inclination of AC to 

the horizontal line, . d-^^ 

lane/-^^. 

44. Weights P and Q, of which P is the greater, are suspended 
by cords from A and B, opposite poiuts in the rim of a weightless 
hemispherical bowl, resting upon a horizontal table ; required the 
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poeitioii ol equilibiiain, boUi weights hanging oatside of 
bowL 

The mdination of AB to the rcxticil liiie is eqptl to 

45. Two e^^ual bus, AB and BC, of imifann thicknfiss anc 
denatr, ngidly oonnected at B, irhen enspended fiom A, rest will 
BC hoiuontal ; req[inied the angje ABC Ans. oos~'(i). 

46. Two equal bars, AB and BC, of imif<»n thickness and 
densitr, ligidl j oonnected at B. are suspended fiom A ; required 
the inclination of the bar AB to the Teitical line through A, in 
the position of equQibninn. 

Let the ang^e ABC be eqoal to a ; then the inclination leqnired 
iseq[iialto ^^^^/ 3~cos a x 

V an a J 
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51. If (my number of parallel forces act at given points in a rigid 
^, there is a point through which the resultant mil alieaye pass, 
"^ever the poeition in which the body may he placed. This point 
i> termed the centre of the parallel forces. 

Let P„ P„ P^ P^ be parallel forcea acting at A, B, C, D, points 
JQ t rigid body. Join the points A, B, and in AB take m, so that 
Am : mB : ; P, : P„ 
then, by Art. 32, the 
Wultant of P; and P, 
pwsea through m. Let 
X l)e this resultant, 
snii join the points m, , 
C;in mC take n, so 
that !im : kC : : P, : 
\ then as before the 
fwnltantofXandP,, 
ftat is of P„ P„ and 
>, passes throQgh n, 
I*t Y be this resultant, and joi 
"D : : P, : Y, then the resultant of T and P,, 
"» and P,, passes through o. 

If now we suppose the body to be moved into a new position, 
<* what would be the same thing, if we suppose the direction of 
tile several forces to be changed, and to assume the position repie- 
Mnted in the figure by p„ p„ p^ and p„ then, since the magnitudes 
of the forces are unchanged, the resultant of p, and p, will as 




1 nD take o, f 
J that if 
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before pass through m, that of ^„ p„ and p^ through n, and that 
of p^, p^ p^ and p^ through o. The same will take place in any 
other position of the body, and hence in all positions of the body 
the resultant of the several forces will pass through o. 

52. Qravity is the force which attracts every particle of matter 
towards the centre of the earth. The weight of a body is the 
total force with which that body is drawn towards the earth's 
centre; it is therefore the same as the resultant of the forces 
which, in consequence of the existence of gravity, act upon its 
several particles. These forces may, without sensible error, be 
regarded as parallel forces. The centre of these parallel forces is 
called the centre of gravity. 

The centre of gravity of a body is, then, the point through 
which will pass, in every position of the body, the resultant of all 
the forces which, in consequence of gravity, act upon its particles. 

53. It follows fix)m the definition, that if the centre of gravity 
of a body be fixed, the body will rest in any position. For in 
every position the resultant of all the forces arising from gravity 
passes through the fixed point, and being met by the resistance 
of that point, equilibrium is preserved. 

54. Since the resultant may be always substituted in place of 
its component forces, it follows that in considering the influence of 
any weighty body in producing equilibrium, we may substitute a 
force equal to the weight of the body, and acting at its centre of 
gravity. 

55. If a body suspended from any point be at rest, the centre of 
gravity must lie in the vertical line draum through this paint. For 
there are two forces in equilibrium ; viz., the weight of the body 
which acts vertically and at the centre of gravity, and the re- 
action of the fixed point. By Art 11, these forces must lie in the 
same straight line, and therefore the vertical line through the 
centre of gravity must pass through the fixed point. 
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Hence, if a body be suspended successively from two different 
points, and the vertical lines passing through those points be drawn, 
the intersection of these two lines will be the centre of gravity. 

56. A body placed with its base upon a plane surfa^^ will stand 
or fall, a>ccording as the vertical line through its centre of gravity 
faUs within or without the base. 

Let ABCD be any body, whose base AB rests upon a plane 
surface. Let the centre of gravity be at c 

^, 80 that the vertical line through g falls d — " " V 

within AB. The weight of the body act- / 

ing in this line is met by the resistance / g\ ^ 

of the plane, and, consequently, will not / j 

cause the body to turn about either A ^ 

orB. 

But if the centre of gravity be at g^^ so that the vertical line 
drawn through the centre of gravity falls without the base, the 
weight of the body, acting in this line, is not met by the re-action 
of the plane. There cannot, therefore, be equilibrium, but the 
body will turn over on to the side BC. 

K the centre of gravity be at g^, so that the vertical line drawn 
through it pass through one of the extremities of the base, the 
body will rest ; for the weight acting in the vertical line is met by 
the resistance of the plane : a very slight disturbance will, how- 
ever, cause the body to fall over. 

57. The centre of any perfectly symmetrical figure must also 
be the centre of gravity; for there can be no reason why the 
centre of gravity should feU upon one side of that point more than 
upon another. Hence, the centre of gravity of a line is its point 
of bisection ; of a parallelogram, the intersection of its diagonals ; 
of a parallelopiped, the intersection of its diagonals; of a circle 
and sphere, their centres. 

58. To find the centre of gravity of a triangle. Let ABC be the 
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given triangle. Bisect AB in D and AC in K Draw CD, BE. 

If we suppose the triangle to be made up of an infinite number of 

lines parallel to AB, these lines will be 

bisected by CD. Consequently the centre 

of gravity of each of these lines will 

be in the line CD, and therefore the 

centre of gravity of the triangle will 

lie in the line CD. For similar reasons 

the centre of gravity must lie in the 

line BE. Therefore g, the intersection of these two lines, must be 

the centre of gravity required. 

Join the points D, E. DE will be parallel to CB, and the 
triangle ADE similar to the triangle ABC. Hence, 

DE : BC : : AD : AB; 
DE = iBC. 

But, by similarity of triangles, ^D : gG : \ DE : BC ; 

g^ = igC, 

gD = iDC. 
Hence, the centre of gravity of a triangle lies in the line joining 
any vertex with the bisection of the opposite side, at a distance 
from the side of one-third of this line. 

59. To find the centre of gravity of four weights, P, 3P, 7P, aM 
5P, suspended from the angular points of a square weightless plate, 

Let ABCD be the square plate, and let the weights P, 3P, 7P. 
and 5P be suspended severally 
from the points A, B, C, D. Draw 
the diagonals, AC, BD. Take N, 
so that CN = iAC, and M so that 
DM = |BD. Then A]Sr = ^AC, 
andBM = |BD. 

The resultant of P at A, and 7P 
at C, is a force 8P at N, since 7P 
X CN = P X AK And the re- 
sidtant of 3P at B and 5P at D is also a force 8P at M ; since 5I 
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X DM - 3P X BM. We have, then, in the place of the original 
forces, two equal forces acting at M and K Bisect MN at G, 
then the resultant of these equal forces will pass through G, and G 
is the centre of gravity required. 

60. To find the centre of gravity of a trapezium. 

Let ABCD be the trapezium, in which the sides AB, CD are 
paralleL 

Bisect AB in E, and DC in H, and join HE. If the trapezium 
he supposed to be made up of an ^ q 

Mnite number of lines parallel /Tv TV I 

to AB, each of these lines will be / \ \V:;;A^' / 

hisected by EH, and consequently / ^.W'^^^Nv \ / 

,, / ^\ ""'/in >^ \ / 

the centre of gravity of the tra- / \ / \A / 

pezium must be in the line EH. Z_ )L — ^B 

Join DE, and take EM = JED. ^ ^ 

Similarly join HB, and take HJS" = JHB. Then M is the centre 
of gravity of the triangle ABD, and N that of the triangle BCD. 
Consequently the centre of gravity of the whole figure must be 
in the line MN \ but it also lies in the line EH ; therefore the 
intersection of these lines, or the point G, is the centre of gravity 
required. 

Let GE be called aj, and GH y ; and let AB = a, and DC = 6. 
Biaw Mwi, Nw parallel to- AB or CD. Then, since the triangles 
£Um, EDH are similar, 

Mm : DH : : EM : ED ; 
Mm = iDH = J&. 
Similarly, Nw = i EB = \a. 
Again, because the triangles MGm, NGti are similar, 

Gm : Gti : : Mm : N»; 
GE-Em : GA-Hw : : Mm : Nw. 
But Em and Hw are each equal to \ EH, or J (a; + 2/) ; 
/. aj-J (« + y) : y-\ (« + y) : : i& : \a\ 
zx-y : 2y-x : : b : a; 
p /, X : y : : a + 2b : 2a + b. 
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61. To find the centre of gravity of a triangular pyramid. 

Let ABCD be any triangular pyramid. Bisect BC in E. Draw 
AE and DE. Take 'Ean = 
i AE, and Eti = iDE. Join 
Dm and An. These lines 
will intersect in a point G, 
whicli is the centre of grar 
vity of the pyramid. 

The pyramid may be con- 
ceived to be made up of an 
infinite number of planes 
parallel to ABC. Let ahc 
be such a plane. Then, 
since the parallel planes a, 
ahc, ABC are intersected by 
a third plane BCD, the intersections cb, CB are parallel. And 
since cb is parallel to CB, cb is bisected in e by the line DE ; for, 
by similarity of triangles. 




and 



but 



ce 
cb 
ce 



CE 
CB 

cb 



Dc 
Dc 
CE 



DC, 

DC; 

CB; 



CE=iCB; 
ce = icb. 



The lines oe, AE, are parallel, for they lie in the same plane 

AED, and in the parallel planes abc, ABC. Then, by similarity of 

triangles 

: De : DE, 

: Be : DE; 

: Ew: EA, 

Ew = jEA; 

eg = iea; 



and 



but 



eg 


: Ew 


ea 


: EA 


eg 


: ea 



therefore g is the centre of gravity of the triangle abc. In like 
manner, it may be shown that the centre of gravity of every plane 



. 



tor. 
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to ABC is in the line Dm. The centre of gravity of the 
whole pyramid must therefore be in the line Dm. For similar 
reasons it must also be in the line An. Therefore G, the inter- 
section of these two lines, must be the centre of gravity of the 
pyramid. 

Join mn ; then, since Am : mE : : Dn : riE, mn is parallel to 
AD, and therefore 

mn : AD : : mE : AE; 
but mE = jAE; 

mn = J AD, 

The triangles AGD, mGn are similar ; therefore, 

mG : GD : : mn : AD; 
mG=iGD; 
mG^\ Dm. 

Therefore the centre of gravity of the pyramid is one-fourth of 
the way up the line joining the centre of gravity of the base with 
the vertex. 

62. To find the centre of gravity of a pyramid whose base is 
ony polygon. 

Divide the polygon into triangles; and if planes be supposed 
to pass through the sides of these triangles and the vertex, the 
pyramid will be divided into triangular pyramids. 

Let a plane be drawn parallel to the base, at a distance equal 
to one-fourth of the altitude of the pyramid, then (Art. 61) the 
centre of gravity of each of the triangular pyramids will be in 
this plane. 

Agaio, join the vertex with the centre of gravity of the base. 
The centre of gravity of every section parallel to the base will be 
^ this line. Hence^ the centre of gravity of the whole pyramid 
^ be in this line. 

Therefore the centre of gravity is in the line joining the vertex 
with the centre of gravity of the base, at a point whose distance 
from the base is one-fourth of this line. 
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63. To find the centre of gravity of the perimeter of a triaru, 

Let ABC be the given triangle. Join abc, the points of bi 
tion of the three sides. Draw 
am, bn, bisecting the angles cab, 
abc respectively. The point g, 
the intersection of these two 
lines, will be the centre of gra- 
vity of the perimeter of the 
triangle ABC. Yoi the three 
lines, AB, BC, CA, may be conceived to act at the points c, c 
with forces represented by their several lengths. The trian 
abCf ABC are similar ; and, therefore, 

AB : BC : CA : : ab 

Hence, the force at c : the force at b : 

bisects the angle bac, 

bm : me : 

force at c : force at b : 

Consequently the resultant of the forces at b and c passes thrc 
m, and may be represented in value by ab + ac. The resultau 
this force and the force at a, represented by be, must pass thrc 
g; for 



be 
ab 

ab 
bm 



ca. 



ea. But, since 



oc 



me. 



but^ 



or. 



mb 



gm : ga : 


: mb : 


: ab; 


mb : mc \ 


: ab : 


ac; 


mb + me : 


: ab : 


, ab + ac; 


mb : be : 


: ab \ 


ab + ac; 


mb \ ab : 


: be : 


: ab + ac; 


gm \ ga : 


: be 


: ab + ac. 



and hence, 

The point g is also the centre of the circle inscribed in abc, H( 
the centre of gravity of the perimeter of a triangle is the centi 
the circle inscribed in the triangle formed by joining the bisect 
of its sides. 



64. If the magnitudes and centres of gravity of the several j 
of a body of uniform density are known, the centre of gra 
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of the whole body can be found by the proposition given in 
M49. 

For let M be the total magnitude of the body, and M„ M,, M3, 
&C., the magnitudes of its several parts. But instead of these 
bodies, we may suppose forces proportional to their weights to act 
at their respective centres of gravity. Since the density of the 
Wy is uniform, these weights will be proportional to the magni- 
tudes. Consequently, if ^ be the distance of the centre of gravity 
of the whole body from any plane, and \, h^ h^ &c. the known 
distances of the centres of gravity of the several parts from the 
same plane ; 

y^ _ M, ^, + Ma ^a + M3 ^3 + &c. 
^ M 




Ex. 1. To find the centre of gravity of half a regular hexagon. 

Let ABCD be half a regular hexagon. Bisect AB in w, and join 
Dw, Cn. Then the given figure 
is divided into three equilateral 
triangles, whose centres of gravity 
are known. 

Bisect DC in m, and join mn. 
Then the centre of gravity must a 
evidently be in this line, and will 
consequently be found, if we can determine its distance from AB. 

Let De - 3c, and let the area of each of the equilateral triangles 
^ a. Then the area of the whole figure is 3 a. The distance of 
the centre of gravity of the triangles ADn, BCn, from AB ; or, 
^hich is the same thing, its distance from a plane, drawn through 
AB perpendicular to the plane of the paper, is c. The distance 
of the centre of gravity of the triangle CDw from AB is 2 c. Then 
if h denote the distance of the centre of gravity of the whole 
figure from AB, 



h = 



ac + 2ac + ac_4c 

E 
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Ex. 2. Let the upper face of a cube be the base of a square 
pyramid, to find the centre of gravity of the whole figure, the 
density being uniform. 

Let a = the edge of the cube, and h => the height of the pyramid 
The centre of gravity must evidently lie in the line joining the 
vertex of the pyramid with the centre of the base of the cube. 
Let the base of the cube be the plane firom which the distances of 
the centres of gravity are reckoned. 

The content of the cube is a^, and the distance of its centre of 
gravity from the base is ^a. 

The content of the pyramid is Ja'&, and the distance of its 
centre of gravity from the base of the figure is a + J&. Therefore, 
if h denote the distance of the centre of gravity of the whole figure 
iiom the same plane, 

_ 6a' + ^ah + &' 
iza + ^h 

65. Li like manner the centre of gravity of any part can be 
found, when the centres of gravity of the whole and the remaining 
parts are known. 

Ex. The exterior of a cup is a cylinder, and its interior is a 
cone ; required the depth of the centre of gravity. 

Let A be the area of the circle formed by the rim of the cup, 
a the height of the cup, and h the depth of the vertex of the 
cone; then the content of the cylinder is Ao, and the depth of 
its centre of gravity is Ja. 

Also, the content of the cone is \Ahy and the depth of its 
centre of gravity is J6. 

Therefore the content of the cup is A(a - \b) ; and if aj be the 

depth of its centre of gravity, 

Aa* Aft* .A/ i7.\ 
li— = — + A(a - ib)x ; 

2 12 

6a'- ft* 

. . 3/ — • 

1 2a — 40 
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EXAMPLES. 

1. Four heavy partdcles, whose weights are i, 3, 5, and 7 Iba, 
aie placed along a weightless rod, whose length is a, so as to divide 
its length into three eqnal parts; required the distance of the 
centre of gravity from the middle point of the rod. * 5a 

24' 

2. Three heavy particles, whose weights are P, Q, and E, are 
connected at given 'distances by a weightless rod; required the 
distance of the centre of gravity from the weight Q. 

Let a be the distance between P and Q, and b the distance 
^tween Q and E ; then the distance required is 

PafK^Eft 
P + Q + E* 

3. Find the distance of the centre of gravity of four-fifths of a 
regular pentagon from the centre of the inscribed circle. 

Let a be the radius of the inscribed circle, then the distance 
wqnired is Ja.x 

4. A bar, of uniform thickness and density, is bent so as to 
form four sides of a regular pentagon ; find the distance of the 
centre of gravity from the centre of the inscribed circle. 

Let a be the radius of the inscribed circle, then the distance 
Quired is Jo. 

5. Find geometrically the centre of gravity of half a regular 
octagon. 

6. Find geometrically the centre of gravity of a bent lever of 
^orm thickness and density. 
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7. If from a square ABCD, whose diagonals intersect in O, tl 
portion AOD be taken away, the distance of the centre of gravi' 
of the remainder from is equal to ^ (a being the side of tl 
square). 

8. From a cone, whose height is 8 inches, a similar cone, 
inches in height, is cut off by a plane parallel to the base ; wh 
is the distance of the centre of gravity of the frustum from t] 
base ? Ans. 1^^ inch. 

9. The height of a conical shell is 14 inches, and the extern 
diameter of the base is double the internal diameter, what is tl 
distance of the centre of gravity from the base 1 

Ans. 3f inches. 

10. Upon AB, a side of a square ABCD, describe an equilater 
triangle, and let VN be the line joining its vertex with the bise 
tion of the side CD ; then, if G be the centre of gravity of tl 

whole figure, QN : TS : : 4-VS ■ 4WS- 

11. If from any pyramid whose height is a, a pyramid whoi 
height is b be cut off by a plane parallel to the base, show thi 
the distance of the centre of gravity of the frustum from tl 
base is equal to a-b a'+2ab+7ff 

4 a' + ab + Jf ' 

12. Let two spheres of the same density, whose radii are a ar 
b respectively, touch one another externally ; the distance of the 
centre of gravity from the centre of the sphere whose radius 
a is equal to b^ 

a'-ab + h' 

13. Particles, whose weights are as 3, 4, 5, and 8, are placed : 
the comers of a square weightless plate whose side is 28 inche 
what is the distance of the centre of gravity from the centre • 
the plate? Ans. f>/io inch. 
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CHAPTEE IV. 

ON THE SIMPLE MACHINES. 

66. A machine is an instrument, by the agency of whicli one 
fee can resist or overcome another force not immediately oppo- 
site to it in direction. 

67. The simplest of such instruments are sometimes termed the 
Mechanical PowerSy but are more fittingly named as the Simple 
Machines, These are, the lever, the wheel and axle, toothed 
wheels, the pulley, the inclined plane, the wedge, and the screw. 
These differ from each other more in their structure than in the 
principles of their operation ; for when in equilibrium, the wheel 
and axle, the toothed wheel and the pulley, may be reduced to the 
lever ; and the wedge and the screw are but modifications of the 
inclined plane. 

The two forces which act upon either of these simple machines 
are, for the sake of distinction, called the power and the weight, 
the latter always denoting the force to be resisted or overcome. 

68. By the mechanical advantage of any machine is meant the 
'atio of the weight to the power, when in equilibrium ; thus, if a 
power of 2 lbs. sustain a weight of 30 lbs. the mechanical advan- 
tage is 30-=- 2, or 15. 

69. The Lever. The lever is an inflexible bar, capable of free 
Motion about a fixed axis, called the fulcrum. Unless the contrary 
^ stated, the lever is usually supposed to be without weight. 

Levers are of three kinds, according to the relative position of 
power, weight, and fulcrum. 
When the fulcrum is between the power and the weight, the 
lever is of the first kind. 
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When tbe weight is between the fulcrum and the power, the 
lever is of the second kind. 

When the power is between the fiilcrum and the weight, the 
lever is of the third kind. 

The beam of a balance is a lever of the first kind, an oar is a 
lever of the second kind, and the treadle of a lathe is a lever of 
the third kind. 

Scissors are double levers of the first kind, nut-crackers aie 
double levers of the second kind, and spring shears are double 
levers of the third kind. 

70. To find the condition of equilibrium in the levers when th 
power and the weight act in parallel directions. 

It is evident that there will be equilibrium, if the resultant of 
the two forces passes through the fulcrum. Let P represent the 
power, and W the weight ; let a be the distance from the fulcrum 
at which P acts, and h the distance at which W acts. Then, since 
P and W are by hypothesis parallel forces, their resultant will pass 
through the fulcrum, if Pa = W&, whether the fulcrum be between 
the forces, as in levers of the first kind, or without them, as in 
levers of the second and third kinds. Hence, when the power 
and the weight are parallel forces, the condition of equilibrium in 
a lever of any kind is, that the power x its distance from the 
fulcrum = the weight x its distance from the fulcrum ; and, there- 
fore, the mechanical advantage 

_ distance of power from fulcrum 
distance of weight from fulcrum 

71. To find the condition of equilibrium in a lever acted upon by 
parallel forces, when the weight of the lever itself is regarded. 

Let P denote the power, and W the weight. Let a = the length 
of the arm at which P acts, and b = the length of the arm at which 
W acts. Let w = the weight of the lever, and c = the distance oi 
its centre of gravity from the fulcrum. 

The weight of the lever may be regarded as a force w acting at 
the centre of gravity. By Art. 43, there will be equilibrium, if 
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the algebraic sum of the moments about the fulcrum be equal to 
zero. 

First Let the weight of the lever tend to produce revolution in 
the same direction as P, then 

Fa-^wc- Wb = o. 
Secondly. Let the weight of the lever tend to produce revolu- 
tion in the same direction as W, then 

Ya — wc — Wb = o. 

72. To determine the condition of equilibrium in a lever, when 
the power and weight act in any direction whatever. 

Let P and Q Jbe forces acting in any direction at the extremities 
A and B of any lever, which may /^ 

he either straight, as in the figure, / **n.^ \ 

or bent in any manner. From the / **• .. ..--'f 

fulcnun C let Mi perpendiculars 
upon the direction of the forces, 
and let their lengths be p and q 
respectively. Then (Art. 31) the resultant of P and Q passes 
through C, if Pjp = Qg, 

which is, consequently, the condition of equilibrium required. 

Cor. If a and b be the arms of any lever, straight or bent, and 
if P and Q make angles a and j8 respectively with the arms ; then 
1? = a sin a, and q=^b sin p; consequently, the condition of equi- 
librium is Pa sin a = Q6 sin fi, 

73. To determine the pressure upon thefidcrum of a lever. 

The pressure upon the fulcrum is in every case the resultant of 
the forces acting upon the lever. When these are parallel and act 
concurrently, the resultant equals their sum; if not concurrent, 
the resultant equals their difference. Hence, the pressure upon 
the fulcrum, 

in levers of the first kind, is P + W, 

in levers of the second W - P, 

in levers of the third P- W. 

If the weight of the lever itself be regarded, it must be added 
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to or subtracted from the power, according as it acts concurrently 
or non-concurrently with the power. Then, if w; = the weight of 
the lever, the pressure upon the fulcrum, 

in levers of the first kind, is P + W + «(?, 
in levers of the second, is...W — (P + w;), 
in levers of the third, is . . . (P + «(?) - W. 

74. An ordinary balance is, mechanically considered, simply a 
lever of the first kind, provided with pans suspended from its 
extremities. When the arms of the balance are equal, a body 
placed in one of the pans will be balanced by an equal weight in 
the other. When, however, the arms are unequal, the weight in 
one pan is not equal to that of the body in the other. 

75. To determine the true weight of a body by a false balance. 
Let w be the true weight of the body, and let x and y be the 

unknown arms of the balance. When w is placed in one pan, let 
it be balanced by a weight a ; and when placed in the other, by a 
weight b. Then, since w and a, acting at the arms x and y, were 
in equilibrium, wx = ay. 

And since w and b, acting at the arms y and x, were in equilibrium, 

7m/=bXy 
vfxy = abxy, 
hence, vf = aby or w=,^ab 

That is, the true weight is a mean proportional between the two 
false weights. 



76. The Steelyard. 
first kind, with 
very unequal arms, 
provided with a 
moveable weight 
P, which may be 
suspended from 
any point in the 
longer arm. The 
longer arm is gra- 



The common steelyard is a lever of the 

9 




1 — r 
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duated, and the weight of any body suspended from the shorter 
ann is indicated by the point at which P must be placed in order 
to balance it. 

77. To graduate the common steelyard. 

First. When the centre of gravity of the instrument (including 
both the beam and the scale-pan) is in the shorter arm. 

Let G be the centre of gravity, let D be the point at which P 
must be placed, in order to balance the instrument only, and E 
the point at which P balances the instrument, when a weight of 
I lb. is placed in the scale-pan ; then, if successive distances, each 
equal to DE, be marked along the arm, they will denote the 
positions of P, corresponding to successive additions of one pound 
to the weight. 

For, let w be the weight of the instrument; then, since the 
ttstmment is balanced by P at D, 

P.CD = w;.GC (L) 

Again, since a weight of i lb. in the scale-pan is balanced by 
PatE, P.(CD + DE) = w;.GC + AC; 

whence, by subtraction, 

P.DE=rAC (ii.) 

Let a weight of n lbs. in the scale-pan be balanced by P at F, 
tlipii P (CD + DF) = «7 . GC + n . AC ; 

whence,* by equations (i) and (ii), 

P(CD + DF) = P.CD + wP.DE; 
and, therefore, DF =%.DE; 

that is, if w be 2, DF=2DE; if n be 3, DF = 3DE, and so on. 

Secondly ; when the centre of gravity of the instrument is in 
tile larger arm. 

Let G be the centre of gravity, falling now to the right of C. 

In this case the steelyard will serve to weigh those bodies only 

whose weight is greater than ' . Let p be some whole num- 

AC 

•^r of pounds greater than — Vp-> ^^^ I^t; p lbs. in the scale-pan 
^e balanced by P at D, and let {p + i) lbs. be balanced by P at E ; 
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then, as before, successive distances, each equal to DE, will deno 

successive increments of i lb. in the weight. For, by hypothesi 

F,CD + w,GC=p.AC (L) 

and P.CE+7i;.GC = (i?+i)AC; 

P.DE = AC (ii) 

Let a weight of (p + n) lbs. be balanced by P at F, then 

P(CD + DF) + i(;.GC = (i> + n)AC; 
whence, subtracting (i) 

P.DF = 7i.AC; 
and, therefore, by (ii) 

DF = TO.DE. 

78. The Danish Balance. This instrument consists of a straigh 
bar AB, having a 
heavy knob A at 
one end, and at the 
other end B a hook 
bearinga scale-pan. 
The fulcrum C is 
moveable, and the bar is so graduated, that the weight of an; 
body placed in the scale-pan is determined by the position of C 

79. In the Danish Balance the distances of the fulcrum frg^i 
the end of the bar, corresponding to successive equal i?icre9nents q 
tJie weight, form a harmonic series. 

Let w be the weight of the instrument, and G its centre € 
gravity. Let C be the position of the fulcrum when the weigh 
of the instrument balances a weight of n units placed in the scale 
pan. Then 7iBC = 2^.GC, 

= w;(BG~BC); 

therefore, BC = — ^ 

w+ n 

Consequently, the successive values of BC, corresponding to th 

values o, i, 2, 3, &c. given to n, are 

w.BG w,BG w.BG w.BG « 
, , , , &c. 
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The reciprocals of these quantities form an arithmetical series, 
and therefore the quantities themselves are in harmonical pro- 
gression. 

80. The Bent Lever Balance. This instrument, which is 
very convenient for determining expe- 
ditiously the weight of bodies within 
a moderate range, consists of a bent 
lever ACB, one end of which A bears 
an index, which moves over a graduated 
quadrant, and the other end B sustains 
the scale-pan. The thickness of the 
lever is greatly increased towards A, so 
that its centre of gravity shall be not 
far from A. The quadrant may be 
graduated experimentally, by placing 

different weights successively in the pan, and marking off the 
points at which A rests. 

The graduation of the quadrant may be also determined by 
calculation. 

Let be the angle between the arm AC and the upright stem, 
corresponding to any weight W. Let w be the weight of the 
bent lever, and w' the weight of the scale-pan. Then, taking the 
moments about C, ^. CD = (W + «') CK 

But if a be the length of the arm AC, and h that of the arm BC ; 
and, for greater simplicity, let the angle ACB be a right angle. 
Then CD = a sin tf, and CE = 6 cos 6. Therefore, 

w . a sin = ( W + w') h cos 0, 

tan« = (^±i^. 
w a 

As approaches a right angle, its tangent increases rapidly; 
^d, consequently, a large increase of the weight will then occasion 
hut a small increase in the angle, and hence the balance cannot be 
depended on for weights above a certain value. 
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81. The Wheel and Axle. The wheel and axle consists of a 
cylinder or axle firmly fixed to a wheel, and having a common axM 
with it. The weight is attached to a cord passing round the axk^ 
and the power to a cord passing round the wheeL 

Let the figure represent a section of such a machine, where C is 
a point in the common axis, CA the radius 
of the wheel, and CB the radius of the axle. 
Let P be the power, and W the weight. These 
may be regarded as two parallel forces, and 
if in equilibrium, their resultant must pass 
through C, and therefore we must have P x 
AC = W X BC, or P X radius of wheel = W x 
radius of axle. Hence the mechanical ad- 
vantage in the wheel and axle is found by 
dividing the radius of the wheel by the radius 
of the axle. 

The wheel and axle admits of various modifications in form. 
Instead of the wheel, the power may be applied by means of a 
winch, as in the windlass ; or by means of bars inserted into holes 
pierced in the axle, as in the capstan. In these cases we have, 
instead of the wheel, one or more of its radii, and the mechanical 
advantage is still as before, the radius at which the power acts, 
divided by the radius at which the weight acts. 




82. The advantage in the wheel and axle may be increased 
either by increasing the radius of the wheel, or 
by diminishing the radius of the axle. If, how- 
ever, the wheel be very greatly increased, the 
machine becomes too unwieldy to be serviceable, 
and if the axle be much diminished, it becomes 
too weak to sustain the weight. These difficul- 
ties in the way of an indefinite increase of the 
mechanical advantage are overcome by the simple 
device of a compound axle, one part of which is 
of smaller radius than the other. One end of 
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le cord, sustainiiig the weight, is wound round the thicker part 

i the axle, and the other end, in a contrary direction, round the 

ihinner part. As the power descends, some part of the cord 

ttiiwinds from the thinner axle, while another part is wound up 

around the thicker axle ; but as more of the cord is wound up 

than is let out, the weight is raised by the action of the machine. 

Let P be the power, W the weight, r the radius of the wheel, a 

the radius of the thicker axle, and h the radius of the thinner 

axle. Since the whole weight is supported by the two parts of 

the cord, the tension in the cord = ^ W. 

The power and the tension in the cord passing to the thinner 
^e both act on the one side of the axle, and the tension in the 
cord passing to the thicker axle acts on the other. By Art. 43, 
there wiU be equilibrium, if the sum of the moments of the former 
ahout a point in the axis equals the moment of the latter ; 

or, Pr = ^W(a-&); 

P : W : : a - ft : 2r. 
^ence it appears, that the mechanical advantage is equal to 
twice the radius of the wheel divided by the difference of the radii 
of the axles. Part of this advantage is owing to the introduction 
of the pulley, which, it will be presently seen, doubles the advan- 
tage of the machine. Consequently, the advantage of the wheel 
and axle alone is equal to the radius of the wheel divided by the 
difference of the radii of the axles, or the machine is equivalent to 
a simple *wheel and axle, having an axle equal to the difference 
hetween the thicker and thinner parts of the compound axle. 

83. Toothed Wheels. A toothed wheel is a circular plate of 
^ood or metal, having its circumference indented or cut into equal 
teeth all the way round. If two such wheels, having their teeth 
of the same magnitude, and at the same distance apart, be so 
placed that a tooth of one may lie between any two of the other ; 
then, if one of them be turned round by any means, the other will 
he turned round also. 
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If the teeth be large, the amount and direction of the pres 
which the one wheel exerts upon the other will, unless the t 
be made of a peculiar shape, vary considerably as the wL 
revolve ; but if the teeth be small in comparison with the si2 
the wheel, this variation may be disregarded, and the mu 
pressure may, without any great error, be treated as constani 
magnitude and direction. 

84. To find the ratio of the power and weight in toothed wht 
when the teeth are small. 

Let the power and the weight both act at 
axles of equal radius, and let c be this radius. 
Let a be the radius of P's wheel, and h the 
radius of W's wheeL 

Since the teeth are small, the pressure of 
the one wheel upon the other may be re- 
garded as constant, and as acting in the 
direction of the common tangent to the two 
wheels. Let Q denote this pressure. Then, 
since P and Q are in equilibrium, Pc = Qa. 

Similarly, Wc = Q6 ; 

multiplying crosswise, PQ6c = WQac ; 

Vh = Wa, 
or, P : W : : a : h. 

But since the teeth in each wheel are of the same magnitude 
at the same distance apart, the number of teeth in eadh wl 
will be proportional to the circumference, and consequently to 
radius. Therefore, P : W : : number of teeth in P*8 whe 
number of teeth in Ws wheeL 

85. The Pullet. A pulley consists of a small wheel, wl 
moves freely about an axis, and allows a cord to pass over any ] 
of its circumference. Unless it be otherwise stated, the whee 
supposed to revolve without friction, and the cord to be perfe< 
flexible. 
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With a single fixed pulley, there is neither gain nor loss of 

power; for, as the tension in every part of the cord is the same, 

if a weight W he suspended at one extremity, an equal weight 

must he applied at the other to maintain equilihrium. Hence, in 

this case, 

P = W. 

The effect of a fixed pulley is simply to change the direction of 

a force. 



B 



w 



1^ 

m 



86. To find the ratio of the power and weight in a single move- 
^ pulley, when the cords are parallel. 

Let the weight W he attached to the moveahle pulley B, and 
let B be sustained hy a cord ABC, one extremity 
of which is fastened at A, and the other, after 
passing over the fixed pulley C, sustains the 
power P. 

Let there he equilihrium ; then the weight W 
is sustained hy the tension in BA and the tension 
in BC. But since the cords are parallel, these 
tensions may be regarded as two parallel forces, and therefore W 
must equal their sum. But the tension of the cord is the same 
throughout, and is equal to P ; 

W = aP, or P = JW. 



87. The following combinations of pulleys are termed respec- 
tively, the first, second, and third system of pulleys. 

In the first system of pulleys, each pulley hangs by a separate 
coid, one end of which is &stened to a fixed beam, and the other 
to the pulley above it. (See &g. Art. 88.) 

In the second system of pulleys, the same cord passes round all 
the pulleys, which are arranged in two blocks, one of which is 
fixed, and the other hears the weight (See fig. Art. 90.) 

In the third system of pulleys^ each cord is attached to the 
weight (See fig. Art 91.) 
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88. To find tJie ratio of the power and tceight in the first sys 
of pntteysy when the weight of the pulleys is disregarded. 

Let A, B, C be thiee moveable pulleys, and let P and W b 
equilibrium. 

Ey article 86, 

tension in AB = J W, 

tension in BC = J tension in AB = J W, 

tension in CF = J tension in BC = iW. 

But, by Art 85, tension in CF = P, therefore, when there 

three moveable pulleys, P = ^W or W = 8P. 

Similarly, if there be four pulleys, W = i6P ; 

if five, W = 32P, and so on. Hence, in the 

first system of pulleys, when the weight of 

the pulleys is disregarded, the weight is found 

by doubling the power as many times as 

there are pulleys, and the power is found by 

halving the weight as many times as there 

are pulleys. 

Or, if w be the number of moveable pulleys, 

P = ^, orW=2*P, 




89. To find the ratio of the poioer and weight in the first syi 
of pulleys, when the tceight of the pulleys is regarded. 

The total weight acting at each pulley is the tension of the st: 
attached to the block, together with the weight of the block. 

The entire weight at A is the weight W, together with the wei 
of the pulley A; one-half of this sum will give the tension in . 

The entire weight at B is the tension in AB, together with 
weight of the pulley B ; one-half of this sum wiU give the tens 
inBC. 

The entire weight at C is the tension in BC, together with 
weight of the pulley C ; one-half of this sum will give the tens 
in CF, which is equal to the power P. 
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Hence, when W is given to find P : to W add the weight of the 
lowest pulley, and divide by a ; add the weight of the next pulley, 
and again divide by a. Eepeat this process as many times' as 
^ there are moveable pulleys, the result will give P. 

If P be given, W is found by the inverse processes. Double P, 
and subtract the weight of the highest pulley. Double again, and 
subtract the weight of the next pulley, and so on as many times 
as there are moveable pulleya 

If n be the number of moveable pulleys, whose weights are 
severally «;„ w^, &c...«7,, 

— (W + tt^x + 2«/7, + &C. + 2""*trJ. 

Hence, if all the pulleys be of the same weight, w, 

P = ^ + ^^;^-')^,orW=2"P-(2''-iK 

W - «/; = 2"(P - «?). 



2' 

and /. 






90. To find the ratio of the power and weight in the second sys- 
^ of pulleys. 

?ince there is but one cord, and P is attached to one extremity 
of it, the tension in every part is equal to P. ^\^ 
Hence, if w be the number of the portions of 
this cord in contact with the lower block, the 
Weight supported will be nP; therefore, in p 
this system, 

W = nP, orP = iW. 

n 

If the weight of the lower block be w, the _9 

total weight supported is W + tr ; therefore, UfiLl 

if the weight of the block be regarded, 

W+w = n'P, orP=?(W+w;). 

n 




91. To find the ratio of the poa*r and weight in the third v/d 
of pulieyt, ithen the weight of the jmlteyt it disregarded. 
Let then be three piilley8 A, B, C ; ttien 
tenEoon in Aa — P, 
traisuHim B&^preesmean A = 3P, 
tetiAm in Cc - jHeBanie on B = 4P. 
Bnt as the wraght is sappoited b j the t 
the three coids Aa, Bi, and Cr, and since the cords 
are parallel, W most equal the som of the tensions ; 



W=P+2P + 4P=7P 
Similaiif , if there be n pollefs, 

W = P+ aP+a'P + &c. + 2"?, 
= (a--i)P. 

92. To find the ratio of Ike poieer and leeight in the third syMi 
of pidleyt, ahen the tceight of the pidlet/s ig regarded. 

The tension in Aa (fig. Art. 91) eqnab the power. The tens! 
in Sb equals twice the power increased by the weight of t 
lowest pnlley. The tension in Cc equals twice the tension in 1 
increased by the weight of the second pnlley. The weight W h 
be equal to the som of the three tensions. 

Hence generally, add together as many terms of the followi 
series as there are pulleys ; viz., the power, twice the power+t 
we^bt of the lowest pulley, twice the precedii^-|. the weight 
the next pulley, and so on ; this sum will be eqnal to the weig 
supported. 

If there be n pulleys, whose weights, b^jnnJng with the love) 
are sereraDy w„ ir„ Sec... w„ then 

W=(2-~l)P + (3'"-l)w, + (2"-l)lr,+ &C... + H;„. 

Or, if all the moveable pulleys be of the same weight ir, 
W-(z"-i)(P + w)-nw, 
and .'. W + n!c = (3"-i){P+tr). 
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93. To find the ratio of the power and weight in the single move- 
aUepiiUey, when the cords are not parallel. 

Let 2a be the angle between the coids. 
The pulley is at rest under the action 
of three forces ; namely, the weight W 
and the tension in the two parts of 
the cord, which tension is equal to P. 
Then, by Art. 22, 

P: W : : sin a : sin 2a : : i : 2 cos a ; 
W = 2P cos cu 

94. Hence, if two moveable pulleys be combined, as in the first 
^m, with the cords inclined at angles 2a and 2^ respectively, 

W= 2f P cos a cos j8. 
For, if T be the tension* in the cord bearing the lower pulley, 
then, by the preceding Article, 

W=2Tcosa, 
and T=2Pcosj8; 

therefore, W = 2'. P cos a cos j8. 

And 80 generally, if there be n moveable pulleys, and the angles 

^tween the cords are 2ax, 2aa, 2a3 2a„, respectively; then, 

W= 2* P cos a,, cos a, cos a«. 

3, if a,, a,, &c., be equal to one another, 

W = P. (2 cos a)«. 

95. The Inclined Plane. To find the ratio of the power and 
^ight in the inclined plane, when the power acts parallel to the 

Let W be a weight resting upon the inclined plane AC, and 
^^pported by a power P acting parallel 
^ the plane. The forces in equilibrium 
^ gravity, the power P, and the re-action 
^f the plane acting perpendicularly to the 
plane. Make Ab = AB, and Ac = AC, then 
the triangle Abe is in all respects equal to 
the triangle ABC. In the triangle Abe, 
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he is peipendiciilar to the direction of the power P, 
Ac „ „ the direction of gravity, 

Ab „ ,y the re-action of the plane ; 

.". hy Art. 21, P : W : : 6c : Ac, 

or, P : W : : BC : AC. 

That is, P is to W as the height of the plane is to its lengt] 
mechanical advantage, or the ratio of W to P is, cons^nen 
ratio of the length of the plane to the height. In a simiL 
ner the pressure on the plane may be determined. This i 
and opposite to the re-action of the plane. Let E dem 
re-action, E : W : : Aft : Ac, 

: : AB : AC. ' 
That is, the pressure on the plane is ^ W as the base of tb 
is to its length. ^ 

96. To find the ratio of the power and the weight in the \ 
plane, when the power acts horizovdally. 

In this case W is kept at rest by three 
forces; viz., the force of gravity acting 
vertically, the power acting horizontally, 
and the re-action of the plane acting per- 
pendicularly to the plane. The sides of 
the triangles ABC are severally perpen- '^ iwv 

dicular to the directions of these forces ; viz. — 

BC is perpendicular to the direction of P, 

AB W, 

AC R 

Therefore P : W : : BC : AB ; or the power is to the we 
the height of the plane is to the basa 

Hence the mechanical advantage is the ratio of the base 
height. 

Also, E : W : : AC : AB ; or the pressure on the plane is 
weight as the length of the plane is to the base. 

97. Two weights, connected hy a cord which passes over i 
at the summit y rest upon a dxmhle inclined plane ; to find thi 
when in equUihrium, 
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Let I and t be the length of the two planes Bupporting respec- 
tively the weights W and P. Let h be the common height of the 
planes. K T denote the tension in the cord, then, since W is 
supported on an inclined plane bj a force T acting along the [dane, 

by Article 95, 

T:W::h:l; 

Similarly, T:P ::h:r, 

That is, the two weights are in the same ratio as the lengths of 
planes on which they respectively rest 

98. To find the vertical and horizontal pressures, when a force 
(ids ]^erpefndicularly to a given inclined plane. 

Let R in the figure of Art. 96 represent the given force, W and 
P vertical and horizontal forces in equilibrium with R, and conse- 
queutly equal and opposite to the vertical and horizontal pressures 
exerted by R 

ButW : R : : AB : AC; therefore, 

,1 . . T -D base of the plane 
the vertical pressure = R x — , , ^ _ . 

length of the plane 

And P : R : : BC : AC ; therefore, 

.,,.., -D height of the plane 

the horizontal pressure = R x , — 5_ — _-_ — ±- — . 

length of the plane 

99. To find the pressure upon an inclined plane in terms of the 
P^&r and the mechamcal advantage. 

Let P be the power and a the mechanical advantage ; then the 
^^ight = aP. Then, if the power acts along the plane, the weight 
^^als the resultant of the power and the pressure j and therefore, 
8Uice the latter act at right angles, 

R» + P = W» = a«P; 
R=P>/(a«-i). 
B the power act horizontally, the pressure equals the resultant 
01 the power and weight ; and therefore, since these act at right 
^glea, R" = P + W» = P+a»P; 

R =Pv^(a"+i). 
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100. To find tJie ratio of the power and the weight in the \ 
plane, when the power acts in any direction whatever, and 
find the pressure on the plane. 

Let the power be inclined to the 
plane at an angle 6. Then, by the 
triangle of forces, 

P : W : : sin RW : sin PR. 

But RW^i8o°-a, and :ftl = 9o°-e; 
therefore, 

P : W : : sin a : cos tf, 
P. costf 



or. 



W = 



sin a 




To find the pressure on the plane, we have 

R : W: : sinPV: sin PR; 

but PW=9o° + a + fl; therefore, 

R : W : : cos (a + tf) : cos tf, 

or, j^^ W.co8(a + <?) 

COS 6 

101. The Wedge. To find the ratio of the power and 
sistance in an isosceles wedge. 

Let ABC be the section of an isosceles wedge introduc 
the cleft DFE, and let the points DE 
be similarly situate on the two sides 
of the wedge. The resistance on each 
side of the wedge will be the same, and 
if R = the total resistance, the resist- 
ances at D and E will each = JR; and .• 
they act perpendicularly to the sides of 
the wedge. Let a power P act at the 
point H, the centre of the back of the 
wedge. The directions of these three 
forces when produced will meet in a 
point G ; they may, therefore, be considered as three forces 
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upon a point, and in equilibrium. The sides of the triangle ABC 
are severally perpendicular to the directions of the three forces, 
and therefore, P : JE : : AB : AC; 

P : E : : ^AB : AC. 

That is, the power is to the total resistance, as half the back of the 
wedge is to the side of the wedge. 

102. The Screw. Let AB be a cylinder, and AD a rectangle, 




base AC is equal to the circum- 
ference of the cylinder. Let the side CD 
^ divided into any number of equal parts. 
Job AG, and through the points F, E, D, 
draw FH, EI, DK parallel respectively^to 
AG. Then, if the rectangle AD be wrapped 
lound the cylinder, the parallel lines AG, 
HP, &c. will trace out the continued spiral 
line called the screw. 

Hence, any resistance to be overcome by a screw may be re- 
as a weight resting upon an inclined plane, whose base is 
to the circumference of the cylinder, and whose height is 
fi<inal to the distance between the threads of the screw. 

When the screw is used for mechanical purposes, the power is 
always applied in a direction perpendicular to the axis of the 
cylinder, and consequently parallel to the base of the inclined 
plane forming the screw line ; and, therefore, 

P : W : : height of inclined plane : the base ; 

^t is, P : W : : distance between the threads of the screw : 
ciicmnference of the cylinder. 
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EXAMPLES. 

1. A bar of uniform thickness and density, whose weight is 6 lbs., 
and length 4 ft. 2 in., is used as a lever of the first kind; the 
fulcrum is 10 inches &om one end of the bar; what power will 
sustain a weight of 25 lbs. 1 Ans. 4 lbs. 

2. A bar of uniform thickness and density, weighing 2 lbs. per 
foot, is used as a lever of the first kind ; the fulcrum is 9 inches 
from one end of the bar; what must be the length of the bar 
when its weight balances a weight of 36 lbs. suspended at the end 
of the shorter arm 1 Ans. 6 ft 

3. In a weightless lever of the first kind, a power P acting at an 
arm a, sustains the same weight as the power Q acting at an arm h] 
required the length of the lever, and the weight sustained. 

The length of the lever is equal to 

a&(P-Q) 

and the weight sustained is equal to 

Pa-Q6 
b — a 

4. Two men, able to exert forces of 260 and 300 lbs. respectively* 
work the handle of a winch and axle. The radius of the axle i^ 
5 inches, what must be the length of the arm of the winch th^* 
the men may be just able to raise a weight of 2 tons ? 

Ans. 3 ft. 4 in. 

5. A weight of 10 lbs. is suspended from a single moveable 
pulley, the cords are inclined at an angle of 30°; required tlx^ 
tension in the cord. Ans. s(>/6 — >/2) lbs. 
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6. Five pulleys, each weighing 3 lbs., are arranged according to 
the first system; what weight wiU be supported by a power of 
20 lbs. 1 Ans. 547 lbs. 

7. In the first system of pulleys, if j? be the power necessary to 
balance the weight of the blocks, and if a be the mechanical 
advantage of the system when the weight of the blocks is dis- 
wgarded ; *then will W = a(P -p). 

I 8. In the first system of pulleys, composed of blocks of equal 
weight, show that the power required to balance the weight of the 
blocks approaches more and more nearly the weight of one of 
tliem, as the number of blocks is increased. 

9. A weight 2P is supported on an inclined plane by two equal 
forces P and P, one acting horizontally and the other along the 
pfee; required the inclination of the plane. 

Am The plane rises 4 in 5. 

10. A weight 2P is supported on an inclined plane by two equal 
forces P and P, one acting horizontally and the other making with 
the plane an angle equal to the inclination of the plane ; required 
the inclination of the plane and the pressure upon the plane. 

Ans. The incluiation of the plane is 45°, and the pressure 
^pon the plane is equal to P^2. 

n. If the arms of a lever of the first kind, of uniform thick- 
ness and density, be a and h, and if the weights P and W be in 
^Jiilibrium, what is the weight of the lever ] 

Ans. iiWJ-Pa)_ 
a — 6 

12. If the same bar be used as a lever of the second kind, 
Having as before the shorter arm equal to ft, and if the weights 
^ and W be in equilibrium, when the weight of the bar acts con- 
<^^ntly with W, what is the weight of the lever ? 



Ans. 



V a + hj 
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13. If P and W be in equilibrium in the simple wheel ai 
axle, and if P be caused to descend, show that P x distan 
through which P moves = W x distance through which W movea 

14. Show the same in the case of the compound wheel and axl 

15. If two weights P and W, connected by a cord which pass 
over a pulley at the summit, are in equilibrium upon a doul 
inclined plane, show that, when the weights are put in motioi 
P X vertical height through which P moves = W x vertical heigl 
through which W moves. 

16. In a single moveable pulley, if the angle between the coic 
be 60", show that W = Fy/^. 

17. If three pulleys, whose weights are «;„ tr,, and W3, 1 
arranged according to the first system, and P and W be in eqt 
librium, show that if P descend through a space a, and «„ x^ 
be the spaces through which the pulleys severally rise in coni 

18. When a weight is supported upon a plane whose inclinati 
is a, what angle must the direction of the power make with t 
plane that the resistance may be equal to the power ? 

Ans. 90° - 2a. 

19. K the inclination of a plane be 30°, and the direction of i 
power make with the plane an angle of 30°, show that W = P^< 

20. If P and Q, connected by a string passing over a fix 
pulley, be in equilibrium on a double inclined plane ; if a and 
be the inclination of the planes, and 6 and <^ the angles which t 
two portions of the string make with the planes ; then, 

P _ cos fl sin j8 
Q cos ^'sin a 
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21. A weight (m + w) P is supported upon an inclined plane by- 
two forces, one mP acting horizontally, and the other nP making 
an angle with the plane equal to the inclination of the plane ; 
nquiied the inclination of the plane. Ans. 45°. 

22. A weight of 13 lbs. is supported upon an inclined plane by 
a power of 10 lbs., making an angle with the plane equal to half 
the inclination of the plane ; required the inclination of the plane. 



Ans. tan 



■'(— ) 

V129/ 



23. A cord fetstened at A passes under a moveable pulley bearing 
a weight P, it then passes over a fixed pulley at B, and passing 
nnder a second moveable pulley bearing a weight Q, is finally fas- 
tened to a fixed peg at C ; required the tension in the cord when 
the angle at one of the moveable pulleys is double the angle at 
the other. 

Let P be greater than Q, then the tension required is equal to 

v^(Q'4-8P«)-Q 
4 

24. Find the pressure on the axis of a winch and axle. 

Let P be the power, a the mechanical advantage, and 6 the 
^le between the arm of the weight and the arm of the power, 
then the pressure on the axis is equal to 

P^(a' - 2a cos tf + i). 
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CHAPTER V. 

ON COMBINATIONS OF THE SIMPLE MACHINES. 

103. To find the mechanical advantage of any combination of 
machines. 

In a combination of machines, the weight of the first machine 

is the power of the second, the weight of the second the power of 

the third, and so on. Let a, h, c, be the separate advantages of 

three machines in combination. Let P and Q be the power and 

weight in the first, Q and R those in the second, R and W those 

in the third ; then, 

Q = aP, 

and R = bQ, 

and W = cR. 

Multiplying together QRW = abc PQR ; 

W = abc P. 

Therefore abc represents the mechanical advantage of the com- 
bination ; that is, the advantage of the combination is equal to the 
product of the separate advantages of the component machines. 

In like meaner it may be shown that the mechanical advantage 
of the combination of any number of machines is equal to th< 
product of the separate advantages of the component machines. 

104. The Knee Lever. This is a combination of levers, usee 
in some forms of the printing press, and in other cases where fi 
very great pressure is required to act through a very small space 
It consists of a bar ABC, moveable about a fixed pivot at B, and 
fastened to a second bar at C. The bar CD is connected by i 
pivot at D with a moveable plate EF. The lengths CB and CI 
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are so taken that the two bars are nearly in the same straight line, 
when the plate EF is in its lowest possible position. The power 
is applied at A, at right angles to AB, and the plate is in conse- 
quence pressed down with a very great forca 

Let W be the thrast transmitted B 

along the bar CD ; then, since CD 
is nearly perpendicular to the plate 
when the instrument is in operation, 
W wiU very nearly represent the 
effective pressure on EF. 

To determine the ratio of W to p 
P, draw £G at right angles to DC 
produced. The bar AB is in equi- 
Kbrium under the action of the force 
P) and a force equal and opposite to 
tlie thrust in CD, that is, a force W acting in the direction CG ; 
wherefore, taking their moments about the fixed point £, we have, 

WxBG = PxAB; 

AB 




W = Px 



EG 



But when the bars are nearly in the same straight line, EG ia 

AB 

very small, and consequently j^p^ is very large. 

105. K the larger arm of AB be a, and the shorter b, and if, 
^hen the inteument is in operation, the angle ACD be $, then 

b sin $ 
^d therefore the mechanical advantage is equal to 

a 
5 sin ^ 

106. The Weighing Machine. This is a combination of 
wrs, so arranged as to furnish a convenient means for deter- 
Duning the weight of carriages and other heavy bodies. In a 
xectangular &amework ABCD are placed four equal levers of the 
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second order, having their fiilcra at A, B, C, and D, an 
other extremities connected together at 0, and also fiEistene< 
by a pivot to a lever KL. y 

This lever is also of the 
second ordar^ having its ful- 
crum at L, and is connected 
by a rod KM with a small 
balance MN. At E, F, G, 
and H, are four pins, sever- 
ally equidistant from A, B, 
C, and D. Upon. these pins 
a platform (not represented 
in the figure) rests, and 
upon the platform the body 
to be weighed is placed. 
When used for weighing 
carriages, the framework is 
sunk below the road, so that the platform may be on a levc 
the road. In place of the balance MN, a small steely 
frequently used. 

In determining the mechanical advantage of this macL 
must be observed, that the four levers, AO, BO, CO, DO, i 
in combination, but are simply a contrivance for the com 
support of the weight. The mechanical advantage is simp 
of one of them. For let W be the entire weight on the pL 
and let V, X, Y, and Z, be the parts of it, acting severally 
points £, F, G, and H, and let m be the advantage of each 
four levers ; then, 

V at E will be balanced by — at 0, 

m 

X at F will be balanced by— at 0, 

m 




99 



G 



Z„H 



9t 



99 



99 



99 



-„0, 

m 

1 

m 
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Hence, the entire pressure at is equal to 
V+X+Y+Z 



m 



W 

that is, is equal to — . 

m 



Hence, the instrument is equivalent to a combination of only 
three levers. Let A and a be the lengths of the longer and shorter 
anns of the lever AO, B and b those of the lever KL, and C and c 

of the lever MN ; then, 

ABC 
mechanical advantage = _ x — x -, 

a c 

ABC 



abc 



107. The Screw Press. This instrument is a combination of 
the screw and the lever, the 
power being applied at the 
extremity of a lever, connected 
with the screw at right angles 
with its axis. The fulcrum of 
the lever is at the axis of the 
screw, and the pressure exerted 
hy it is at the circumference of 
the screw. The lever is con- 
sequently a lever of the second 
kmd, having its shorter ann 
equal to the radius of the 

screw. Let r be the radius of the screw, d the distance between the 
threads, and I the distance of the point at which the power acts 
^lom the axis of the screw ; then, 

I 




viJ±fcl \ 



therefi 



ore. 



advantage of lever = -, 
advantage of screw = 
advantage of press = 



r 

27rr 

d 

2Trl 
'd" 



Hence, the advantage of the press is equal to the circumference 
described by the power divided by the distance between the threads. 
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108. Huitter's Screw. In the common screw press, tl 
chanical advantage is increased either by increasing the 
of the lever, or by diminishing 
the distance between the threads. 
Practically, however, the increase 
cannot be continued indefinitely 
by either method. K the length 
of the lever be too great, the 
instrument is unwieldy; and if 
the threads be too fine, they will 
not be strong enough to sustain 
the pressure exerted upon them. 
These difficulties are overcome by 
the screw invented by Mr. Hunter, 
and called after his name. 

Instead of the single screw of 
the common screw press, he substituted two screws, one of 
worked within the other. The larger screw, as in the common 
works through a nut; and the smaller screw is festened 
moveable plate. The distance between the threads of the s 
screw is less than that between the threads of the larger sere 

To determine the mechanical advantage of the combinatic 
P be the power applied at the end of the lever, and let W 1 
resistance sustained by it. 

Kesolve P into two forces X and Y, acting respectively 
circumferences of the two screws ; then, if Z be the distance 
from the common axis of the screws, r and / the radii > 
screws, by Art 42, PZ = Xr-Y/ (i.) 

But since a weight W is sustained by a power X acting 
circumference of the larger screw, if e^ be the distance betwe 




threads. 



X = 



27rr 



(ii) 



In like manner, if d' be the distance between the thre 



the smaller screw, 



Y = 



2'Kr* 



,(iii) 
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Substituting in equation i. the values given by ii. and iii. then 

Wd Wd' 



P? = 



therefore, 



29r 29r 
W_^ 2'jrl 
P d-d 



f ) 



or the mechanical advantage is the circumference described by 
the power divided by the difference in the intervals between the 
threads of the larger and smaller screw. 

109. The Endless Screw. This instrument is a combination 
of the screw, and the wheel and axle. 
The screw is worked by a winch ; and 
the threads of the screw, instead of 
working in a nut, press against the 
teeth formed on the circumference 
of the wheel 

Let ? be the arm of the winch, d 
the distance between the threads of 
the screw, R the radius of the wheel, 
aJid r the radius of the axle ; then, 
hyArt 107, 

advantage of winch and screw = 
and, by Art. 81, 




27r? 



therefi 



ore. 



advantage of wheel and axle = 
advantage of endless screw = 



d 
R 



r 

2Trl R 
d ' r 



I^t n be the number of teeth in the circumference of the 
^heel, then, since the teeth of the wheel are to work in the screw, 

27rR , 



^H therefore. 



n 
27rR 



d 



= n 



^ ^' advantage of endless 



nl 
screw = — 

r 



G 
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no. The Ckakb. This machine, used for raising and lowering 
heavy weights, is a combina- 
tion of wheels and axles, A 
common form is represented 
in the figure. This consists of 
a winch and axle, and of two 
wheels and axles. The axle of 
the winch, and the axle of the 
first wheel, are finished with 
teeth,* as ate also the two 
wheels. The power is applied 
at the handle of the winch, 
and the weight is sustained by 
a lope or chain passing round 
the axle of the second wheel 

Let Z be the length of the arm of the winch, and a the radins 
of its axle, then 

advantage of winch and axle = i . 

Let E, he the radius of the first, and r, the radius of its axle, then 

advantage of first wheel and axle = — '. 

Let R, he the radins of the second wheel, and r, the radius of 
its axle, l^en 

advantage of second wheel and axle = — - 
Consequently, 

advantage of crane =■ — ' ^. 

K N,, N„ be the number of teeth respectively in the two 
wheels, and n„ n^, those in the axles of the winch and of the fin* 
wheel, then R,.R , ^ N, K. 

and, therefore, " *"■ ^, ^ 

advantage of crane = ; — ?. 

* A toothed ozle U commonly called a j^nion, and its teeth ore termed la"''*' 
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111. The Principle op Virtual Velocities. If in any machine 
the power and weight be in equilibrium, and the machine be put 
in motion without disturbing the equilibrium, then the spaces de- 
scribed by the two forces are as the forces inversely, the spaces 
being measured in the direction of the forces respectively ; that is 

^' space described by P _ W 

space described by W P 

This may be easily verified in the case of the simple machines. 

Take, for instance, the wheel and axle. Let the wheel make an 
entire revolution, then the space through which P (fig. Art. 81) 
▼ill move, will be that of the length of cord given out (or taken 
in) by the wheel ; that is, will be equal to the circumference of the 
vheel : and the space through which W will move will be that of 
tbe length of cord taken in (or given out) by the axle ; that is, 
^ be equal to the circumference of the axle. Hence in this case 
the space described by P is to the space described by W as the 
circumference of the wheel is to the circumference of the axle. 
But the circumferences of circles are as their radii ; hence 

space described by P _ radius of wheel 
space described by W radius of axle 

But by Art. 81 W_ radius of wheel 

iP radius of axle 

space described by P _ W 
space described by W P 

If now, instead of causing the wheel to make an entire revolu- 
tion, it make any part of a revolution, say one-tenth, the spaces 
described by P and W will be one-tenth of the circumference of 
tte wheel, and one-tenth of the circumference of the axle, and 
these have the same ratio as before ; and so, whatever the distance 
through which the wheel may revolve, P's space is to W*s space as 
fte radius of the wheel is to the radius of the axle ; that is, as W 
iatoP. 

Again : take the first system of pulleys, and let there be three 
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moveable pulleys as in Art. 88. Let W be raised through ai 
space, say i inch. The lowest block will then be raised i inc 
and 2 inches of cord will be given off from A ; the second bio 
will then be raised 2 inches, and 4 inches of cord will be given ( 
from B ; the third block will then be raised 4 inches, and 8 inch< 
of cord will be given off from C, and this consequently will be tl 
space over which P will descend. Hence the space described by' 
is 8 times that described by W ; and this is the ratio of W to P. 

In like manner the principle may be verified with any numbe 
of moveable pulleys. 

Again : take the inclined plane when the power acts along th 
plane. Let the weight move along the plane any distance, and le 
AC (fig. Art. 95) represent this distance. Then the distanc 
through which P moves in its own direction is AC ; but W, acl 
ing vertically, moves in its own direction only through the distanc 
BC. Hence P's space is to Ws space as AC is to BC ; that is, a 
the length of the plane is to the height, and consequently as "W i 
to P. 

The student is recommended to verify the principle by simila 
methods in the cases of the other simple machines. 

112. By means of the principle of virtual velocities the mechani 
cal advantage of any machine may often be readily found. If i^ 
any one instance the spaces described by P and W in their owi 
direction can be found, the ratio of these spaces, being the sam 
for all instances, gives us the ratio of W to P ; that is, gives u 
the mechanical advantaga 

Take, for example, the screw press. If the lever (see fig. An 
107) make an entire revolution, it is clear that the screw will mov 
forward through the distance between the threads. Hence if / b 
the length of the lever, and d the distance between the threads, 

mechanical advantage = ?^. 

a 

Again : take the case of the endless screw. If the winch (sc 
fig. Art. 109) be turned round once one of the teeth of the whe( 
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is moved forward ; and hence if the winch be turned round as 
many times as there are teeth in the wheel, the wheel, and conse- 
quently the axle, will make one entire revolution. Hence if n be 
the number of teeth, I the length of the winch, and r the radius 
i of the axle, while P moves through n times 27rZ, W moves through 
2iir, and therefore 

r . 1 J . 27rZw In 

mechanical advantage = 



27rr 



EXAMPLES. 

1. In a screw press, the length of the lever is I ; what must be 
the distance between the threads of the screw in order that the 
greatest possible mechanical advantage of the combination may- 
be A? Ans. 2Trl-^A. 

2. In a weighing machine,, the arms of the lever AO (see fig. 
Art 106) are 8 feet and i foot, the arms of the lever KL are 8 feet 
^d 6 inches, and the arms of the balance are 14 inches and i inch ; 

weight on the platform wiU be sustained by i oz. in the scale- 

Ans. I cwt. 



3. In a Hunterian screw, the larger screw has 10 threads to an 
iiich, and the smaller screw has 11 threads to an inch, and the 
length of the lever is 10 inches ; required the mechanical advan- 
**86- Ans. 69 1 1 '5 nearly. 

4. In the common screw press, determine the pressure upon the 
threads when a power P acts at the extremity of the lever. 

K a be the advantage of the press, and b that of the lever, then 
the required pressure is equal to P>/(a^ + b% 

5. In a crane, the number of teeth in the two wheels are 30 and 
40, the number of leaves in the two pinions are 6 and 10, the arm 
of the winch is 2 feet, and the radius of the weight-bearing axle is 
3 inches; required the mechanical advantage. Ans. 160. 
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6. Determine the pressures on the three axes of a crane when 
the power and the weight are both at right angles with the line 
joining the axes. 

Let a be the advantage of the winch and axle, then the pressure 

on their axis is equal to -r* , v 

^ P(a+ i); 

let h be the advantage of the first wheel and axle, then the pressure 

on the axis is t) /r . \ 

Pa(6+i); 

and let c be the advantage of the second wheel and axle, then the 
pressure on their axis is p /, / \ 

7. If a weight be raised by an endless screw, the mechanical 
advantage of which is a, show that the space described by the 
power is equal to a times that described by the weight. 

8. In a weighing machine, the advantage of the lever AO (see 
fig. Art. 106) is a, the advantage of the lever KL is ft, and the 
advantage of the lever 'M!N* is c ; determine the pressures upon the 
different fulcra, when a weight W is placed upon the platform so 
as to press equally upon the four pins E, F, G, H. 

The pressures at A, B, C, and D are each equal to 

W(a-i) 

The pressure at L is equal to 

W(&-i) 
ah 

and the pressure at the fulcrum of MN is equal to 

W(c + i) 
dbc 
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CHAPTEE VI. 

ON FRICTION. 

113. The mutual reactions, when one solid body is in contact 
th another, have hitherto been regarded as acting entirely in the 
rection of the common normal through the point of contact, 
lis is true only upon the supposition that the surfaces in contact 
e perfectly smooth. Upon such hypothesis, the reactions of the 
irfiaces oppose in no degree the motion of one body along the other, 
it the slightest conceivable force acting along a common tangent 
irough the point of contact will move the body in that direction. 
ince, however, the surilEWjes of bodies in contact are in no case 
Jrfectly smooth, the foregoing result does not obtain in practice. 
. force varying in amount in different cases, but of an appreciable 
agnitude, is found to be necessary in order to move one body 
ong the surface of another. To this force the name of friction 
given. The total reaction of the surfaces is therefore not in the 
^tion of the normal, but is inclined to it at a greater or less 
igle. K the reaction be resolved into two forces, one normal and 
le other tangential to the sur&ces in contact, the latter component 
ill be the force of the friction. 

114. Friction is a retarding force merely; it can destroy motion, 
at cannot generate it. It therefore acts upon any body only when 
tendency to motion exists ; that is, when the other forces acting 
Pon the body are not in equilibrium. Also, being a retarding 
'^, its direction is the opposite of that in which the body tends 
* move. Hence, if in any machine the power be greater than is 
quired by the conditions of equilibrium, the force of friction will 
-t concurrently with the weight ; but if less, it will act concur- 
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rently with the power. Hence, a given weight may be sustained 
by a less power than is required independently of friction, but 
needs a greater power to move it. 

115. From various experiments, made with the view of dete^ 
mining the laws of friction, the f611o\ving general results have been 
obtained : — 

First : Friction is increased by time. When two bodies have 
been for some time in contact, it is found that a greater force is 
needed to move the one over the other than to keep them moving 
when in motion. Thus,, for instance, when the surfaces are both 
of oak, the force required to move one over the other, after a 
contact of some minutes, was found, in the experiments of M. 
Arthur Morin, to bear to that required to keep them moving the 
proportion of 62 to 48 ; and when a surface of iron was made to 
move over one of oak, the forces were as 65 to 26. The time 
during which the force of friction continues to increase varies in 
different materials When both surfaces are wood, the maximum 
of friction is reached after a contact of two or three minutes; when 
both are metals, it is reached almost instantaneously, but when 
wood is placed upon metal, after a contact of several days. 

Secondly : Between the same surfaces, and under the same dr- 
cumMances, friction is proportional to the pressure. The force of 
friction is found to depend upon the relative disposition of the 
surfaces in contact ; as, for instance, whether the fibres be parallel 
or at right angles, and also upon the state of the surfaces, whether 
dry or lubricated. If no change be made in the disposition or 
state of two surfaces in contact, it is found, when the pressure is 
varied, that the ratio of the friction to the pressure remains coa- 
stant for the same materials. This constant ratio is termed 1i® 
coefficient of friction. Accordingly, if /a be the coefficient of fric- 
tion between any two materials, and P be the normal pressure, th® 
friction is equal to /aP. 

Although considerable variation exists in the values of /i, ^ 
determined by different experimentalists, the constancy of its 
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ralue for the same materials may be regarded as established, both 
bi surfaces which have been for some time in contact, and for 
surfaces in motion ; save only that when the pressure is very large, 
the force of fiiction is found to be somewhat less than as given by 
this law. 

Thirdly : With the same surfaces^ and under the same circum- 
^ancesj friction is independent of the extent of the surface of 
mtact. This law again is to be regarded as only approximately 
true. It does not apply when the surfaces in contact are very 
large or very small When the surfaces touch each other in a 
straight line, the fiiction is less than in the contact of plane 
swfiwes of finite extent; and, on the other hand, the friction is 
increased when the surfeces are very large. 

116. Def. The angle whose tangent is equal to /a is, for a reason 
that will appear presently, termed the angle of repose. 

117. When one body in contact toith another is in a state border- 

• 

^ng on motion, the reactions of the surfaces act in a direction which 
"*flfe« ttrith the normal an angle equal to the angle of repose. 

Let a body resting upon the plane AB be upon the point of 
moving along the plane towards A; then, if 
K he the normal resistance of the plane, and 
M the coefficient of fiiction, the force of fric- 
tion will be a force /aR acting towards B. 
Let Rj be the resultant of R and /aR ; then, 
'^y the parallelogram of forces, R, will be 
^presented by the diagonal of the parallelo- 
S^ani whose sides are proportional to R and /aR. Hence, if c be 
the angle between the directions of R, and R, 

tan€ = ^ = /i,, 

^^ « is the angle of repose. In like manner, if the body be on the 
point of moving towards B, the reaction of the surfaces wiU act in 
the direction of R^ at an angle € on the other side of the normal. 
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Hence, in questions of equilibrium in which friction i 
sidered, the reaction of two surfaces in contact may be 
introduced as a single force acting at the angle of repose on 
side of the normal, or as two forces R and fjuR acting respec 
along the normal and tangent. The former will be mor 
venient in cases when not more than two other forces are 
upon the bodies. 

118. To find the limits of equilibrium in a lever of the firs 
when the power and weight act in parallel directions. 

Let AB be a lever moving about a fixed cylindrical as 
means of a cylindrical hole, whose centre is C, and whose ra( 
r. Let AC = a and BC = 6, and let e be the angle of repose 
the weight of the lever be disregarded, and let P be on the 
of overcoming W. Let R, 
the resistance of the pivot, 
act at E. Then since R is 
equal and opposite to the 
resultant of P and W, R is 
parallel to P and W; and 
also since the lever is on 
the point of slipping the 

direction of R, makes the angle c with the normal at E. ] 
taking moments about E we have, 

P (a - r sin €) = W (ft + r sin c). 
Li like manner, if W be on the point of overcoming P, it e 

shown that 

P (a + r sin c) = W (ft ~ r sin c). 

If the weight of the bar itself be taken into account, lei 
the centre of gravity, w the weight of the bar, and c the di 
of G from C. Then if P be' on the point of overcomii 
taking as before the moments about E, 

P (a — r sin €) + W7 (c - r sin €) = W (6 + r sin c), 
or, if W be the point of overcoming P, 

P (a + r sin €)-hw (c + r sin c) = W (^ — r sin c). 
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Ordinarily the radius of the pivot and the radius of the hollow 
cylinder are so nearly equal, that the one may be substituted for 
the other without sensible error. 

Cor. l The wheel and axle, when the power and weight act in 
the same direction, may be regarded as a lever of the first kind, 
having its centre of gravity at C. Then ii a be the radius of the 
wheel, and b the radius of the axle, the limits of equilibrium (since 
c=o) will be expressed by the equations 

P (alfr sin c) If ?/;r sin c = W (6 + ?• sin c), 

the upper signs being taken when P is on the point of overcoming 
W, and lower when W is on the point of overcoming P. 

Cor. II. The single fixed puUey also may be regarded as a lever 
of the first kind with equal arms, and its centre of gravity at C. 
Hence, if a be the radius of the pulley, and r the radius of the 
pivot, the limits of equilibrium for the single fixed pulley with 
parallel cords will be expressed by the equations, 

P (aJ[ir sin €) f WTT sin € = W (a±r sin c). 

119. To find the limits of equilibnum in a lever of tlie second 
fenrf, the power and weight acting in parallel directions. 
As before, let AC = a, BC = ft, GC = c, and let r be the radius of 

^ hollow cylinder. 

Let P be on the point of over- 
coming W, and let the resistance 
K act at E, Then as before, K 
^ parallel to W and P, and 

^68 an angle c with the normal 

atE. 

^en taking moments about E, 
we have R 

P (a + r sin €) = W (5 + r sin €)'\-w (c + r sin c). 

In like manner, if W be on the point of overcoming P, it may 
^ shown that 

P (a - r sin c) - W (6 — r sin €) + ?^ (c — r sin c). 




92 



ON FRICTION. 



Cor. The wheel and axle, when the power and weight act : 
contrary directions, may be regarded as a lever of the second kiiii 
having its centre of gravity at C. Then if a be the radins of th 
wheel, and h the radius of the axle, the limits of eqnilibriuir 
(since c = o) will be expressed by the equations 

P (a + r sin c) = W (6±r sin €)±wr sin c, 

the upper signs being taken when P is on the point of overcoming 
W, and the lower when W is on the point of overcoming P. 



120. To find the limits of equilibrium 
in a single moveable pulley. 

Let a be the radius of the pulley, r 
the radius of the pivot, and w the weight 
of the block, and let P be on the point 
of overcoming W. 

Let the resultant of W and w meet 
the pivot at E, the normal at E will then 
make an angle c with the vertical line. 
Then if T be the tension in the cord AB, 
and the moment be taken about C. 

Pa = Ta+ (W + w) rsin c. 

ButT = W + «^-P: therefore, 

2Pa = ( W + w) (a + r ain c). 

Li like manner, if W is on the point of 
overcoming P, it may be shown that 

2Pa = (W + w) (a — r sin c). 
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121. To find the limits of equilibrium when a body whose weight 
is W is supported upon an inclined plane by a power adding in d 
given direction. 

Let a be the inclination of the plane, and let the power mak( 
an angle 6 with the plane. 
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First: Let the body be on the point of moving down the plane, 
the Madden of the plane will then act in 
the direction of E,. Let P, be the value 
of P, in this case, then, 

P, : W : : sin R,W : sin e')p, 
or, P, : W: :sin(a-6): cos(^ + €); 

" P - W ®^^ (® ~ *) _ w sin a — fi cos a 
* * cos (^ + €) ' cos ^ — ft sin 6 

Secondly : Let the body be on the point of moving up the 
plane, then R, will be the reaction of the plane ; and if P^ be the 
corresponding value of P, then 

P, : W : : sin E^W : sin E^P,, 
or, P, : W : : sin (a + c) : cos (^ - c) ; 

p_w s^^(® + 0_w sin a + ft cos a 
. ' cos (^ - c) ' cos ^ + ft sin ^ 

122. If the power acts horizontally, ^ = - a, and hence in this case 

COS (a-f- €) 

= W.tan(a + «) = W. faf ° + M. 

I + ft tan a 

Again, if the power acts along the plane, = 0, and hence in 

this case 

cos € 

or, P = W . (sin a Ip ft cos a). 

123. To find the inclination of the plane down which a body is 
^ ih^ point of sliding by its own weight, 

Let a be the inclination of the plane, then, by the preceding, if 
" be on the point of sliding down the plane, 

P z= W (sin a — ft cos a), 
^ut, by the hypothesis, P = o ; 

sin a — ft cos a = o, 
tan a = ft ; 
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that is, tl^e inclination of the plane is the angle of repose. Hence, 
one of the methods which have been employed for determining 
experimentally the coefficient of friction is that of observing the 
inclination at which the one body is on the point of sliding over 
the other. The tangent of this angle gives the value of /x for 
surfaces that have been some time in contact. 

124. To show that the best angle of traction is the angle of 
repose. 

In Art. 121 it was shown, that if 6 be the angle of traction, the 
power necessary to bring a body whose weight is W into a state 
bordering on a motion up a plane whose inclination is a, is 

^sin_(a+^) 
cos {$ - c) 
It is required to &id the value of B that will make this the least 
possible. Since 6 enters into the denominator only, the problem 
will be solved by finding the value of 6, which gives the denomi- 
nator its greatest possible value. The greatest value of any cosine 
is unity, hence 6 must be taken such that 

cos (^ - c) = I ; 

or, 6 -€. 

125. To find the limits of equilibrium in the screw. 

Let W be the weight sustained by the screw, h the distance 
between the threads, r the radius of the cylinder, and /a the co- 
efficient of friction. 

The weight sustained by the screw may, as already seen, bet 
regarded as a weight sustained by a horizontal power upon a^ 
inclined plane, whose height is h and base 27rr; that is, upon a 

h V.' 

plane, the tangent of whose inclination is — . Substituting tni^ 

2irr 

value for tan a, in the expression given in Art. 122, 

' 2717* ± ijJl 
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P being supposed to act at the surface of the cylinder. If the 
w^eight be sustained by a power K acting at the extremity of a 
lever whose length is E, then 

P' - P ^ • 

F - W. -. ^^±11^, 
li* 27rr±fjJi 

126. To find tlie limits of tlie ratio of tJie power to the normal 
pressures in an isosceles wedge. 

Let ABC (fig. Art. 101) be the wedge, and let the angle ACB = 2a. 
Let P, the power, act at H. Let the resistances on each side of 
the wedge = ^Bf, and act at the points D, E, in the directions DG, 
EG, making an angle e (e = angle of repose) with the normal, and 
therefore angle 90° — c with the sides of the wedge. Let the power 
he on the point of overcoming the resistance; then the angles 
ADG, BFG are equal to 90° - €. Hence, 

P : ^R' : : sin DGE : sin DGH ; 

P:|R': :sin{i8o°-2 (a+c)} : sin {90° f (a + c)}; 

COS (a + €) 
= R'. sin (a + e). 

Secondly : Let the resistance be on the point of overcoming the 
power ; then the angles CDG, CEG are each = 90° - c, 

P : JR' : : sin { 180° - 2 (a - c)} : sin {90° + (a - e)} ; 

p^ ;^, 8m2(a-c ) 
cos (a — e) 

= R' sin (a — c). 

^ iK he the normal resistance, R = R' cos e Hence, 

p^j^ 8jn_(a±j)^ 

cos € 

^f, P = R (sin a±fi cos a). 
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127. To find the greatest angle for a wedge thai shall be retained 
ill a deft by the force of friction alone. 

By the preceding, when the resistance is on the point of ove^ 

coming the power, 

P = K (sin a — iL cos a). 

Therefore, when P = o, 

sin a — /A cos a = o, 

or, tan a — fx. 

Hence a, or half the opening of the wedge, is equal to the angle 
of repose. 

EXAMPLES. 

1. A plane rises 5 in 13 ; find the greatest weight which can be 
sustained upon it by a power of 20 lbs. acting along the plane, the 
coefficient of friction being J. Ans. 130 lbs. 

2. A horizontal force of 1 1 lbs. is on the point of drawing a 
weight of 13 lbs. up a plane whose inclination is equal to tan"'(J): 
determine the coefficient of friction. Ans. f 

3. The least power which will draw a weight of 205 lbs. up ar 
inclined plane is 70 lbs., and the least power which will sustair 
the same weight is 20 lbs., the power in both cases acting alonf 
the plane ; required the inclination of the plane, and the coefficiea 
of friction. Ans. sin"'(;3j^) and J. 

4. A wheel 20 inches 4n radius, with an axle 6 inches in radius 
and weighing 70 lbs., turns upon a pivot i inch in radius. Tb 
coefficient of friction is 'i ; what power is required to raise a weigl 
of 100 lbs., the power acting downwards?* Ans. 3ixiTr ^^®' 

5. In the preceding what power is required if it act upwards '' 

Ans. 3o|^ lbs- 

* When an angle is small the value of the sine may be taken as eqtia^^ 
that of the tangent. 
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6- The distance between the threads of a screw is such that a 
weight is just sustained without the action of any power ; what is 
the least power which will overcome any weight W ] 

Ans *'*W 

7. The mechanical advantage of a screw press is 240, that of the 
screw alone is 20 ; determine the power which will just overcome 
a resistance of 260 lbs., the coefficient ®f friction being J. 

Ans. 1 2f lbs. 

8. Two weights, P and Q, rest upon a double inclined plane, 
and are connected by a cord passing over a pulley at the summit ; 
the coefficient of friction is the same for both planes, and P is just 
on the point of descending ; determine the coefficient of friction. 

Let a and ^ be the inclinations of the planes, then the coefficient 
of friction is equal to 

P sin a — Q sin )8 
P cos a + Q cos )8 

9. The inclination of a plane is such that a body placed upon 
it is upon the point of sliding down by its own weight ; show that 
the least power which will draw the body up the plane is double 
the power which sustains the same weight when the plane is 
smooth. 
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CHAPTER YIL 

STATICAL PROBLEMS. 

128. In attempting the solution of statical problems the student 
should remember, 

i. That in the case of any number of forces, P„ P,, &c., acting 
upon a point, the equations of equilibrium are two in number, viz.: 

P, cos a, + P, cos Oj + &c. = o, 

P, sin a, + P, sin a, + &c. = o, 

where a,, a„ &c., are the angles made by the directions of the 
forces with any selected line. 

iL That in the case of forces acting at different points, but lying 
in the same plane, the equations of equilibrium are three in num- 
ber, viz. : two as given above, and a third 

Pii?i + '^aPa + &c = o, 

where ^1,^2, &c., are the perpendiculars to the directions of the 
forces from any selected point in the plane of the forces. 

iiL That in the case of parallel forces lying in the same pto 
the equations of equilibrium are two in number, 

P, + P, + &c. = o, 

where p^, p^ mean the same as above. 

iv. That in the case of parallel forces not lying in the same 
plane the equations of equilibrium are three in number, 

P, + P, + &c. = o, 
P,/i, + VJi^ + &c. = o, 
VX + PA + &c. = o, 
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^^^re A„ 7^2, <fec., and k^^ A;,, &c., are the perpendicular distances of 
e forces from any two planes of reference parallel to their direction. 

129. lif three forces, not parallel to each other, acting at any 
'ints in a rigid body are in equilibrium, they will lie in the same 
ane. There must therefore be a point in which their directions, 
produced, will meet. For let the directions of any two be pro- 
ced till they meet, then their resultant must pass through this 
int, and since there is equilibrium, the third force must also 
» through this point. Consequently, the triangle of forces will 
)ly to three forces in equilibrium, acting at any points in a rigid 
iy, ^d^n many cases the relations between the forces may be 
re readily obtained by its aid than by the more general equa- 
ns given above. 

The triangle of forces will give two of the three equations, and 
I third may be obtained by taking the moments of any two of 
I forces about any point in the direction of the third force ; and 
ce the resultant of the two must be equal and opposite to the 
id, these moments must be equal. 

130. When more than three forces act at various points of a 
id body, many problems of equilibrium may be conveniently 
ved, if all the forces can be brought to act at any two points in 
3 body. For then, since there is equilibrium, the resultant of 
e set of forces must be equal and opposite to the resultant of 
5 other set, and consequently the resultant of each set must act 
>ng the line joining the two points. And if at each point a 
N5e equal and opposite to the resultant be introduced, equili- 
ium will subsist between each set of forces separately. 

131. One extremity of a beam AB is fastened by a pivot at A, 
^ a cord of given length is tied to the other extremity B, and 
^ened to a given point C, lying above A in the same vertical line, 
\uired the tension in the string. 

Let W be the weight of the beam, acting at its centre of gravity 
Let AB = Z, AG = a, AC = ^, and BC = c. 
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The three forces acting upon the beam are the weigl 
beam, the tension of the string, and the 
resistance of the pivot. Through G draw 
the vertical line GD. Join AD, and let T 
be the tension of the string. T acts along 
CB, and W along GD, consequently the 
resultant of T and W must pass through 
D. But since there is equilibrium, this 
resultant must be equal and opposite to 
the third force, viz., the resistance of the 
pivot, and consequently AD is the direc- 
tion in which this resistance acts. 

The sides of the triangle ACD are severally parallc 
directions of the three forces, 

T : W : : CD : AC, 
-CD 




or, 



T = W: 



But since GD and AC are parallel, CD : CB : : AG 



CD 



a 



I, 



and 



CD = ^, 

T = W-^. 
hi 



132. As an exercise in the use of the general equations 
brium, find the complete solution of the preceding probL 
is, find the tension in the string, the pressure on the peg. 
direction of this pressure. 

Let T be the tension, R the pressure on the peg, and 
clination of R to the vertical line. 

Then, resolving vertically and horizontally, and tal 
moments about A, we have 

Ecos^ + TcosC-W=o. (i.) 

Rsin^-TsinC =o. (ii.) 

Wa sin A - TZ sin B = o. (iii.) 
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^rom (ffi.) we obtam directly 

rp __ Wa sin A _ Wac 
I sin B hi 

-Eliminating between i and ii we have 

E» = T» + W»- 2TW cos C ; 



m- 



(cee + hH"" - 2achl cos C) ; 



' 



w 

or, R = _ ^aP + (Z - a)(Z^' - ac^) ; 

^unating R between L and ii we have 

,^ W-TcosC 
T sin C 

_hl — ac cos C ^ 
ac sin C ' 

^d since the three sides of the triangle ABC are given, cos C and 
^ C can thence be found. 

133. One extremity B of a beam, AB, rests against a smooth 
Vertical wall BC, and the other upon a smooth horizontal plane 
"^C; required the horizontal force to be applied at A in order that 
^e beam may rest in a given position ; also the pressures on the 
^all and plane. 

liOt Z be the length of the beam, W its weight, and G its centre 
of gravity. Let AG = A, and the 

^le BAG = a. Let P be the force -.r^ir... 
Quired, R the resistance of the »• Ji^^ 
plane, and Q the resistance of the ♦! ^X^G 
^alL p ^\^y^ 

Taking the vertical and horizontal A 
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directions as the lines of reference, and taking the moments 
A, we have as the equations of equilibrium 

R-W = o. 
P-Q=o. 

QZ sin a — Wa cos a = o. 

Wa cot a 



Hence, 



and 



P = Q = 



I 



R = W. 



•h 



1 34. A beam rests freely upon a peg, with one end against a 
smooth vertical wall ; required the position of equilibrium^ and tk 
pressures on the wall and peg. 

Let AB be the beam resting upon the peg C and against the 
wall AD. Let G be the centre 
of gravity of the beam, and W 
its weight. Draw DE, AH, per- 
pendicular to AD, and GE, CH, 
parallel to AD. Let GA = a, and 
CD = b. When there is equili- 
brium, let CA = X. 

The resistance of the wall is equal and opposite to the pressure 
of the beam against it. Let R denote this resistance, and Q the 
resistance of the peg. The beam then is acted on by three forces ; 
by E acting perpendicularly to the wall, by Q acting perpendicu- 
larly to the beam, and by W acting vertically. The sides of the 
triangle ACD are severally perpendicular to the directions of these 
forces, and therefore, since there is equilibrium, Q : W : : AC : CD» 
and R : W : : AD : CD ; 

(i.) 




and 





b 



(ii) 



Li order that equilibrium may subsist, the resultant of R and W 
must pass through C ; therefore 

RxCH = WxCK 
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It CE=AD = y/{af'-b'), and since the triangles CEG, CAD are 
liilar, 

CE : CG : : CD : AC, 

or, CE : a-x: : b : x. 

Hence, ny/ix" - 6») = Wb . ^^!l:^ (iii.) 

X 

The equations i ii. and iii are sufficient to determine the three 
^own quantities R, Q, and x. For substituting in equation 
i the value of R given by equation ii we have 

X 

7^=lfa,oi x=b ^ (-J. 
'uhstituting this value of a; in equations i. and ii. we have 

135. In the preceding example, if the beam, instead of resting 
"eely upon the peg C, were fixed by a pivot at any point C, the 
% condition of equilibrium is that the resultant of E and W 
^ through C. Therefore, if C A = c, the pressure on the wall is 
btained immediately from equation iii ; whence 



136. One extremity B of a beam AB (fig. Art. 133) rests against 
^^ical wall, and tlie other A, upon a horizontal plane ; to find 
^position of the beam when on the point of slipping, 
I^et I be the length of the beam, W its weight, G its centre of 
■avity, and let AG be equal to a. Let R be the normal resistance 
' A, and Q that at B. Let /a, be the coefficient of friction for 
'6 plane, and fi^ for the wall ; then the force of friction at A will 
' a horizontal force fi,R acting in the direction of P, and the force 
friction at B will be a vertical force /a^Q acting upwards. 
Let d be the angle BAC when the beam is on the point of 
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slipping. Then, taking the vertical and horizontal directions i 

the lines of reference, and taking the moments about A, we hare 

R + ftaQ-W = o. (i) 

/Lt,E-Q =o. (ii.) 

fijQZ cos ^ + QZ sin ^ - Wa cos =.o. (iiL) 

From i. and ii. we obtain 

I + fi,fi^ 

I + fA,fX^ 

Substituting these values in iiL we obtain 

137. One extremity of a beam is fastened by a pivot ^ and the 
other rests upon a smooth horizontal plane; required the uptoard 
vertical pressure upon the pivot when the foot of the beam is add 
on by a given horizontal force, the weight of the beam itsdf hdng 
neglected. 

Let the beam AB (see fig. Art. 133) be fastened by a pivot at 
B, and let a force P be applied horizontally at A. Let the angle 
BAG be equal to a. 

The beam is in equilibrium from the force P, the resistance of 
the plane acting vertically at the point A and the resistance of the 
pivot. But when three forces are in equilibrium, any one must b€ 
opposite to the resultant of the other two ; hence, the resistance oi 
the pivot will act along the line BA. Let R' denote the resistancj^ 
of the pivot, then 

R' : P : : sin 90° : sin (90° — o) ; 

R' = -^. 

cos a 

The vertical pressure required is the vertical component of R' ; 
vertical pressure on B = R' cos ABC ; 

= R' sin a ; 
= P tan a. 
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8. Let. AC, BC he two beams, of uniform thickness and density, 
g upon a horizontal plane at A and B, and fastened together at 
a pin; let A and B be connected by a cord; required the 
n in tJie cord when a weight w hangs from C. 
v)^ = the weight of the beam AC, and w, = the weight of the 
BC. Then, since the beams 
uniform thickness and density, 
Y resolve w^ acting at the centre 
ity of AC into two forces, each 
io iw^ acting vertically down- 
at A and C; and, similarly, 
f be resolved into two forces, each equal to ^w^ acting 
Uy downwards at B and C. Hence, the whole, force acting 
ards at C is tr + J («(?, + w,). Let W = w + i{w^ + w^. Since 
8 equilibrium, the upward vertical pressures upon C must 
i/T. Let T = the tension in the cord ; let the angle CAB = 
. the angle CBA = a,. 

the preceding article, the vertical thrust of the beam AC 
y is T tan a,, and the vertical thrust of the beam BC is T 

^®^^®' T tan o, + T tan a, = W; 

m T- ^ 

" tan a, + tan a, 

. To find the horizontal strain upon the hinges of a door, 
G be the centre of gravity of the door, and W its weight, 
e hinges be at A and B. 
«ad of the hinges, let the door be re- 
as supported by a vertical force X, and 
»ntal force P acting at A, and a vertical 
I and a horizontal force Q acting at B. 
pident that P and Q must act in oppo- 
rections. 

GrC be the vertical line drawn through 
raw BC perpendicular to GC. Let 
;, and AB = b. 
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EemoTe the point of application of T from B to A, of Q £com 
B to C, and of W fiom G to C. * 

The resultant of W and Q at C mnst he eqnal and opposite to 
the lesoltant of P and X+ Y at A. Each resultant must there- 
fore act along AC. Let E represent the Yaloe of either; then 



or. 



Q 
Q 



W 

w 



BC 



: a 



6: 



Q = WH. 



BC : AC. 



also, Q : R : 

Again, since the forces at A are in equilihiium, 

P : R : : BC : AC; 

• 

therefore, P = Q ; 

or the horizontal strain on each hinge is the same in amount^ 
while opposite in direction. 

140. To find the position of equilibrium of a beam resting in a 
smo*jfh hemispherical howl. 

Let AB he the heam, and G its centre of gravity. Let 2/ = the 
length of the heam, a = AG, and r = the 
radios of the howL The reactions of the 
howl wiU act along the radii AO, BO. 
Consequently, in the position of equi- 
lihrinm, the vertical line through O must 
pass through G. Let ^ = the an^e 0GB, 
and let </» ^- the angle GAB = the angle OBA Then 

AG : AO : : sin AOG : AGO, 
or, air : : sin (^ - ^) : d ; 

sin(^-^)_a. 




sin 6 






cos ^ — cot 6 sin </> = 



a 



. /, r cos A — a 
cot ^= J^- 



r sin ^ 
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But T COS ^ = ?, and therefore r sin <^ =='>/(^ — ^') ; 

I — a 



cot tf = 



n/(^"-0 



141. 7b jvnd the posit ton of a beam resting in a rough hemi- 
spherical bowl when on the point of slipping. 

As in the preceding, let be the angle made by the beam with 
the vertical line through its centre of gravity, and ^ the angle 
between the beam and the radius through either extremity. Let e 
be the angle of repose. 

Let AB (fig. Art. 140) be the beam in the position required, and 
let the reactions of the bowl act in the -directions AC, BC. Then 
the angle CAB = <^ — c, and the angle CBA = <^ + e. As before, the 
vertical line through C must pass through G. Let CG be vertical ; 
then, by hypothesis, the angle CGB = B. 





AG : GC : : sin ACG : sin CAG, 


or, 


a : GC : : sin (^ - <^ + c) : sin (^ - e). 


And 


GC : GB : : sin CBG : sin GCB, 


or. 


GC : 2^ - a : : sin (<^ + e) : sin (^ + <^ + c). 


Hence, 


sin (^ - <^ + e) sin (<^ + c) a 
sin (^ + <^ + c) sin (<^ - e) 2l-a 


ain 


6 C08 (<l> - €) - C08 sin (</> - c) sin (<^ + c) _ a 



sin tf cos (^ + c) + cos ^ sin (<^ + e) ' sin (<^ — c) 2l — a 
Dividing numerator and denominator by sin 6 sin (<^ — c) sin (if> + c), 

cot (</> — €) — cot 



a 



cot (<^ + c) + cot 6 2l — a 

Whence cot $ = -U2I - a) cot (<^ - e) - a cot (<^ + e)}. 
2I 

The value of ^ is knovm from the equation r cos ^ = I, and c is 
^ven, therefore is determined. 
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142. A beanij leaning afjciinst a small cylindrical peg B, rests 
with one end A upon a horizontal plane ; the coefficie^it of fridvm 
is the same between the beam and the peg, and between th£ beam 
and the plane : determine the pos^ition of the beam when on thi 
point of slipping. 

Let a be the distance of the centre of gravity of the beam fron 
A, $ the inclination of the beam to the horizontal plane, and h tli< 
height of the peg above the plane. 

Let Ej be the resistance of the plane, and E^ the resistance oi 
the peg, and c the angle of repose ; then, 

A 

E1E2 = Oy 

K,W = iSd' " (0 - €), 
We,= i8o°-€. 

Hence, by the triangle of forces, 

P _W 8in(^-6) 
Sin 6 

J T3 W sin e 

and xCa = — ; — 75— > 

sin 6 

Also, taking the moments of E, and W about A, we have 

b sin € . cos c 



sin*^ 



= a cos tf ; 



and therefore . ,/, /i 6 sin c cos e 

sm'^ cos 9 = » 

a 

7/1 n , ^ sin 2€ _ 

or, cos^^ - cos ^ H = o. 

2a 

143. A bar AB, whose weight is W, rests with one end A vpon g 
Jiorizontal plane, a cord fastened to B passes over a fixed puU^i 
placed above the plane and carries a weight P; determine th 
position of equilibrium, and the pressure upon the plane, when A ^^ 
rni the point of slipping towards the pmlley, disi^egarding the friction 
of the pulley. 
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Let $ be the inclination of the beam to the horizontal line, and 
4^ that of the cord. Let E be the resistance of the plane, and e 
the angle of repose ; then, 

KW=i8o''-c, 

PE = 9o°-(<^-€). 
Therefore, by the triangle of forces, 

W _ cos {4> - €) ^.^ 



P sin € 

E cos 4> 



(ii) 



P sin e 

♦ Let ^ be the length of the bar, and a the distance of its centre 

0^ gravity from A ; then, taking the moments about A, 

Wacos6^ = P?sin(«^-^); 

and therefore 

. /, PZsin6 — Wa ,... v 

tan ^ = -p. ^ , . (ill.) 

rl cos 4> 

The value of ^ is determined by equation i., and thence the 

value of E is found from equation ii., and the value of 6 from 

equation iii 

EXAMPLES. 

1- Two cords bearing weights P and Q respectively, and passing 
over fixed pulleys, are attached to a weight W ; show that in the 
position of equilibrium the angles made by the cords with the 

vertical line have for their cosines __-- ^ and ^~ — 

2PW 2QW 

respectively. 

2. A beam, AB, of uniform thickness and density rests with its 
Wer end A upon a smooth plane whose inclination is a, and its 
^Pper end B upon a smooth plane whose inclination is fi ; show 
that if be the inclination of the beam to the vertical line, 
cotd = ^(cota-cot)8). 
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3. A beam, AB, of uniform thickness and density rests with on^ 
end A upon a rough plane whose inclination is a, and the other end 
B against a smooth vertical wall ; show that if ^ be the inclination 
of the beam to the wall when on the point of slipping up the plane, 
tan 0=2 tan (a + c), where e is the angle of repose for the plane. 

4. The lid of an open desk rests against a smooth vertical wall, 
required the magnitude and direction of the pressure on the hinge, 
the lid being supposed to be of uniform thickness and density. 

Let W be the weight of the lid, 2a the width, and 26 the dis- 
tance of the hinge from the wall, then the pressure on the hinge 

is — . ^^-^ — ~v > ; and if be the inclination of the pressure to 

the vertical line, tan = — j— — —-. 

2y/{a'-b^) 

5. Two weights, P and W, balance each other on a straight level 
moveable about a cylindrical pivot, find the ratio of P to W when 
P is on the point of descending; the arms of the lever being a and 
b respectively, r the radius of the pivot, and fi the coefficient oi 
friction. ^^g b+js^ 

6. K a beam rest with one extremity A in a smooth hemispherica. 

bowl, and with the other projecting beyond the edge, show that ir 

the position of equihbrium, 

sin ^ = ^±^^i^5l±3?!!), 

Sr 

being the inclination of the beam to the vertical line, ?• the radiu. 

of the bowl, and a the distance of A from the centre of gravity o 

the beam. 

7. What must be the length of a beam in order that, whei 
resting within a sphere, its limiting position may be vertical 1 

Let ft be the coefficient of friction, and r the radius of the sphere 
then the required length is equal to 

2?' 
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8. Find the position of equilibrium of a balance when unequal 
weights P, Q, are suspended from A and £, the extremities of the 
beam. Let AB = 2a, W the weight of the balance, b the distance 
of AB from the fulcrum, and h the distance of the centre of gravity 
of the balance fix)m the fulcrum. Then, if ^ be the angle the 
beam makes with the horizontal line when there is equilibrium, 

('p+q)b+wh 

9. One extremity A of a beam rests against a smooth hemispherical 
bowl, and the other against a smooth vertical plane passing through 
the centre of the bowl — the radius of the bowl being greater than 
the length of the beam — then, if ^ be the inclination of the beam 
to the vertical plane when in equilibrium, I the length of the beam, 
3 the distance of its centre of gravity from A, and r the radius of 
tbe bowl, . // l^-a'r' \ 



sin c^ = 



10. The lower extremity A of a beam rests against a vertical 
^ a cord attached to the beam at a point B, between the centre 
of gravity and A, is festened to the wall at a point C vertically 
above A ; show that if <^ be the inclination of the cord to the 
vail, and 6 that of the beam, the position of the beam when 
A is on the point of slipping down is determined by the following 
equations :— « (cot <l> + fi)^b (cot 6 - ft), 

c sin ^ = & sin 0, 

a being the distance of B from the centre of gravity, b the distance 
of B from A, and c the length of the cord. 

11. In the preceding, if the wall be perfectly smooth, and ft = a, 
tben will c^a, and the beam will rest in any position so long as A 
is below C. 

12. A beam AB rests upon two inclined planes whose inclina- 
tions are a, and o^ respectively, show that if a be the distance of 



f 
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the centre of gravity from A, h its distance from B, c the angle ' 
repose, and 6 the inclination of the beam to the vertical line wbt 
A is on the point of slipping up, 

tan = 



b cot (ttg — e) - a cot (a, + c) 

13. A thin hemispherical bowl is mounted with a cylindric 
rim formed of a substance whose specific gravity is four times th 
of the substance of the bowl, what must be the height of the ri 
that the bowl may rest upon a horizontal plane in any position 1 

The height of the rim is equal to half the radius of the bowL 

14. In the preceding, if the bowl be thick, having its exterr 
and internal radii equal to a and b respectively, show that t 
height of the rim is equal to 

a' + b' 






15. Four baUs, of equal radii but unequal weights, rest witl 
a hollow sphere in such a way that their centres lie in the sai 
vertical plane, and each ball is in contact with the sphere, find t 
position of equilibrium. 

Let W„ W^, W3, W„ be the weights of the balls. Let be t 
inclination to the horizon of the line joining the centre of the fii 
ball with the centre of the sphere, and let a be the angle subtend 
at the centre of the sphere by the line joining the centres of ai 
two adjacent balls, then 

, ^ _ W, + Wj cos a + W3 cos 2a + W^ cos 3a 
W2 sin a + W3 sin 2a + W^ sin 3a. 
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CHAPTEE VIIL 

ON THE LAWS OF MOTION. 

When forces not in equilibrium act upon a body, motion 
isue. The degree of rapidity with which the body moves 
d its velocity. 

Velocity may be either uniform or variable. Velocity is 

when the body describes all equal spaces in equal times, 

T therefore be measured by the space described in a imit of 

[t is customary to take a second for the unit of time, and 

3r the unit of measure. Thus, if a body moving with a 

velocity have passed through looo feet in 8 seconds, its 

is 1000-=- 8, or 125 ; and generally, if s be the space in 

mgh which a body has passed in t seconds, then if v denote 

^^ ^' t; = _, or 5 = vt, 

V 

ity is variable when all equal spaces are not described in 
nes. When a body in motion has a variable velocity, its 
at any moment may be measured by the space which 
)e described in a unit of time, if at that moment the 
were to cease to vary. 

First Law op Motion. A body in motion^ not acted on by 
mal force, idll continiie to move in a straight lincy and with 
m velocity. 
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This is equivalent to the assertion, that matter possesses no 
inherent power of changing the direction or the state of its 
motion. 

The truth of this law must be decided by an appeal to expert' 
ment. The powers with which matter has been endowed caJi 
evidently be learnt only by observation. Every attempt to prov© 
their existence by a 'priori demonstration will be found to assum® 
in some way or other the property under consideration. 

The first law of motion cannot, however, be established by aaj 
direct experiment, for the prescribed conditions can under no ciT* 
cumstances be fulfilled. No where can we find a body which ii 
not acted on by some external force. Every particle of matter i 
subject to a variety of external influences. Thus, if a ball tK 
rolled along the ground, it is acted on by the attraction of al 
surrounding matter, by the resistance of the atmosphere, and b] 
the force of friction ; and it moves neither in a straight line, noi 
with a imiform velocity. It is found, however, that the more w< 
lessen the influence of external force, the more nearly does the 
motion become direct and uniform. 

If a ball be rolled along a smooth pavement, it will move for « 
longer time and in a line more nearly straight than when thrown 
with the same velocity along a rough road ; and stiU more so if 
rolled along a sheet of ice. 

If a weight suspended by a thread from any point be made to 
oscillate, it will after a time com^ to rest. One of the external 
forces acting upon the body is the resistance of the air. If this 
be diminished by causing the body to move within the exhausted 
receiver of an air pump, the oscillation will continue for a longer 
period; and the more perfect the vacuum the longer will the 
motion continue. 

On a railway, after a train has acquired the desired velocity, it 
is no longer necessary for the engine to work, except so far as to 
overcome the effects of external forces, such as the friction of the 
rails and the resistance of the atmosphere. 

The most convincing evidence of the truth of this law is found 
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^ the accordance of the consequences deducible from it with 
observed phenomena. It is impossible to doubt the correctness of 
a principle, upon the assumption of which the motions of the moon 
can be predicted with almost unerring certainty, and the time of 
an ecKpse foretold within the fraction of a second. 

147. It follows from the first law of motion, that if a force con- 
tinue to act upon a body already in motion, its velocity will con- 
tinually change. This change may be either uniform or variable ; 
uniform if the force be constant, variable if the force vary during 
the time of its action. 

The change in the velocity resulting from the action of any force 
is uniform, if in all equal periods of time there be an equal increase 
or an equal diminution in the velocity. The body is then said to 
be uniformly accelerated, and the acceleration is measured by the 
velocity added (or subtracted) in a unit of time. Thus, if a body 
move with a uniform acceleration of 32, it gains or loses in each 
second of time a velocity of 32 feet per second; that is, in one 
second it gains or loses a velocity of 32, in two seconds a velocity 
of 64, in three seconds a velocity of 96, and so on. And hence, 
generally, if/ represent the acceleration, and v be the velocity 
gained or lost in t seconds, -. 

148. Forces which act during an extremely short time only, as, 
for example, when a body is set in motion by a sudden blow, or a 
ball is fired from a cannon, are termed impulsive forces. It will 
be seen hereafter that although, under the action of such a force, 
it sometimes appears that motion is communicated instantaneously, 
yet this is not really the case. The force, in fact, acts through a 
finite though short interval of time, and throughout that period 
the velocity of the body undergoes continual change. These suc- 
cessive changes, however, take place with such immense rapidity, 
that they cannot be brought under examination. We concern 
ourselves therefore only with the velocity and direction of the 
Qotion which takes place after the force has ceased. 
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149. Second Law of Motion. When a force acts upon a hdy 
In motion, the change of motion produced is the same, both in mag- 
nitude and direction, as if the force acted on the body at rest. 

Thus, if a body move along the line AB with such a velocity 
that it would describe the space AB in one 
second ; and if, when it arrives at A, a force 
act upon it such as of itself to cause a body 
to pass from A to C in one second, then at 
the end of the second the body will be found 
at D; the change of motion represented by 
BD being the same in magnitude and direction as if the force had 
acted upon the body when at rest. Each force produces its full 
effect in its own direction. 

This law is proved by such experiments as the following : — 

If a ball, lying on the deck of a vessel moving steadily througb 
the water at a uniform rate, be struck with a blow of any magni- 
tude and direction, its motion along the deck is the same as if the 
vessel had been at rest. 

If a stone be dropped from the top of the mast, when a vessel is 
moving uniformly in any direction, and with any velocity, it will fall 
at the foot of the mast, just as it would if the vessel had been at rest. 

If from any point a ball be let fall, and another ball be at the 
same instant projected forward horizontally with any velocity what- 
ever, both balls will strike the ground at the same time. Here the 
ball at rest and the ball in motion are acted upon by the same 
vertical force ; namely, the force of gravity, and both are caused to 
pass through the same vertical space in the same time. 

If a person in a railway carriage throw a ball vertically up- 
wards, it will not fall towards the back of the carriage, but vill 
drop into the hands of the individual who projected it. 

150. The force acting upon the moving body, in these and 
similar experiments, is either an impulsive force, or the force of 
gravity. Within the limits taken in the experiments, the force of 
gravity does not sensibly vary either in magnitude or direction. 
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It is, therefore, only when a force acts for an indefinitely short 
time; or, if acting throughout a measurable interval, is uniform 
both in magnitude and direction, that the second law of motion can 
be regarded as established by such experiments as those described 
aboTa It is important that the student give particular attention 
to this, inasmuch as the general terms in which it has become cus- 
tomary to enunciate this law might otherwise lead him into error. 

151. The Third Law op Motion. Wlien force communicates 
notion to a body, the acceleration varies directly as the force and 
inversely as tJie mass. 

Thus, if a pressure of 12 lbs. communicates motion to a mass 
weighing 20 lbs., and a pressure of 8 lbs. communicates motion to 
a mass weighing 10 lbs., the third law of motion declares that the 
acceleration when 12 lbs. moves 20 lbs. : the acceleration when 8 lbs. 

inoves 10 lbs. : : i? : — 

20 10 

This law is verified experimentally by means of Attwood's 

J^hine, as explained in the following article. 

152. Attwood's Machine. This consists of two pillars, one of 
^hich is graduated, supporting a pulley arranged 
80 as to work with as little friction as possible. 
An open ring A and a stage B slide along the 
giadoated piUar, and by means of screws can be 
fixed at any part of it. P and Q are two equal 
cylindrical weights, connected by a cord passing 
over the pulley. C is a pendulum beating 
seconds. 

P and Q, being equal, wiU have of themselves 
^0 tendency to motion ; but if a small bar be 
placed upon P, P will descend with an accelerated 
velocity, until it reach the ring A, which, al- 
lowing P to pass through, but intercepting the 
bar, removes the cause of acceleration. P will 
ihen, in accordance with the first law of motion. 



J^^ 
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move uniformly with the velocity it had acquired on reaching A; 
and if the stage B be so placed that P may strike it exactly one 
second after reaching A, the distance AB will measure the velocity 
generated during the interval the bar was resting on P. If then 
the bar be allowed to rest on P for exactly one second before 
reaching A, we obtain the means of determining the velocity 
generated in one second ; that is, the acceleration. I 

The entire mass moved consists, it will be seen, of the bar and 
the two weights ; the force causing motion is the weight of the | 
bar only. I 

If now we arrange for a series of experiments in which the com- 
bined weights of P, Q, and the bar, shall remain the same, but the 
weight of the bar vary, we shall find that the distance AB, which 
measures the velocity generated in one second, will vary in the 
same proportion as the weight of the bar. Thus if, for instance, 
in the first experiment P and Q are each 2 J oz, and the bar i oz., 
and in the second P and Q are each 2^ oz. and the bar i oz., we 
shall find that AB in the latter case is twice as great as in tiie 
former. In both experiments the mass moved is the same, namely, 
6 oz., but the pressure in the latter case is double the pressure in 
the former. 

If, again, we arrange for another series of experiments in which 
the bar is the same, but the weight of P and Q varies, we shall 
find that the distance AB varies inversely as the entire weight 
moved. Thus, let the bar weigh i oz., and in the first case let P 
and Q weigh 5 J oz. each, and in the second 2 J oz. each, the space 
AB will in the latter case be twice 6is great as the formear. In both 
experiments the force causing motion is the same, namely, i oz., 
but the mass moved in the latter case is 2^+2^+1, or 6 oz., or 
only one half of that moved in the former, which is Si + S J + 1» 
or 12 oz. 

153. Momentum. The product of the mass of any body and 
the velocity with which it is moving is termed its momentum. 
If Pj and P, be forces acting upon bodies whose masses are M, 
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and M^ and if /j, /, be the accelerations produced, then by the 

third law of motion 

V V 

or MJ, : M,/, : : P, : P,. (ii.) 
^ow if Vj and v, be the velocities generated in the bodies by the 
forces in the time t, then v, =f,t, and v, =fj. And since by the 
proportion just given 

^rAt : M.JJ : : P, : P„ 

it follows that ,, ,^ -n -n /••• \ 

M.Vj^ : Ma^a : : P, : P,; (m.) 

or the momenta generated in equal times are as the forces producing 

them. 

Hence the momenta generated in equal times by equal forces are 
^ual, whether the masses be equal or unequaL 

154. If the acceleration produced by gravity, or when a body 
alls freely, be known, then the third law of motion enables us to 
M the acceleration when any mass is set in motion by any force. 
^^ denote the acceleration produced by gravity, and let /denote 
he acceleration. when a force P moves a mass M, both P and M 
Jeing measured by weight. Then by hypothesis g is the accelera- 
ion produced in the same mass M by a force M. And since the 
088888 are eqtlal, the accelerations are as the forces, and therefore 

f : g : : V : M; 

,j acceler. producexi by any force _ force measured by weight 
acceler. produced by gravity mass measured by weight 

155. One method of determining the value of ^ is supplied by 
b equation just established. For by means of Attwood*s machine 
'e can find the value of / experimentally for any values of P and 
t we please ; and substituting these in the equation given above, 
e thence obtain the value of g. 

Suppose, for instance, that when the bar is i oz., and the weights 
r oz. each, we find the distance AB to be 2 feet, then in this case 



120 ON THB LAWS OP MOTION. 

the acceleiation is 2 feet, the force i oz., and the mass i 
1 + 74+ 74> or 16 oz. Hence 

- = -^> or ^ = 32. 

• gr 16 

By repeating the experiment with different weights, 
taking the average of bB. the results, a more reliable va 
may be obtained than if we depended upon a single exper 

The imperfections of Attwood's machine, arising from 
tion of the wheels and other causes, do not enable us to 
than to obtain a rough approximation to the value of g 
the way just described. Much greater accuracy is atti 
means of experiments with pendulums. K t denote the 1 
vibration measured in seconds, I the length of the penduli 
force of gravity, and tt the ratio of the circumference of a 
its diameter, then, as is shown in Art. 240, 



whence it follows that lit* 

g = — 

The time of a singly vibration of a pendulum can be de 
with great accuracy by the simple device of observing the 
of vibrations made in a considerable period, and then div: 
whole time by the number of vibrations. The length of it 
lum is found by measurement. By substituting these vali 
obtained in the equation just given, and by taking the a 
a large number of results, it is found that at the sea lev 
latitude of London the value of gr is 32*1908, or 32*2 nea 

156. Unit op Force. The imit of force is the force 
a unit of time will generate in a unit of mass a unit of v< 

The unit of time is one second, and the unit of ma 
quantity of matter contained in a unit of weight. 

In England the unit of weight is one pound, and th< 
space is one foot. Hence the unit of force is the force ' 
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one second will generate a velocity of one foot per second in a mass 
whose weight is one pound. If P denote this unit, then its value may 
be found &om the equation (Art. 154), 

I P -D I lb. 
- = -— orP= ; 

^ I lb. g 

or the unit of force is very nearly the force exerted by a weight of 
half an ounce. 

In France the unit of weight is one gramme, and the unit of 
space is one centimetre ; and hence the unit of force is the force 
which in one .second will generate a velocity of one centimetre per 
second in a mass whose weight is one gramme. This unit is termed 
^dym. The value of ^ in centimetres is 981, and hence a dyne 
is ^ of a gramme. 

A convenient mode of designating these units of force is by the 
initial letters of the respective units of space, mass, and time. 
Thus the English unit may be designated the F.P.S. (foot — ^pound 
^second) unit; and the dyne, or French unit, the C.G.S. (centi- 
metre—gramme — ^second) unit. 

It will be seen from the above that using the F.P.S. unit, g or 
S2'2 is the number of such units exerted by a weight of i lb. ; 
^d hence if M denote the number of pounds in any mass, M^ is 
the number of units of force exerted by gravity upon that mass ; 
that is, is the weight of the body in F.P.S. units. 

Similarly, if we use the* C.G.S. unit, g or 981 is the number of 
such units exerted by a weight of i gramme ; and hence if M 
denote the number of grammes in any mass, M^ is as before the 
dumber of units of force exerted by gravity upon that mass ; that 
^ is the weight of the body in dynes. 

The student should bear in mind that the English pound is 
16 thousandths of the weight, in the latitude of London, of a 
cubic foot of water at the standard density. The English unit of 
^Uass is therefore the quantity of matter contained in 16 thou- 
sandths of a cubic foot of water at the standard density. The 
S'amme is the weight, in the latitude of Paris, of a cubic centimetre 
of water at its greatest density. The French unit of mass is there- 
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fore the quantity of matter contained in a cubic centimetre of wat 
at its greatest density. * 

It should also be noticed, that if M represent the number 
units of mass in any body, M^/ will be the weight of the bo( 
measured in units of force, whatever the value of g may be. 

157. It has been seen (Art. 154) that if an acceleration / 1 
been given to a body whose weight is W lbs., and if P be t 
force producing the acceleration, 

P = ^lbs. 

g 

But if M be the nimiber of units of mass in the body, W lbs = 1 
units of force. Hence P = M/ units of force. 



EXAMPLES. 

1. What acceleration will be given to a mass weighing lo 1 
by a force of lo oz. 1 Answer, about 2 ft. per sec 

2. What force will give to a mass of i ton an acceleratior 
3 feet per second] Answer 2087 lbs. nearly 

3. To what mass will a force of 100 lbs. give an acceleratioi 
161 feet per second 1 Answer 20 lbs 

4. If a force of m lbs. give to a mass of n lbs. an acceleral 
a, and a force of n lbs. give to a mass of m lbs. an acceleratioi 
show that ^ is a mean proportional to a and h, 

5. Show that to a mass of 32-2 lbs. the number of feet 
second in the acceleration given by any force is equal to the num 
of pounds in the force. 

6. If a weight of W lbs. be placed on a table, and the te 

descend with an acceleration /, what is the pressure of the wei 

on the table ] * ,^ / / ' 

Answer Wi i — ^ 

V g^ 
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7. If a weight of W lbs. be placed on a table, and the table 
jcend with an acceleration /, what is the pressure of the weight 

n the table] . xrrf f 

g 



Answer W( i + -)- 



8. What force acting for 1 1 minutes will give to a railway car- 
iage weighing 15 tons a velocity of 24^ miles per hour? 

Answer 56 lbs. 

9. Three forces in geometric progression acting upon different 
nasses generate equal velocities in times which are in geometric 
)rogression ; show that the masses also are in geometric progression. 

10. Two forces generate equal velocities in times which are 
Jiversely as the masses, show that the forces are as the squares 

)f the masses. 
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CHAPTER IX. 

ON THE COMPOSITION AND RESOLUTION OP VELOCITIES. 

158. If two uniform velocities he simidtaneoudy impressed upon 
a body, the resultant motion is nidfonD and in a straight line ; a^ 
if two sides of a parallelogram represent the impressed vdocUiet t» 
magnitude and direction, the diagonal mil represent the m^agmtvde 
and direction of the resultant velocity. 

Let a body move uniformly 
along AB, with a velocity 
which would carry it from A 
to B in the time T. When 
the body is at A, let a velo- 
city be impressed upon it such ^^^ ^ 

as of itself would cause the ^ 

body to move uniformly from A to C in the time T; then, drawing 
the parallelogram ABDC, by the second law of motion, D is the 
position of the body at the end of the time T. 

The motion of the body is along the straight line AD ; for let 
t denote any time whatever, and take A6 sO that 

A& : AB : : ^ : T ; 
then, since the velocity in the direction AB is uniform, Ah is the 
distance over which the body would move along AB in the time t 

Complete the parallelogram Ahdc, then, by similarity of triangleS) 






Z/cZ :BD: 


: Ah : AB. 


Therefore, 


Ac : AC ; 


: A^^ : AB, 


or. 


Ac : AC : 


: ^ :T. 



Therefore Ac is the distance over which the body would move 
along AC in the time t ; and hence, by the second law of motion, 
the body will be found at d, a point in the line AD. And this is 



ON THE COMPOSITION AND RESOLUTION OP VELOCITIES. 125 

irue for all values of t ; therefore the body will always be found 
in the line AD. 

Again, the motion along AD is uniform ; for 

Ad : AD : : A6 : AB ; 
M, ArZ : AD : : f : T ; 

3r the space described is proportional to the time ; that is, the 
motion is uniform. 

Also, if AB, AC represent the spaces over which the impressed 
velocities would carry the body in one second, then AD is the 
space actusJly described by the body in one second ; that is, the 
diagonal represents the magnitude of the resultant velocity. 

159. Conversely ; if any uniform velocity be represented by the 
line AD, it may be resolved into two velocities, in the direction 
AB and AC, whose magnitudes are represented by the lines AB 
and AC. For if any other lengths than AB and AC be taken to 
represent the component velocities, the resultant velocity will not 
^e represented by AD. 

160. It follows, from Art. 158, that if any number of uniform 
velocities be simultaneously impressed upon a body, the resultant 
motion wiU be uniform and in a straight line. The magnitude 
and direction of the resultant motion will be found by first taking 
the resultant of any two, then of this resultant and a third, and 
^0 on, until all the velocities have been compounded into one. 

161. If any two velocities, whether uniform or variable^ he simul- 
taneously impressed upon a body, the actual velocity of the body at 
^hat instant will he represented in magnitude and direction by the 
''icujonal of the parallelogram whose sides represent the impressed 
^^ocities. 

This has been already proved, when both of the impressed 
'elocities are uniform. 

If one or both are variable, then let the lines AB and AC (fig. 
^. 158) represent the velocities with which the bodies would 
ave moved, if at the instant of reaching A all acceleration of the 
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velocity were to cease. These then being uniform velocities, the 
line AD wHl represent, upon the same hypothesis, the actual 
velocity of the body at the same instant ; that is, if all acceleration 
were to cease, the body would move in the direction AD with a 
velocity represented in magnitude by the line AD ; and when a 
body moves with a variable velocity, the velocity at any instant is 
measured, both in magnitude and direction, by the path the body 
would describe in the succeeding second, if at that instant all 
variation, both in magnitude and direction, were to cease. 



162. Hence, if the velocity of a moving body at any instad iff 
represented by any straight line in magnitude and direction^ it wwy 
be resolved into two other velocities j represented in magnitvde ani 
direction by the sides of any parallelogram which has the given to 
for its diagonal. 

The most frequent application of this proposition is in the case 
in which the component velocities act in directions at right angles 
to each other. 

Thus, let two velocities V, and Y,,, 
simultaneously impressed upon a body at 
0, in directions at right angles to each 
other, be represented by the lines OA and 
OB ; then, if v be the resultant velocity, 
V is represented by the line OC. But 
since OC'=OA='+OB^ 

and if the angle COA be a. 




tan a = 



V. 



Again, if OC represent any velocity v, and it be required to resolve 
this velocity into two velocities, acting in directions at right 
angles to each other, namely, in the directions A and OB ; then 
if V, and V. be these components, 

V, = t; cos tt, 
Va = » sin a. 
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163. If two uniformly accelerated velocities he siravltaneously 
impressed upon a body, the resultant motion mil he m b. straight 
line, and with a uniformly accelerated velocity ; and if the sides of 
a parallelogram represent the magnitudes and directions of the im- 
pressed velocities, the diagonal will represent the magnitude and 
direction of the resultant velocity. 

Let two velocities be impressed upon a body at A (fig. Art. 158), 
one of which would, if acting alone, cause the body to move from 
A to B in T seconds, with a velocity whose acceleration is /, feet 
per second ; and the other of which would, if acting alone, cause 
the body to move from A to C in T seconds, with a velocity whose 
acceleration is f^ feet per second ; then, by the second law of 
motion, the place of the body at the end of T seconds is at D. 

But since the spaces described in equal times by bodies moving 
with uniformly accelerated velocities, that is, under the action of 
constant forces, are in proportion to the accelerations 

AB: AC ::./;:/, 

Let Ah be the space which would be described along AB in any 
time t, and complete the parallelogram Ahdc ; then. 

Ah : Ac : : AB : AC, 

whence. Ah : Ac : : f \f^\ 

^nd therefore Ac is the space which would be described in the 
<lirection AC in the time L Consequently, by the second law of 
fiiotion, the place of the body at the end of any time t \& 2X d\ 
''tat is, is in the line AD. The motion of the body is therefore in 
l^te straight line AD. 
The resultant velocity is also uniformly accelerated ; for since 

AcZ : A& : : AD : AB. 

W, the space described by the body in any time t, varies in the 
toe way as A6, the space described in the same time by a body 
•loving with a uniformly accelerated velocity. 

Also, if AB and AC represent the impressed velocities /, and /„ 
^D shall represent the resultant velocity. Let / be the resultant 
ccelerations ; then, since AD is the space described under the action 
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of /, in the same time as the space AB would be described under t 
action of /, ; therefore, ^D : AB : : / : /, 
or AD represents / as AB represents /,. 

164. It follows from the preceding, that two uniform accele 
tions, acting simultaneously upon a body, may be compounded ii 
a single acceleration, represented in magnitude and direction 
the diagonal of the parallelogram whose sides represent in mag 
tude and direction the component accelerations. And, converse 
a single acceleration, represented by the diagonal of a parallelogrs 
may be resolved into two accelerations, represented by the sides 
the parallelogram. 

165. Def, If a force act upon a body, and from any cause 1 
motion of the body be not in the direction of the force, then 1 
force which at any instant would, if it acted in the direction of 1 
motion, produce the actual change which takes place, is termed 1 
effective force at that instant. The force which really acts upoi 
body is distinguished as the impressed force. 

166. To find the effective acceleration when a uniform force a 
upon a body constrained to move along a given line. 

Let / be the acceleration due to the impressed force, let ( 
(fig. Art. 162) represent/ in magnitude and direction, and let t 
body be constrained to move along OA ; then the acceleration 
may be resolved into accelerations represerited by OA and OB. 1 
the conditions of the problem, aU motion in the direction of C 
is prevented, the latter component may therefore be disregarde 
The other component OA acts in the direction of the motion, ai 
is, therefore, the acceleration required. Hence, 

the effective acceleration :/ : : OA : 00 ; 

or, effective acceleration =/. — -^. 

If a be the angle between the direction of the force and the lii 
of motion, then ^g.^^^^^.^ acceleration =/. cos a. 
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EXAMPLES. 

1. A body moves in a direction inclined to the vertical line, at 
an angle of 60°, with a velocity of 100 feet; required the hori- 
zontal and vertical velocities. 

Ans., Hor. veL = S^>/3 ^* l vert. veL = 50 ft. 

2. A moving body has, at a given instant, a vertical velocity of 
28 feet, and a horizontal velocity of 96 feet ; required its actual 
velocity at that instant Ans. 100 ft. 

3. A moving body has, at a given instant, a vertical velocity of 
86*6 feet, and a horizontal velocity of 50 feet ; required the direc- 
^on of its motion at that instant. 

Ans. The body is moving in a direction inclined to the ver- 
tical line at an angle of 30° nearly. 

4. Three velocities, each equal to V, are simultaneously impressed 
^pon a body, one vertically, another horizontally, and the third in 
^ direction inclined to the vertical line at an angle of 30°; required 
*ke actual velocity of the body. Ans. V>/(4 + >/3). 

5. Upon a body placed at A, one of the comers of a regular 
kexagon ABCDEF, velocities are simultaneously impressed such 
as would separately carry the body at a imiform rate to the other 
comers in three seconds ; in what time will the body arrive at D ? 

Ans. I sec. 

6. In the preceding, if each of the impressed velocities had been 
^ual to V, what would have been the magnitude of the resultant 
velocity 1 Ans. V(2 + y/3). 
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CHAPTEE X. 

ON UNIFORM FORGES AND GRAVITY. 

t 

167. To find the space described in t seconds, when a body mom 
from rest under the action of a uniform force. 

Let / denote the acceleration, and s the space descrihed. Let 
the time be divided into n equal periods, each of which will con- 
sequently be equal to -. By Art. 147, the velocity at the endrf 

the first of these periods wiU be "^ at the end of the second -i> 

n n 

at the end of the third ^ , and so on. 

n 

If during these intervals the body be supposed to move uni- 
formly with the velocity acquired at the end of each, then (since 
space = vel. x time, when velocity is uniform) the space described 

in the first interval will be "^y in the second -J—, and so on : the 

w» n' ' 

sum of this series will be the whole space described. Therefore, 

,=^ + l^V3/^^&e. +^ 

ft^ 
= —^ (H-2 + 3 + &C +n) 

^f^ n{n+i) 

2 271 

The error arising from supposing the velocity to be nnifonn 
through each of these intervals will diminish, if the length of the 
intervals be diminished ; that is, if n increase ; and the more »» 
increases, the more nearly shall we approach to the actual space 
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described. As n increases, the value of L- diminishes without 

211 

limit; and, therefore, 8 = ifif*, 

168. By the preceding, the space described in n seconds is ifii", 
and the space inn— i seconds is if{n — i)' j the difference between 
these is the space described in the nth. second ; therefore, 

space in »th second = if{n' — (» — i)'}, 

= i/(27i-l). 

But 2w — I is the wth odd number, therefore the space described 
in the wth second equals ^ multiplied by the nth odd number. 

169. To find the relation between the space described and the 
^odty acquired by a body moving from rest under the action of a 
uniform force. 

By Art. 147, v=ft, and by Art 167, 8 = iff. Squaring both 
ades of the former, and multiplying both sides of the latter by 2/, 
'^e obtam if =/»^, 

and 2fs =f^, 

if = 2fs. 

170. The three equations obtained in Articles 147, 167, and 169 • 
lamely, v =ft, s = ift% and if = 2/*, express the relation between 
ach pair of the three quantities; viz., the space described, the 
elocity acquired, and the time when a body moves from rest under 
ke action of a uniform force. If any one of these quantities be 
3iown, either of the other two may, by means of one or other of 
kese equations, be found directly. When gravity is the force 
onsidered, these equations are written v = gt, s = ^gf, and if = 2gs, 

171. The following are examples of the application of these 
innulae to cases in which a body faUs freely under the action of 

lavity. 

Ex. 1. A stone fells from rest imder the action of gravity ; find 
^e space described in 5 seconds. 

In the formula, s = igf, make ^ = 5 ; then 

s= i6'i X 25 = 402*5 feet. 
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Ex. 2. Find the velocity which a stone will 'acquire by £a] 
through 1610 feet. 

In the formula, tf = 2g8, make « = 1610 ; then 

t;*=64'4 X 1610, 

= 103684 ; 
V =,^103684= 322. 

Ex. 3. How long must a body fell under the action of gn 
to acquire a velocity of 128*8 feet per second 1 

In the formula, v = gt, make t; = 1 28*8 ; then 
128*8 = 32*2 X t; 

^ = 1 28 '8 -^ 32 '2 = 4 seconds. 

Ex. 4. How far must a body fall under the action of gravi 
acquire a velocity of 96*6 1 

In the formula, if = 2^«, make t; = 96*6 ; then 
(96 •6)'= 64*4 x«; 

«= 144*9- 

172. If the space described under the action of a uniform, 
be divided into any number of parts, the square of the tirt 
describing from rest the whole space is equal to the sum q 
squares of the times of describing from rest the several parts. 

Let the space described in the time T, under the action 0: 
force, be a^'ha^ + &c. . . . + a„ ; then, since s = ift% 

1* = — (a, + a, + &c....+a„). 

But if ^„ t^ &c., be the times of describing from rest the 
tance a^, a^, &c., then 



</= 




t,'- 


2a, 


tn' = 


2a„ 

/ 



Substituting these in the first equation, we have 
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Cob. Hence, if T be the time of describing the whole distance, 
and t^ the time of describing from rest any part of the distance, 
then, if f 2 bo the time of describing from rest the remaining part, 

E3L 1. A stone can fall from a certain height to the ground in 
10 seconds; if it be arrested at the end of 8 seconds, and after- 
wards let fall, how long will it be in descending the remaining 
distance! 

Let ^ be the time required, then, by the proposition just de- 
monatiated, ^=io'-8% 

= 36, 
or, t=6. 

Ex. 2. A stone falls to the ground in 6 seconds ; how long was 
it in passing over the third tenth of the entire distance 1 

Let t be the time of describing the first tenth, then by the 
proposition given above, fa - 6 

or, t = 3^^ 

5 
^ce, the time of describing three-tenths of the distance is 

3>/iV3 

■ f 

5 
^^ the time of describing two-tenths is 

3v^io^2 . 

^Qerefore the time of describing the third tenth is 

i (>/3o ->/2o). 

I73. To find tli/e tension in the string and the acceleration when 
^ height P, hanging freely y draws a weight Q aJong a smooth hori- 
^^al plane. 

Xiot T be the tension in the string, and / the acceleration. 

Xhe pressure causing motion in P is P-T;. therefore, by 
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The pressure causing motion in Q is T ; therefore, a 

1 = 1 
9 Q' 

Solving these equations, we obtain 
and p 

174. To find the acceleration and the tension in the strin 
a weight P draws a weight Q over a fijced ptdley, neglecti 
inertia of tJie pulley. 

Let T be the tension in the strii^, and / the acceleration. 
The pressure causing motion in P is P — T; therefo 
jaiiit, I04y /* "P nr 

The pressure causing motion in Q is T - Q ; therefore 

/_T-Q 

9 Q 

Solving these equations, we obtain 

P+Q' 

and hence, -p p. 

175. The following are examples in illustration of the pre( 

Ex. 1. A weight of 9 ounces draws a weight of 7 ounces 
fixed pulley; find the space described from rest in ^ se 
neglecting the inertia of the pulley. 

By Art. 174, the acceleration = ?Az — V = 4,nearly. 

9 + 7 

Substituting this in the general formula s = iff, we have 

8=2t', 
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Hence, in one second the space described is 2 feet, in two seconds 
B feet, in three seconds 18 feet, and so on. 

Ex. 2. A weight of 9 lbs. is drawn along a smooth horizontal 
table by a weight of i lb. hanging vertically by a string passing 
over a pulley at the edge of the table ; find the space described 
from rest in 3 seconds, the velocity acquired in 4 seconds, and the 
space described in the 5th second. 

By Art. 173, the acceleration = ^JLi = 3*2 : 

9+1 

tberefore, the space described in 3 seconds = i*6 x 9 = 14*4 feet, 

and the velocity acquired in 4 seconds=3'2 x 4= 12*8. 

The space described in the 5th second is J / multiplied by the 

5th odd number, or 9 ; therefore, 

the space described in 5th second = i'6 x 9 = 14-4 feet. 

Ex. 3. A weight of 10 lbs. draws a weight of 8 lbs. over a fixed 
pulley; required the tension in the string, and the time of raising 
the lighter weight to a height of 64 feet 

By Art. 174, 

the tension = r— = 8|- lbs. 

10 + 8 ^ 

^0, if / be the acceleration, 

f-a l^zl-9 

^^^stituting this value for/, and 64 for 8, in the equation s^yi", 

lo 

if=r.^6 nearly, 
or, t = 6 seconds. 

176. If a body be projected with a given velocity V, and be acted 
^ in the same direction by a uniform force^ to find the velocity 
^^uired and the space described in a given time t. 

t'rom the second law of motion, it follows that the velocity will 
^Ual the velocity of projection, together with the velocity generated 
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by the force ; and, therefore, if / he the acceleration produced 
the force, and v the velocity required, 

v = Y+ft (i) 

And similarly, the space described is equal to the space due to tk»-* 
velocity of projection, together with the space due to the action of 
the force. The space described by the uniform velocity V in ^ 
seconds is equal to V^, and the space due to the action of the forc3^ 
in t seconds is equal to ift\ Therefore, 

8 = Yt + ijff. (ii) 

Eliminating t between equations L and ii we have 

7f = Y' + 2f8. (iii) 

177. If a body be projected with a given velocity V in a dir©45- 
tion opposite to that in which the force acts, the expressioi^-* 
deduced, as in the preceding Article, will be 

v = Y-fi, 
8 = Yt~iJf. 
If = Y'-2 fs, 

178. To find the height to tohich a body tvill rise when prqjed^^ 
vertically ivith a given velocity V. 

Here the direction of V is opposite to that of the force ^^^ 
gravity, and hence, if v denote the velocity acquired when tl*® 
body has described the space «, by the preceding Article, 

V* = V - 2 ^«. 

But when the body has attained the highest point, its veloci'fcy 

at that instant will be zero ; and, therefore, if « be the height ^ 

this point, 

o = Y'— 2 gs; 

2g8 = Y\ 

By comparing this result with the expression ff=2g8 in Art iG^f 
we see that the height to which the body will rise is the same ^ 
the distance through which it must fall to acquire the velocity of 
projection. 
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179. To find the time during which a body will rise when pro- 
jected vertteally with a given velocity V. 

Since at the instant of attaining the greatest height t; = o, then 

(Art. 177), 

Y-gt = o; 

gt = V, 
t = T. 

V 

From the general formula v = gt, it follows that — is also the 

*^e during which a body must fieJl to acquire the velocity V, and 
^ence from this and the preceding section we see that, on its 
'etutn to the point whence it was projected, the body will have a 
velocity equal to the velocity of projection, and that the times of 
descent and ascent will be equal 

l80. The following are examples in illustration of Articles 

^Bix. 1. A body is projected vertically upwards with a velocity of 
^^o feet per second, to find how high it will rise. 
^y Art. 178, 2g8 = Y*; therefore, in this case, 

lOOOO o 

«=— = 155*28. 

64-4 ^^ 

^fix. 2. A body is projected vertically upwards with a velocity of 
^^ i feet per second, to find how long it will continue to ascend. 

^y Art 179, t = —, therefore in this case, 

9 

t = = 5 seconds. 

322 

lEx. 3. A stone is projected vertically upwards, and returns to 
^O.^ same spot after an interval of 12 seconds ; find the velocity of 
^^Xijection, and the height to which the body has risen. 

The velocity of projection is equal to the velocity acquired by 
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the body during the time of descent, or 6 seconds ; and, therefore, 
if V be the velocity of projection, since v = gt, 

V=32*2x6= 193*2 feet per second. 

The height to which the body has risen is equal to the distance 
through which it falls from rest during six seconds ; that is, 

the height required = ig x 6', 

= i6*i X 36 = 579*6 feet. 

Ex. 4. A ball is projected vertically with a velocity 160 feet p©r 
second, and two seconds afterwards another ball is projected iJ3- 
the same direction with a velocity 224 ; when and at what heiglxt? 
will the balls meet 1 

Let the balls meet x seconds after the projection of the aecoiL 
ball, then x+ 2 ia the time the first ball has been moving. 

The space described by the first baU in 35+2 seconds is (Ar 

174,) 

160 (a;+ 2)- 16 {x-\- 2)', 

Similarly, the space described by the second ball in x seconds is 

224a;— i6«*. 

But since the balls meet, these two quantities must be equal ; 

2240? - i6af = 160 (« + 2) — 16 (a + 2)' ; 
i28ic=256; 
x=2; 

or the balls meet 2 seconds after the projection of the second bal^ 
To find the height, substitute 2 for x in either of the expressioiU^ 
for the space described by the balls ; e.g.y 224a;— 160^, then 

height = 224 X 2 — 16 X 4 = 384. 

181. To find the acceleration when a body moves doton a smooth 
inclined plane, under the action of g7'avity. 

Let a weight W rest upon an inclined* plane, whose length is I 
and whose height is h, W would be kept at rest on this plane by 

a force acting along the plane equal to W- (Art. 95). Therefore 
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W- is the pressure which causes the body to move down the 
plane. Hence, by Art 154, 

acceleration = g . I = ?-. 

W I 

182. Required the time of descent token a body falls doum a 
^^nooth inclined plane. 

By the general formula, s = ^f^. Let h = height of the plane, 
^d?=its length. Then, in this case, s = l, and by the preceding 

Article, /=^, and therefore 

^'Tl'^' 

gh 

183. To find the velocity acquired by a body falling down a 
^^^oth inclined plane. 

By the general formula, v = y/(2fs). As in the preceding Article, 
*=?,and/=^. Therefore 

V = s/{2 gh) 

But y/{2 gh) expresses the velocity which a body acquires in 
**lling freely imder the action of gravity through a distance h ; 
^lierefore the velocity acquired by a body falling down an inclined 
plane is the same as that acquired in falling through the perpen- 
^cular height Consequently, whatever be the length of the 
plane, the velocity acquired is the same, if the height remains 
ttie same. 

184. The results of the three preceding Articles may be also 
^^uced as follows: — 

Let a be the inclination of the plane, then the angle between 
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the direction of gravity and the plane is 90** — a; and therefo; 
by Art. 166, the eflfective acceleration is 

^ sin a. 

To find the time of descent, substitute this value for /, and 
for 8, in the general formula s = iff*; then 

Z = i-^ sin a . f"; 



therefore. 



\gam a.) 

Mi.)' ^ 



h 

since sm a = — . 



Also, if «; be the velocity acquired in falling down the plane, su 
stituting for s and / the values mentioned above in the form 
V = s/{2f8\ ^ = ^(2g sin a . Z), 



185. If a cirde he placed with its plane vertical, the times ^^^i 
descent down all chords dravm through its highest or lowest poiiu- 
are equal. 

Let ABC be any circle whose plane is vertical. Let AB be 
vertical diameter, and AC any chord drawn 
through A. Let t be the time in which a 
body falls down AC, then (Art. 182), 

'Vim 

The triangles ACD, ACB are similar, there- 
fore 

AD : AC : : AC : AB, or ^' = AB; 



t 




AD 



t 



-V{ 



2 AB\ 



As this result is independent of the position of the point O9 '* 
follows that the times of descent down all chords drawn throti^i 
A are equal. 
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And similarly, if fiC be any chord drawn tlirongh B, the time 
of descent ia //2 . BC\ 

But __ = AB ; therefore, as before, the time o 
■ ■AB \ 



V(^ 



-J- 



186. If tteo drdes, the planes of which are vertical, touch one 
"■riother internally at their highest points, and any chord of the 
larger drde be drawn through the point of contact. Hie thrm of 
descent dawn that part of the chord which is exterior to the amailer 
'Arete is the same for all suck lines. 

Let the two circles toach one another internally at A, and let A 
he their behest point. Let AB be a diame- A 

ter of the larger circle, and AF any chord. 

Let T be the time of descent down AF, 
and i the time of desooit down AQ, then, 
^7 Art. 172, the time of descent down QP 
^ equal to 

But, by Art. 185, T is the time of 
descent down AB, and ^ is the time of 
"^^ecent down AC; therefore the time of descent down CB ia 
equal to VCP-f). 

Hence, the time of descent down QP is equal to the time of 
•ieecent down CB. 

187. In a similar manner it may be shown, that if two circles 
'ouch one another internally in their lowest points, and any chord 
'^f the larger circle be drawn through the point of contact, the 
^Uite of descent down that portion of the chord which is exterior 
to the smaller circle is invariable. 

188. By aid of the property of the circle demonstrated in Art. 185, 
^^itaij problems relating to planes of quickest and slowest descent 
may be readily solved. The followii^ are examples. 
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Prob. 1. To find the line of quickest descent from a cirde to a 
'point without it, the point and the cirde being in the same verticil 
plane, and the point lower than the higJiest point of the circle. 

Let AC be the given circle, having 
its centre at D, and its highest point 
at A, and let B be the given point. 
Join the points A, B ; the line BC 
is the line required. 

Through B draw a line parallel to 
AD, and meeting DC produced in 
E. Then, since the triangle ACD 
is isosceles, 

2IACD = ZCAD; 

and, since the lines BE, AD are parallel, 

2lEBC=zCAD; 

therefore, Z EBC = Z ACD = /_ ECB ; 

and EC = EB. 

Hence, a circle described with E as a centre and EB as a radius 
will touch the given circle in C ; and, since EB is vertical, it will 
have its lowest point at B. 

Consequently, the time of descent down CB is less than that 
down any other line drawn from B to the given circle. For let 
LB be some other line. The time of descent down CB is equal to 
the time of descent down MB, and is therefore less than the time 
of descent down LB. 



Prob. 2. To find the line of quickest descent from a given circle 
to a given line without it, the line and the circle being in the same 
vertical plane. 

Let ABD be the given circle, having its highest point at A, and 
CF the given line. 

Through A draw AC, making equal angles with CF aud the 
horizontal line through A ; then BC shall be the line required. 
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US 




Tlitough A and C diaw a ciicle ACE, havii^ ite highest point 

'A A. It can eaaily be shown 

tkt Qiis circle will touch the liue~ 

CFinC. 
By the previoua problem, BC ia 

tlie line of quickest descent from 

the given ciide to the point C. 

In like manner DF is the line of 

quickest descent from the given 

circle to any other point F in the 

lineCF. 

The time of descent down DE 
's leas than the time of descent 

down DF; but, by Art 186, the time of descent down BC is 
^nal to that down DK Therefore, the time of descent down BC 
IS leas than down DF. Consequently, EC le the line of qnickeat 
descent from the given circle ABD to the given line CF, 

189, A vjeight V placed on a gmooth inclined plane is aonneeted 
hi a cord with another weight W placed on another smooth in- 
'Utjted plane, the two planes meet in their highest point ; the cord 
Paxeg over a pulley placed at the comtnon summit : to find the 
'■Kfderaiion and the tension in the string. 

Let a and be the inclination of the planes, and / the accelera- 
tion, T the tension in the coid, 
u»d let P be supposed to be c 
Ending and W to be assendii 

The force causing motion in 

Pana-T, thence, Art. 154, 

1 = '^ 



The force cansii^ motion in W is T — W sin ^, and hence, since 
^a acceleration in both weights is the same, 
/ _ T - W Bin ff 
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Solving these equations, we obtain 

rp _ PW(8in g + sin j3) 
P + W 

and - _ (P sin a - W sin ft) 

^~^ P+W 

CoR. 1. If a = 90°, we have the case of one weight hang 
freely and drawing another up an inclined plane. In this case 

^ PTW — '^'^•'-^ P+W — 

CoR. 2. K j8 = o, we have the case of one weight moving do 
an inclined and drawing another along a horizontal plane. In 1 
case rp PW sin a , ^ P sin a 

CoR. 3. If a = 90° and j8 = 90**, we have the case of both hoc 
hanging freely, and, as already seen in Art 174, 

T=2^,and/=,(?::^. 
P + W -^ ^P + W 

190. In the preceding problem let the planes be rough, and 
ft and ft' be the coefficients of friction. 

Then the force causing motion in P is (Art. 1 22) P(sin a - fi cos 
- T, thence, Art. 154, 

/ _ P(sin a — ft cos a) — T 

g P 

The force causing motion in W is T - W(sin j8 + ft' cos )8), a: 
hence / ^ T - W(sin )8 + ft' cos p) . 

9 W ' 

whence T = ^^^^^ °^"/^ ^^^ ^'"'^^ P + f^' ^^^ ^) , 

P + W 

, >.__ g^[P(sin g-ft cos a)-W(sin P + fi' cos)8)] 

CoR. 1. If W = o, we have the case of a body moving by 
own weight down a rough inclined plane. In this case 

/ = ^(sin a — ft cos a). 



/ 
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^OR. 2. If a = 90°, we have tlie case of a body hanging freely 
and drawing another up a rough inclined plane. In this case 

T _ ^^( i + sm/B + fi cos 13) 

P+W 

^ _ gr[P~ W(8in fi + f/ cos 13)] 
^ P + W 

Cob. 3. If a = 90° and jS = o, we have the case of a body hang- 
ing freely and drawing another along a rough horizontal plane. Li 

rp^FWXljV) 

P + W ' 

f_ g(F-f.'W) 
P + W 

Cor. 4. K jS = 90°, we have the case of a body moving down a 

^^h inclined plane and drawing up another hanging freely. In 

this case -,™, . v 

rp _ PW(sm a — ft cos a + i) 

P4^W ' 

r _ [P(sin a — ft cos a) - W] 
^"^ P+W 

191. It will be seen from the preceding problem that the re- 
^'^tion arising from friction when a body moves along an in- 
^Bned plane is ft^ cos a ; that this is contrary to the acceleration 
y^ to gravity in the case of a body moving down the plane, but 
^ with it when moving up the plane; and that hence, in the 
*onner case, the acceleration is ^'(sin a - ft cos a), but in the latter it 
^^'(sina + ft cos a). • 

These accelerations may also be written — ^ — ^ and 

cos c 

^~-— ^ ^ where tan c = ft. 

cos € 
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EXAMPLES. 

1. If a body be projected vertically upwards with a velocity of 
128*8 feet per second, when will it attain the height of 241*51 

Ans. 3 and 5 seconds. 

2. A body projected vertically upwards is at the same height at 
the expiration of 4 and 5 seconds, what was its greatest elevation 1 

Ans. 326 feet 

3. A body projected vertically upwards is at the same height at 
the expiration of 2 and 3 seconds, required the velocity of pro- 
jection. Ans. 80*5 feet. 

4. A ball is projected vertically upwards with a velocity of 161 
feet per second, when must another ball be projected in 'the same 
direction with a velocity 225*4, in order that the balls may meet at 
the height of 386*4 feet] Ans. The second ball must be projected 
2 or 4 seconds after the first, or 6 or 8 seconds before, 

5. Two balls are projected vertically at the same instant, one 

upwards with a velocity V,, and the other down with a velocity 

Vj, when will they be equally distant from the point of projection? 

V —V 
Ans. In— ^ second* 

9 . 

6. A ball is projected horizontally with a velocity V, required 
its velocity at the end of t seconds. Ans. (>/ V' + ff). 

7. A body slides by its own weight down a perfectly smooth 
inclined plane, rising 5 in 48 ; what is the space described in 3 
seconds] Ans. 15 feet 

8. A body slides by its own weight down a smooth inclined 
plane, whose length is 100 feet and height 9 ; what is the time oi 
its descent 1 Ans. SJ seconds nearly. 



ON UNIFORM FORCES AND GRAVITY. 147 

9. A body is projected with a velocity of i6*i feet per second, 
^P a smootii inclined plane rising i in 5, required the time and 
length of its ascent. 

The time of ascent is 2^ seconds, and the length 20^ feet. 

10. A body slides by its own weight down a rough inclined 
plane rising 7 in 25, what is the space described in 5 seconds, the 
coefficient of friction being J. Ans. i6*i feet 

11. A body is projected along a rough horizontal plane with a 
vdocity of 100 feet per second, how far will it go before coming 
torestj the coefficient of friction being ^1 Ans. 543*5 ft. nearly. 

12. A body is projected up a smooth inclined plane, whose 
length is 30 feet and height 8 feet ; what must be the velocity of 
projection that it may just reach the top of the plane 1 

Ans. 227 nearly. 

13. With what velocity must a body be projected up a rough 
inclined plane, whose length is 82 and height 18, that it may just 
reach the top, the coefficient of friction being /^y. 

Ans. 45*4 feet nearly. 

U. In Ihe preceding what velocity will a body acquire in falling 
down the plane? Ans. 16 feet. 

15. K V, be the velocity required to be given to a body that it 
niay rise to the top of a rough inclined plane, and V, the velocity 
Quired by felling down the same plane, then, if a be the inclina- 
tion of the plane, the coefficient of friction is 

^ y^y^ -tano. 

16. From a given point draw a straight line down which a body 
^ descend to a fixed line in the shortest time possible. 

17. Two circles, the planes of which are vertical, are so placed 
tl^t the lowest point of one is in contact with the highest point of 
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the other ; show that the time of descent from any point in the 
former to any point in the latter^ along a straight line passing 
through the point of contact, is invanabla 

18. A body after falling down a smooth inclined plane whose 
height is h and length I, moves along a smooth horizontal plane, 
with what velocity does it move 1 * y /{2gh (l^-h")} 

*■ ^ 

19. A body after falling down a rough inclined plane, whose 
length is I and inclination a, moves along an equally rough hori- 
zontal plane, how far will it move before it comes to rest, supposing 
c to equal the angle of repose 1 * Z sin (a — c) cos' a 

sin c 
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Dbp. The angle of elevation of a projectile is the inclina- 
bhe direction of projection to the horizontal plane through 
tof projection. 

A body is projected mth a given velocity V, at a given angle 
ion a, to determine the place of the body and the magnitude 
^dion of its velocity at the end of f, 
. be the point, and AT the direction of projection. Make 
, and through T draw TP vertically downwards, and equal 
or the space due to the 
f gravity in f. Then, by - ^ 

ad law of motion, P will be 
le of the body at the end 

igh P draw PQ parallel to 
equal to V and PS, vertically 
rds, and equal to gt, or the 
generated by gravity in t", 
3 the parallelogram QS, then, by Art. 161, the diagonal 
esents the required velocity in magnitude and direction, 
^resent this velocity, and 6 the angle between its direction 
downward vertical line, then 

tr* = PQ» + QR' - 2PQ . QR cos PQR, 
= V'+^f' -2V^sina. 
^^ PQ sin PQR 
PR ' 
_ V cos a 
v 




i 
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194. To determine the least velocity of a project He, (md the tine 
of attaining it 

Let V be the velocity of projection, and a the angle of elevation, 
then, by the preceding, the square of the velocity at any time t is 

Y* + ft*-2Ys^ama. 
By substituting V'(cos'*a + sin'a) for Y% this expression may be 

written in the form 

V cos' a + (^^ - V sin a)^ 

This expression has its least value when its second term is equal to 

zero, or ^^ = V sin a ; hence, 

least velocity = V cos c^ 

,. J. "L* -i V sin a 
time of reaching it= . 

9 

Cor. The value of the least velocity just found is equal to the 
horizontal component of the velocity of projection ; whence it may 
be inferred that the body is moving in a horizontal direction at the 
instant of attaining its least velocity. This may also be deduced 
from the expression abeady found for determining the direction oi 
the velocity. For, substituting V cos a for v in the expression 

. /) V cos a , 
sm ^ = , we have 

V 

. /, V cos a 

am ^= =1, 

V cos a 

or the direction of the velocity is inclined to the vertical line at an 
angle of 90** ; that is, is horizontal 

195. To determine the elevation of a projectile at any gi^ 
Instant of time. 

Let V be the velocity of projection, and a the angle of elevation. 
Then, in fig. Art. 193, PN represents the elevation at the end of t ■ 

Elevation = TN - TP, 

= V^ sina — ^gt^. 
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196. To determine the grecded elevaiion of a prqjectile^ and the 
Urn of reaching it. 

By the pieceding, 

1 X- 2Ygt sin a — g'f 
elevation = — ^ ^— . 

y BiR' a- (Y am a- gty 

This expression has its greatest value when the second term is 
equal to zero or ^ = V sin a ; hence 

the greatest elevation = , 

ji 1 • j» L • •! Y sin 01 
the tune- of reaching it = 

9 

Cor, By a comparison of this result with Art. 194, it is seen 
^t at the instant of reaching the greatest elevation, the projectile 
18 moving with its least velocity. 

197. Defs. The range of a projectile is the distance between- 
fte point of projection and the point where the body strikes any 
plane passing through the point of projection; and the time of 
flight is the time the body takes in describing its path between 
^ese two points. 

198. To find the tims of flight and the range of a projectile on a 
^zontal plane. 

Let V be the velocity of projection, and a the angle of elevation. 
J^en, by Art. 195, the elevation of the body at the time t is 

V^sina--J-^'. 
This expression is equal to zero, or the body is in the horizontal plane 

•XT' • f 

^ough the point of projection when either ^ = o, or ^ = - — ?^ . 

9 
■He former of these values denotes the instant of projection ; the 

latter, the instant of returning to the horizontal plane. Hence, 

«• i»/i*'i_x 2V Sin OL 
time of night = . 
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Fioin ^, Art. 193, it will be seen that AN", or the hoiizontal 
distance described in the time t, is eqnal to Y^ cos a ; therefore, 
horizontal range = Y cos a x time of fligbt^ 

_ 2 y sin a cos a 

9 
_ Y' sin 2a 

9 
Cob. 1. By comparing the results of tbe present section "with 

those of Art 196, it will be seen that the time of flight is doable 

the time of reaching the greatest elevation, and consequently that 

the times of ascent and descent are equal Also, that the ratio of 

the horizontal range to the greatest elevation is constant for the 

same angle of elevation, being eqnal to 

4 cot a. 

Cob. 2. Since sin 2a has its greatest value when a = 45°, it 

follows that, with a given velocity of projection, the horizontal 

range is the greatest when the angle of elevation is 45°, and hence, 

•V being the velocity of projection, 

greatest horizontal range = — . 

if 

199. Some of the preceding results may be simplified by the 

following device : Let h represent the distance through which a 

body must fall imder the action of gravity to acquire the velocity 

of projection, then, Art. 169, Y' = 2gh, and hence 

greatest elevation = h sin'a, 

horizontal range = 2h sin 20, 

greatest horizontal range = 2^ 

200. Given the time of flight of a prqfectHe, on a komo^^ 
plane, to find the greatest elevation. 

Let T be the time of flight, then 

2 V sin a _ rp 

V8ina = J5'T; 

greatest elevation = -, 

^9 

—8" 
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^ all projectiles, having equal times of flight on a horizontal 
i, attain to equal elevations; and, conversely, if the greatest 
ktions are equal, the times of flight are equal also. 

)1. To determine the path described under the action of gravity 
body projected mth a given velocity in a given direction, 
3t the body be projected from A in the direction AT, with the 
3ity V. Let AT be the distance due 
16 velocity of projection in any time t, 
ace AT = V^. Draw the vertical line 
Qgh T, and let TP = J^' = the space 
to the action of gravity in the time t, 
a, by the second law of motion, P will ^ 
he place of the body at the end of the time t, 
et y and x be the co-ordinates of P, referred to AT and the 
ical line through A as axes. Then 

y = AT = yt, 

. eliminating t y" = — ic, 

be path of the projectile is a parabola. 

02. To find the equation to the path of a projectile when the 
' of co-ordinates are the horizontal and vertical lines drawn 
iigh the point of projection, 

et AN", NP (fig. Art. 201) be the co-ordinates of P, and let 
-y, NP = X, and the angle TAN = a, 

y = AT cos a = Yt cos a, 
aj = T]Sr-TP = V^sina-i^^; 
.'. eliminating t, 

^^ sina.y _ gy' 

cos a 2 V* COS* a 
a V* sin 2a 2 V' COS* a _ . 

or, y'- y = x; 

9 ^ . . . 

nce it appears that the path of the projectile is the parabola 

86 Icdus rectum is 2V* cos* a 



154 ON PROJECTILES. 

203. If, as before, h be the distance through which a body must 
fall vertically under the action of gravity to obtain the veloei^ 
V, then since V'* = 2ghj the equation to the path of the projectile 
becomes y^ — 2J1 sin 2a, y= — 4A cos' a . x. 

Again, if h' be the distance through which a body must fall to 
acquire a velocity equal to the horizontal component of the velodtf " 
of projection, or V cos a, so that Y'co8'a-2gh', the preceding 
equation becomes y* — 4A' tan a,y= — 4A' . x. 

Hence, the latus rectum of the parabola described by a projectile 
is four times the space through which a body must fall to acqaiiB 
the horizontal component of the velocity of projection. 

204. The values already obtained (Art. 199) for the gwateai 
elevation and the horizontal range, may ako be deduced immedialelj 
£t*om the equation to the path of the projection. By Art. 203, 

^ — 2^ sin 2a, y= — 4A cos' a,x; 

(y — haiD. 2a)* = — 4A cos' a.x + h' sin' 2a, 

= — 4A cos' a {x — h sin' a), 
which is the equation to a parabola, having its vertex at a point 
whose co-ordinates are h sin' a and h sin 20. Therefore (fig. Art 
201), CD = ^ sin' a, 

AD = ^ sin 2a ; 
but CD is the greatest elevation, and AD is half the horizontal 
range. 

205. The distance of the point of projection from the directrix cf 
the parabolic path is equal to the space dtte to the vduciiy of pro- 
jection. 

The distance of the point of projection from the directrix is 
equal to the distance between the directrix and the horizontal 
plane through the point of projection. The latus rectum of the 
parabolic path is 4^ cos' a, and consequently the distance of the 
directrix from the vertex is h cos' a. But the distance of 
vertex from the horizontal plane is h sin' a ; therefore 

height of directrix = h cos* a + h sin' a, 

= h. 
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Any point in the path of a projectile may he regarded as the 
point of projection, if the hody he supposed to he projected from 
it with the velocity and in the direction which it has at that point. 
Hence it follows from the preceding, that the velocity of a pro- 
jectile at any point in its path is equal to that acquired hy a hody 
UHng to the point from the directrix. 



206. To find the range and time of flight of a projectile on an 
Mined plane. 

Let the hody he projected from A in 

fte direction AB, and with the velocity 

V. Let P he the inclination of the plane, 

<&d a the inclination of A£ to the hori- 
zontal line. Let the hody strike the plane 
«t C. Through C draw the vertical line 
Be, meeting AB in B. Then if T he 
the time of flight, AB = VT, and BC 

BC sin BAG 




But 



or 



AB sin BOA 

tyT' _ 8in(a-i8) 
VT cos ^ ' 

rp_ 2V sin {a-p) 
cos fi 



1/ 



Again, since AC cos B = AD = AB cos a, 
* p _ VT cos a 



cos /3 

_ 2 V cos a sin (a — )S) 
cos'B 

207. To find the direction in which a hody must he projected 
v>ith a given velocity in order to strike a given fixed mark. 

Let C (fig. Art 206) he the mark, and let AD = 6, and CD = c. 
I4 y he the velocity of projection, and a the angle its direction 
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makes with the horizontal line. Then, if the mark be struck at 

the end of the time t, 

V cos a . ^ = &, 

and V sin a . ^ — |^ = c 

Therefore, eliminating t, 

6 tan a - 4—-^^-— =c. 
^V» COS' a 



Whence, 



Or, if 2gh = Y', 



6 tan a-?- — - (i +tan'a) = c, 
5^6 tan»a-2V^ tan a+?^^^^;t^ = o : 



h 

ten ^_ ^fe±>/(4A'-4^-&') 

6 



EXAMPLES. 

1. The horizontal range of a projectile is looo feet, and the 
time of flight lo seconds; required the velocity of projection. 

Ans. 189.6 ft. per second 

2. The greatest elevation attained hy a projectile is equal to ito 
horizontal range ; required the angle of elevation. An& taQ''4. 

3. In what direction must a body be projected with a velodtf 
Y, that its range on a plane whose inclination is P m&j be the 
greatest possible? Ans. 45°+Jil 

4. Show that the greatest possible range, on a plane whose 
inclination is yS, of «i body projected with a velocity due to the 
height h is 2h 

I + sin /3' 

5. The horizontal range of a projectile is equal to the space dao 
to the velocity of projection; what is the angle of elevation t 



A .«0 
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If a body be projected from a height h' above a horizontal 
e, "with a velocity due to the height h, and at an angle of 
ition equal to a, what is its range along the plane % 

Ans. ^ sin 2a + 2 cos OyjiJv' sin' a + JiK). 

If any number of bodies be projected with the same velocity 

different directions from the same point, show that their locus 

le end of the time t is the sphere whose radius is vt, and whose 

re is at a distance ^gt* vertically below the point of projection. 

. T-wo bodies projected from the same point, at angles of ele- 
on a,, Oa, respectively, and with velocities due to the heights 
h^^ strike an inclined plane at the same point, find the incliaar 
L of the plane. * , -i/i ^i sin 2a^ — h^ sin 202' 



\ 2 ^i cos' a, — Jl, cos' a / 



). Two bodies projected from the same point, at angles of ele- 
ion a„ Oa, respectively, and with velocities due to the heights 
h^ strike the same point in a vertical wall, iind the distance of 
3 wall from the point of projection. 

Am. 4hA . , t^".-*^"^ . 
kg sec' a, — ^j sec' a, . 

10. A ball is projected with a velocity of 966 feet ; what must 
) the angle of elevation that its horizontal range may be 9660 
BidB) Ans. 45^ 

11. The greatest horizontal range of a projectile is 805 feet; 
vhat was its velocity of projection? Ans. 161 ft. per sec. 

12. A baU is projected with a velocity acquired by falling over 
100 feet ; what must be the lesser angle of elevation that it may 
Ht a mark 64 feet high and distant (horizontally) 320 feet 1 

Ans. 45°. 

13. Show that the same ball, at the same elevation, woxdd hit 
* inatk at the same height, distant 80 feet. 
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14. At what honzontal distance will a ball projected at an ele- 
vation of 30° with the velocity acquired by &lling through 144 
feet, hit a mark 30 feet high? Ana 36 (2^3 ±>/3) ft 

15. Given the horizontal range and the time of flight, to dete^ 
mine the angle of elevation. 

Let E be the horizontal range and T the time of flight, then, if 
a be the angle of elevation, 



tan a = 



2R' 



16. If any number of bodies be projected &om the same point 
in the same direction, but with different velocities, show that the 
locus of their points of greatest elevation is a straight line throng 
the point of projection inclined to the horizontal line at an angle , 
whose tangent is i tan a (a being the angle of elevation of the 
projectiles). 



1 7. Two bodies are projected at the same instant from differeni 
points in the same horizontal plane ; the sines of the angles of 
elevation are inversely proportional to the velocities of projecti(mi 
show that their elevations are equal at every instant of their fli|^ 

18. If two bodies, projected at the same instant fix>m differ^ 
points in the same horizontal plane, have at any instant equal ek- 
vations, show that their elevations are equal at every instant. 

19. If any number of bodies be projected from the same point p 
with the same velocity in different directions in the same vertical 
plane, show that the locus of their points of greatest elevation is 
an ellipse whose semi-major axis is h and semi-minor axis ih 
(h being the height through which a body must fall to acquire thfl 
velocity of projection. 



20. In the preceding, show that the locus of the foci of 
parabolic paths is a circle whose centre is at the point of projection* 
and whose radius is equal to h. 
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CHAPTER XIL 

ON IMPACT. 

)S, When any two bodies come into collision, the internal 
Mition of their particles is disturbed to a greater or less ex- 
It is found by experience, that when any such disturbance 
3 place, all matter possesses the power of returning in some 
jure to its original state. To this property the name elasticity 
iven. Its effect when one body impinges upon another is 
ause them to separate, and the magnitude of the force is 
3ured by the ratio which the velocity of the recoil bears to 
velocity of the approach. The value of this ratio is termed 
measure or modulus of the elasticity. When this ratio is 
y — ^that is, when the velocity of the recoil equals the velocity 
he approach — ^the elasticity is said to be perfect ; in all other 
3 it is called imperfect, 

et V be the velocity of any body impinging upon another 
Log in the same direction with the velocity V, and let v and v 
heir velocities immediately after impact, then V — V is the 
3ity of approach, and v' — v is the velocity of rebound. Hence 
be the modulus of elasticity 

or z;^t;'=-e(V-V'). 

)9. It has been seen (Art. 153) that the momenta generated in 
1 times by equal forces are equal When the forces producing 
on are the mutual action of two bodies in contact, they are 
1 in magnitude and opposite in direction. Hence in such 
3 the momenta genera4;ed are equal and opposite. Consequently, 
he direct impact of two bodies the algebraic sum of the mo- 
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menta is the same after impact as before. Hence if M and M' ate 
the masses of two bodies, V and V their velocities immediately 
before impact, and v and v their velocities immediately after impact 

210. Two smooth spherical and inelastic bodies impinge directty 
upon ea^ch other, to determine their velocity immediately after impad. 

In this case e = o, and therefore (Art. 208) w' = v, and hence, by 

the preceding Article, 

M V + MT' 

v= —.. 

M + M' 
If the bodies be moving in opposite directions, V will be n^a- 

*ive, or j^^ _ j^.y, 

v = • 

M + M' 

and hence if MV = MT', z; = o or the bodies will be at rest after 

impact. 

If M impinge upon M' at rest, V = o, and 

MY 

^ M+M'' 

211. Tioo elastic spherical bodies impinge directly upofi eaekf- 
other, to find their velocities immediately after impact. 

Let the two bodies move in the same direction with velocitui §r- 
V, V, and let M, M' be their masses. Let e be the modulus rf 
elasticity, and v, v' the velocities of the bodies immediately after 
impact. Then, by Articles 208, 209, 

v-.v'=-e{Y-T), 
vM + v'M: = YM + Y'W; *^ 

whence , , MY + M-T - .M^ ( V- - r ) ^ 

M + M' 
and ,., MY + M-Y- + .M(V^V-) 

M + M' 
If the two bodies move in contrary directions, let V be negative; 
then, ^ MV-MT'-eM'(V + VO 

^ M + M' ' 

and V' = MV-M'Y - + e M(V + VO 

M+ST 



>. 



-^ 



>^J< 



^j s 
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Cor. i If V = o, M impinges upon M' at rest; hence in this 



case 



_ V (M - eMQ 
^" M + M' ' 

,_ MV(i+e) 
M + M' 

And if M = eM', then v = o, or the impinging body is at rest 
immediately after impact, and v=eY, or M' moves with the 
velocity eY. • 

Cor. ii. If M' = M, and e = i, then 

2 
2 

and hence, if two perfectly elastic bodies of equal masses, moving 
in the same or contrary directions with any velocities, impinge 
upon each other, they mutually exchange velocities. 

212. Two ^nooth spherical and inelastic bodies impinge obliquely 
upon each other, to determine their velocities and the directions of 
their motions after impact. 

Let M and M' be the two bodies, moving with velocities V, V in 
directions making with the common tangent at the point of con- 
tact the angles a, a. The mutual pressures during impact act 
along the common normal The velocities V, V may be resolved 
into velocities V cos a, V cos a acting along the common tangent, 
and V sin a, V sin a acting along the common normal. The 
lotmer, since the bodies are smooth, will not be affected by the 

• 

"npact; the latter will each become, according to Art. 210, 

MYsina + MT^sina^ 
M + M' 

fience, if V and v' be the velocities of the bodies after impact. 
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acting in directions making with the common tangent iJ 

angles 0, 0', 

V cos ^ = V cos a, 

., c-r. /3 M^ sin a + M'V sin a' 

''"^^^ WTW ' 

Whence v^ = \- cos^ a + f ^^ ^^\"/ ^ ^^ ^^ ]] 

\ M + M J 

, , . _ MY sin g + MT^ sin a' 

^ ycosa(M + M') ' 

c- -i 1 '2 ir'2 2 / . /MV sin a + M'V'sin a\' 
Similarly, v ^ = Y =" cos^'a + f J, 

, . ., MY sin a + MT' sin a' 
and tan 6^ = — -, ^— - — — - — 

Y cos a (M + M ) 

213. Hence, if Y cos a = Y' cos a, 6=6' and v = v\ or tl 
bodies after impact will both move in the same direction and wil 
a common velocity. 

214. Again, if the directions of Y and Y' fall upon diflferei 
sides of the common tangent, a' will be negative, and therefore 

, . MY sin a - MY' sin a' 

tan & = ■■ , 

Yco8a(M + M') 

. ., MY sin a - MT' sin a' 
and tan d = — ==r, r-nur — i^tk — ^ 

Y cos a (M + M ) 

Consequently, if MY sin a = M'Y' sin a, ^ = o, and 6' = o; or ti 
two bodies after impact will both move in the direction of th 
common tangent, and their velocities will be Y cos a and Y' cos c 
respectively. 

215. Hence, also, if M impinge obliquely upon M' at resi 

making Y' = o, ( M" 8in=* a ) 

° v = Y- cos a + 



(M+M7 

. /J M tan a 
tan u= — : 7, 

M + M' 
, _ MY sin g 
^" M+M' ' 
tan ^' = 00 j or 6' = 90°. 



ON IMPACT. 163 

216. In the last, let M'= oo, and we have the case of a body 
pingmg upon an immoveable surface. Dividing numerator and 
nominator of the values of v and tan by M', 

V / /M* M . , \ 



v = 



+ I 

M' 



M . 

— ■ tan a 

i tantf=^ 

M , 

t if M'= 00,-— = o : therefore, 
M 

t; - V cos a, 
tan ^ = o, 

the body moves along the common tangent with a velocity 
cos a; and hence, if the fixed surface be a plane, a body im- 
ging obliquely upon it will, after impact, move along the plane. 

17. Two elastic spherical bodies impinge obliquely upon each 
r, to find their velocities and the directions of their motions 
lediately after impact. 

«t M, M' be the two bodies, moving with velocities V, V, in 
ctions making with the common tangent, at the point of con- 
, the angles a, a. Let v, v be the velocities after impact, and 
'' the angles which their directions make with the common 
;ent. 

ls in Art. 212, V and V may be resolved into velocities V cos a, 
JOS a , acting along the tangent ; and V sin a, V sin a, acting 
ig the normal The former are unaltered by the impact ; the 
er wiU become respectively (Art. 211), 

MY sin g + MT' sin a' - eM^ (Y sin a - T sin a) 

M + M' 

J MV sin a+ MT' sin a +gM (V sin a- V^ sin g^) 

M + M' 
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Hence, 

V cos = Y cos a, 

. . M V sin a + M'V' sin a - eM' ( V sin a - V sin a) 
«; sin ^ = — — —j-^ ^» 

. ^_v«..o« ^ (MVsina + MT'sina'-eMVVsina-V'sina')!' 

, , ir — V cos a + 1 =r-= — -— ^ 

i M + M ^ 

, . _ MY sin a+ M^^ sin a-eW (Y sin a-Y^ sin a) 
^^ Y cos a (M+M') 

Similarly, 

'. Tr. ^.« /_L JMYsina + MT'sina'+eM(Ysina-rsina')l' 
v'' = Y ''cos^a + — — --5-A -^ f > 

i M + M ' 

,, ^ MYsina + M'Y'sina+eM(Ysina-Y'sina) 

and tan ^ = —, , ,^.. \-.,, -'• 

Y cos a (M + M ) 

CoR. If Y' = o, M impinges obliquely upon M' at rest; hence 
in this case 

i M + M ) 

M-eM' 



tan = tan a . 



M + M 



7> 



/ MY sin a (i + e) 
M + M' ' 

tan ff= 00 ; or ^ = 90°. 

218. An imperfectly elastic spherical body impinges oUiqudjI 
upon an immoveable surface^ to determine the velocity and the 
direction of the motion immediately after impact. 

In the preceding corollary, let M' be infinitely large in com- 

M 

parison with M, then — is indefinitely small 

Hence, v'=^Y' (cos' a + c* sin» a), 

tan 0= —e tan a. 

Let AO be the direction of the motion of the impinging 'bodJ» 
the point at which it meets the surface, and CD the comfl*^^ 
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^iigent. From A, any point in AO, draw ACE perpendicular to 
CD, and take CE = eAC ; 

tan BOD = tan COE, ^ ^ 

^CE 
CO' 

_ _eAC 
" VU 

= -etan AOC; 

therefore OB is the direction of the motion after impact. 

219. To determine the motion of the centre of gravity of two 
^ies moving in the same straight line with uniform velocities, 

Let M, M' be the masses of the two bodies, and V, V their 
'slocities. Let a, a' be the distances of their centres of gravity 
fom any point in the line of their motion, and h the distance 
^ their common centre of gravity from the same point; then 




/_' 



Ma+M'a 



^rt. 64), 

Let u be the velocity of the common centre of gravity, then at 
le expiration of any time t, a, a', and h will become a + Vf , 
+V'^, h + ut respectively. Therefore, as before, 

M + M' 
^btracting the former from this we obtain 

MV + M' V 



u = 



M + M' 



220. If two spherical bodies impinge directly, the velocity of 
^eiV centre of gravity immediately after impact is the same as 
'"^Mediately before impact. 

Let M, M' be the bodies, and V, V their velocities of impact. 
'or the instant immediately preceding these velocities may be con- 
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t 

sidered uniform ; and therefore, by the preceding, if u denote tJ^ 
velocity of the centre of gravity, 

^MV + MT' 
^ M+M' ' _ 

If the bodies be inelastic, it has been abeady shown that the:* 
common velocity, and therefore the velocity of their centre C^ 
gravity, immediately after impact, is 

MY + MTV' 
M + M' 
The proposition is therefore true of inelastic bodies. If tlB-< 
bodies be elastic, and let v, v' be their velocities immediately aft^^ 
impact, these for the instant may be regarded as uniform; aac 
therefore if v! denote the velocity of the centre of gravity, 

, _ Mt? + M V 
"*" M + M" 
Substituting the values of v and v\ from Art. 211, 
. _ M{ MY + M^^ - eM^V - VQ } + M^{ MY + M"V^ + eM(Y-T)j 
^ (M + M')^ 

_ (MY + MT^) (M + W) 
(M+M')^ ' 

MY + M'Y' 



/ > 



M + M 

221. The product of the mass of any body and the square of 
its velocity is called its vis viva, 

222. In the direct impact of imperfectly elastic bodies tJie sum 

of the vires vivse after impact is less than before impact. 

By Art. 211, 

_ MY + MT^ - eM'(Y ~ Y^) 

^ M + M' ' 

/_ MY + MT'+eM(Y-YO . 
^ M+M' ' 

M^ + MV= = (MV^MTr^^MM'(V-VO» 

M + M 



ON IMPACT. 167 

In the numerator, add aud subtract MM'(V» + V"). Then 

M + M' 

M+M 

Cor. If the bodies be perfectly elastic, e = i, then 

Mif + M V» = M V^ + M.y'% 
or the sum of the vires vivce is the same after impact as before. 



EXAMPLES. 

1. A ball of 5 lbs. moving with a velocity 6 impinges directly 
upon a ball of lo lbs. moving in the same direction with a velocity 
4; the velocity of the latter after impact is 5, what is the modulus 
of elasticity 1 Ans. f 

2. A ball of 5 lbs. moving with a velocity 24 impinges directly 
^pon a ball of 15 lbs. moving in the opposite direction with the 
Velocity 8 ; what are the velocities of the balls after impact, the 
Modulus of elasticity being f] Ans. 18 and 6. 

3. A ball of 6 lbs. moving with a velocity 8 impinges directly 
^pon a ball of 11^ lbs. moving in the opposite direction with the 
Velocity 6 ; show that if the modulus of elasticity be ^, the latter 
^all is at rest after impact. 

4. Three balls of equal weight are placed in a straight line upon 
^ smooth horizontal plane; the first, moving with a velocity V, 
impinges on the second, and the second in turn on the third ; with 
^liat velocity will the third ball move 1 Ans. J (i + e)^ V. 

5. In the preceding, show that the first ball will impinge a 
second time upon the second ball. What will be the velocity of 
^he first ball after the second impact 1 Ans. i ( i - c) (3 + e') V. 
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6. Two balls whose weights are as 4 to i, moving iii the same 
direction with velocities which are as 7 to 2, impinge directly; the 
faster ball is at rest after impact, show that this is also the lighter. 
What also is the modulus of elasticity 1 Ans. f . 

7. Two balls whose weights are as 5 to 2, moving in opposite 
directions with velocities which are as 7 to 2, impinge directly; 
after impact one of the balls comes to rest, show that this is the 
lighter ball, and that the heavier ball moved with the less velocity. 
What also is the modulus of elasticity 1 Ans. ^. 

8. If the momenta of two bodies before impact are equal and 
opposite, show that they are also equal after impact. 

9. An inelastic ball of m lbs. moving vertically upwards with a 
velocity mg, impinges upon another of n lbs. moving downwaids 
with a velocity ng ; m being greater than w, through what height 
will the balls rise after impact % Ans. J (wi — »)*<7. 

10. If in the preceding the balk be elastic, what interval will 
elapse between the return of the two balls to the point of impact t 

Ans. 2e(m + w) seconda 

11. If an elastic ball fall vertically through a height ^ on tea 
fixed horizontal plane, to what height will it rise after its first 
rebound] Ans. e*^ 

12. An elastic ball is projected vertically upwards from a hori- 
zontal plane with a velocity Y ; after what interval wiU it cease to 

rebound % . 2 V 

Ans. 



13. An elastic ball strikes against two smooth vertical planes ^ 
right angles to each other ; show that if the motion of the ball t>® 
in a horizontal plane, the direction of the ball after the secou^^ 
impact is parallel to its direction before the first impact. 
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4. A smooth ball moving with a velocity V impinges upon 
ther ball at rest, at an angle of 30° to the common tangent ; 

mass of the second ball is double that of the first, and the 
lulus of elasticity is J ; what is the velocity of the larger ball 
sr impact? Ans. JV. 

5. In the preceding, show that the two balls after impact move 
lirections at right angles to each other. 

6. If two smooth spherical balls impinge obliquely, show that 
balls will not both move after impact in the direction of the 
mon tangent unless e = o, 

7. A smooth spherical ball impinges upon another moving with 
qual velocity in a direction at right angles to its own, but on 
opposite side of the common tangent; show that if the mass 
lie impinging baU be e times that of the other, the former 
'impact will move in a direction inclined at 135° to the com- 

tangent 

I. A smooth spherical ball whose mass is 9 impinges at an 
e whose sine is J upon another ball whose mass is 21, moving 
I an equal velocity, at an angle whose sine is J, on the other 
of the common tangent ; the modulus of elasticity is i ; show 
i after impact the baUs have equal velocities. 

9. What is the condition that two balls moving with equal 
Kiities before impact in directions that fall upon opposite sides 
the common tangent, shall have equal velocities after impact 1 
Ans. e'(M - M') (sin a + sin a') + 2e (M sin a — M' sin a') + 

(M + M') (sin a - sin a) = o. 



i 
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CHAPTER XIII. 

ON THE FREE CURVILINEAR MOTION OF A PARTICLE, AND 
MOTION ABOUT CENTRES OF FORCE. 



223. By the first law of motion, a body in motion, unactec 
by any force, will move on in a straight line. Curvilinear i 
can therefore result only from the continued action of one o 
forces, and these forces are either partly or wholly emplo; 
overcoming at each instant the tendency of the body to reel 
motion. Let a single force be conceived of as producing, 
respect only, the same effect as the force or forces really actinj 
the body. The direction of this force must at each instant 
right angles with the tangent to the path in which the l 
moving. A force equal and opposite to this is taken to re] 
the tendency of the body to rectilinear motion, and is call 
centrifugal force, 

224. To find the centrifugal force when a body is movin 
curvilinear orbit with a velocity v. 

Let the body when moving with the g p 

velocity v be at the point P, and let 
PR be the tangent and PC the normal 
at P. The force which deflects the 
body at P acts in the direction of the 
normal PC, and, by definition, the cen- 
trifugal force is a force equal and opposite 
to this. Let Q be the position of the 
body after a short interval t, and draw t- **••....••*' 

QR parallel to PC, then, if the force be supposed to be u 
during the interval t, the second law of motion is applicah 
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Alt. 150), and PR is the space due to the velocity at P, and PX 

or QR the space due to the force. Then, if / be acceleration due 

to the deflecting force 

PR = vt, 

and QR = 4/if», 

whence /= "gg^. 

The error arising from the supposed uniformity of the force is 
diminished the nearer Q is taken to P ; hence, ultimately, 

To determine the value of this limit, let the circle PQg' be drawn 
passing through the points P, Q, and touching the line PR in P. 
let EQ produced meet the circle in q. Then, UticUd, iii. 36, 

PR' = RQ . R^, 

.RQ^^ 
PR' Bq' 

But, as Q approaches P, Bq becomes more and more nearly equal 

fco the diapieter of the circle, and the circle itself to the circle of 

curvature. (See Appendix.) Hence, if p be the radius of curvature, 

limit of =r^ - limit of — - = — , 
PR' R^ 2p 

and;. /=?; 

P 
or the centrifugal force is a force which produces an acceleration 

«qualto -. 
P 

Cor. 1. Hence, if a particle move freely in a curvilinear orbit 
^der the action of any force, and if P be the acceleration due 
*o the force at any point P, and ^ be the angle between the direc- 
tion of the force and the normal at P, then 

if 
F cos ^ = — . 

P 



p cos <^ 
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Cor. 2. Let PV be the chord of curvature, (i.e. the chord of 
the circle of curvature,) drawn through 
P in the direction of the force, then 
PV = PI cos ^ = 2p cos ^, and hence by 
the preceding corollary, 

2 4 

Comparing this with the formula, 
v'=2fs, Art. 169, we see that when a 
body moves in a curvilinear orbit under 
the action of any force, the velocity at any point is that which 
would be acquired by a body falling through one-fourth of the 
chord of curvature drawn in the direction of the force, under the 
action of the force at that point supposed to be uniform. 




225. To determine the law of force whe)i a particle moves in a 
circular orbit under the action of a force at right angles to one of 
the diameters. 

Let AM be the given dia- 
meter, P any position of the 
particle, and F the accelera- 
tion due to the force at P. 
Then, if G be the centre of 
the circle, and r its radius, 

r cos </> 

But, by hypothesis, the force always acts in a direction at right 
angles to AM, it can therefore produce no acceleration in the 
direction of AM, and hence the velocity of the particle in this 
direction must be constant. Let Y represent this constant velocity, 
and through P draw the tangent PT, then PT is the direction of 
the velocity v, and v cos PTM is its component in the direction of 
AM, therefore, Y = i; cos PTM, 

= i; cos ^ ; 




1 
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whence, F = 



r co83<^ 
r^ C08^^ 

PM3' 

or the acceleration and therefore the force varies inversely as the 
3ube of the distance from the diameter AG. 

V PM 

Cor. Since v = and cos d> = — , 

cos ^ r 

sure have ^. Vr 

3T the velocity varies inversely as the distance of the particle 
Qrom the diameter AG. 

226. To determine the law of force when a particle vioves in a 
parabolic orbit under the action of a force at right angles to the 
axis. 

In the fig. of preceding Art. let AM be the axis of the parabola, 
PG the normal, and PT the tangent at P, then as before, 

If 



F = 

and v = 

irhence F = 



p cos </> 

V 
cos <l> 



p cos^ <l> 

Let 4c be the latus rectum of the parabola, and let r be the 
fccal distance of P; then (see Appendix) 



-<i} 
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PM 

and cos d> = — ; — -, 

2^{er) 

, . PM3 



and 



or 



PM3' 
Fa ' 



PM3 



V PM 

Cor. Sin v = , and cos </» = — - — • , 

cos fj} 2y/(cr) 

2y^(cr) 
"" — PSi- 



227. To determine the law of force when a particle moves 
elliptic orbit under the action of a force at right angles to the \ 
axis. 

Using the same notation as in the preceding, we have as 1 

r= — - — 

p C0S3 ^ 

Let a and h he the semi-axis of the ellipse, and r, r' the 
distances of P, then (see Appendix) 

^ ah ' 

A . a PM 

and cos 9 = 7-. 



Therefore, F = 



h ^(rr') 
a' PM3' 



or 



Fa ' 



PM3 



V a PM 

Cor. Since v = -, and cos ^ = - . . ,. ; 

cos fj} o y/{rr ) 



vvK) 

aPM ■ 
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228. A central force is a force which always tends towards a 
fixed point or centre. Central forces, when attractive, are some- 
times called centripetal forces. 

229. ^' If a body move in any orbit abovi a fixed centre of force, 
the areas described by lines drawn from the centre to the body lie in 
one plane, and are proportional to the times of describing them.*' 
(Newton, Principia; hook i. sect. 2, prop, i.) 

Let S he the centre of force; and suppose a hody unattracted 
hy the force in S to describe the straight line AB with a uniform 
velocity in t". Then, if suffered to pro- 
ceed, it would move on uniformly in the 
direction of AB produced, and describe 
R= AB in the next interval of t" ; but 
at B suppose an instantaneous impulse 
communicated to it in the direction BS, 
"wliich causes it to move in the direction 
K; then, by the second law of motion, 
if Cc be drawn parallel to BS, the body 
at the end of the second interval will 
1)6 found at C. Draw SA, SB, SC, Sc. 
Since Cc is parallel to BS, the triangles 
SBC,SBc, are equal; and since Be = AB, 
^e triangles SBc, SAB are equal Therefore the triangles SBC, 
Sab are equal, and are in the same plane, since no force has acted 
to draw the body out of the plane SAB. Similarly, if impulses 
^ communicated at the end of every interval of t", in directions 
tending always to S, causing the body to describe CD, DE, &c., in 
the third, fourth, &c., intervals, the triangles SCD, SDE, &c., will 
he each equal to SAB, and in the same plane with it ; also their 
hases AB, BC, CD, &c., are described in equal times. Therefore, 
the area of any number of these triangles, or the polygon SABCDE, 
yaries as the time of describing it. Now let the number of inter- 
nals be increased, and the magnitude of each diminished indefi- 
litely, then the polygon approximates to a curvilinear area, the 
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sum of the impulses to a continued force always tending to S as 
their limits, and what was proved of those quantities is true of 
their limits, and therefore the curvilinear area described in any 
time is proportional to the time. 

CoR. 1. If t; be the velocity of the body at A, and^ the perpen- 
dicular from S upon the tangent at A, then 

area described in T = ^ptv. 
For, draw SY perpendicular to AB, then since AB is ultimately 
the tangent, S Y is ultimately equal to p. Let t = wt, and, as before^ 
let AB be the space described in the interval t with the velocity ti, 
then AB = vr, and 

area described in t" = J S Y x AB, 

= i SY X VT. 

But, by the preceding proposition, the area described in f is * 
times the area described in t" ; therefore, 

area described in t" = ^ SY x vm, 

= J pvt ultimately. 

CoR 2. If h be equal to twice the area described in i", then, by 
preceding corollary, h=pv, 

and hence v= -, 

P 

or the velocity at any point varies inversely as the perpendicTdax 
upon the tangent at that point. 

230. "If a body moving in a plane curve describe areas pro- 
portional to the times by lines drawn from the body to any pointy 
the body is acted on by forces all tending to that point,'* (Newton, 
Principia; book L sect. 2, prop, ii.) 

Let S (fig. Art. 229) be the point about which areas proportional 
to the times are described, and suppose, as in the preceding pro- 
position, that a body, unacted upon by any force, describes the 
straight line AB in t '. In AB produced, take Be = AB, then, if 
suffered to proceed, the body would be at c at the end of the next 
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interval of t ' ; but at B suppose an impulse communicated which 
causes it to describe BC in the second interval, such that the tri- 
angle SBC is equal to and in the same plane with the triangle 
SAB. Join C, c and S, c. Then, since the triangles SBc, SBC are 
each equal to the triangle SAB, they are equal to each other, and 
therefore Cc is parallel to SB, and therefore, by the second law of 
motion, the impulse communicated at B is in the direction BS. 
Similarly, if D, E, &c., be 'the places of the body at the ends of 
• the third, fourth, &c., intervals of t", so that the triangles SAB, 
SBC, SCD, &c., are all equal, all the impulses communicated may 
^ shown in like manner to tend to S. 

^ow, suppose the number of intervals increased, and the magni- 
tude of each diminished indefinitely, then the limit of the polygon 
is the curvilinear area, and that of the sum of the impulses a 
continued force tending to S ; therefore the body is acted upon by 
a force tending to S. 

231. // a body move in any orbit about a centre of force (S), and 
ifp he the radncs of curvature at any point (P), p the perpendicular 
from the centre upon the tangent at the given point, and h twice the 
area described in i", then if F be the acceleration due to the cerdral 



force^ 



r= 



p^p ' 



For, let P6 be the normal, and PY the tangent at P, let SY be 
perpendicular to PY, and the angle SPG = ^. Then, by Art. 224, 
:orl. 



F = 



V' 



p cos <l> 



h 



5ut (Art. 228, Cor. 2)v = li: therefore, 

P 

F ^ 

p" p COS <l> 

7i»SP 



/?» p SP cos ff} 



P'P 



, since SP cos ^=^. 



N 
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By aid of this expression, the law of force can be readily found, 
when the orbit in which a body is moving about a centre of force 
is given. The following sections are examples of its application to 
such problems. 

232. To find the law of force when a body moves in a circle 
under the action of a force tending to a given point. 

Let S (fig. Art. 231) be the given point, and PVI the given 
circle whose radius PG = a. Then, in this case, p = a, and therefore 

Let PS, or PS produced, meet the circle in V ; then, since SP 
cos 4^=p, and 2a cos ^ = PV*, 

SP.PV 



whence F = 



2a 
ShV 



SP.PV3 



^^ SF^3- 

233. To find the law of force when a body moves in an eHipm 
under the action of a force tending to the centre. 

If a, b are the semi-axes of the ellipse, and r, / the focal dis- 
tances of any point, then (see Appendix) 

(rr')f 

and since S is at the centre, 

ab 



P^ 



/\» 



or, FoeSP/ 

that is, the foice varies directly as the distance. 
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CJoR. 1. Hence, if fi be the value of F at the unit of distance, 
or, as it is tenned, the ttbsolute force, then 

F = ^.SP, 



and fi = 



a' ft" 



Cob. 2. Let P be the periodic time, or the time of describing 
tlie complete ellipse, then, by Art. 229, 

P _ area of ellipse 
?~ space described in i"' 

but if fi be the absolute force, h = ab^fi, therefore, 

■0_ ^^ 
r — — , 

or tbe periodic time is independent of the dimensions of the ellipse, 
and bence, if several bodies move in different ellipses about the 
same force in the centre, the times of their revolutions will be the 
same. 

234. To find the law of force when a body moves in an ellipse 
under the action of a force tending towards one of the foci. 

Let a and h be the semi-axes of the ellipse, r and / the focal 
distances of any point, the former being measured from that focus 
towards which the force is directed ; then (see Appendix) 



i.=v(y. 



and as before, _ (r/*')! 



or. 



^"^ ah ' 

JP'P = — = — -— > 

a a 

Foe 4^. 
SP 
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Cor. If P be the periodic time, then, as before, 

■p 27rab . 

but if ft be the absolute force, fi = —— \ and, therefore. 



P- 



2Trak 



Hence, if several bodies move in different ellipses, abou 
same force in the focus, the squares of the periodic times a 
the cubes of the major axes. 

235. The values of p and p being the same for the hyperb 
for the ellipse, it follows that the investigations of Arts. 232 
will serve also for the cases of a body moving in a hyperboHc 
about a force directed severally to the centre and the focus, 

236. To find the law of force when a body moves in a pan 
orbit about a force tending towards the focus. 

Let 4C be the latiis rectum of the parabola, and r the focal 
tance of any point, then (Appendix) 

and p - »s/(cr), 

p^p = 2cr3 = 2c . SP3. 
h' I . 



r= 



2C'SP 



or, 



^==8^- 



Cob. Since v = —, and p = y/{cr), therefore, 

h 

or, tr*« -, 

r 

that is, the square of the velocity varies inversely as the distJt 
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Tti^ following problem is of especial importance in the theory of 
adulations. 

237. A body moves in an elliptic orbit under the action of a 
force directed towards the centre, to find the position of the body 
^ ^ny time t. E 

Ut APB he the eUipse, P the 
position of the body at the time 
^> and, for greater simplicity, 
suppose the time to be reckoned 
^m the instant when the body 
vas at B. Then (Art. 229), 

t 2 area BCP 




,// 



h 



With C as a centre, and CA as a radius, describe the circle 
AQE, and let the ordinate through P meet this circle in Q, Let 
^ and 6 be the semi-axis of the ellipse, and z the abscissa of the 
point P. Then, 

area BCMP = - area ECMQ, 

a 

= -(CMQ + ECQ), 



_br x.Uq ^ a-sin-^(f)\ 
a\ 2 2 y 

_ a; . MP ab sin-^(|-) 



Bnt 



"'^hepefore. 



= area 



CMP + ^^^^"(->. 



area BCP = area BCMP - area CMP, 
_ ab sin-'(-^) 

•^ , ■■ ■ . » 

2 

,_ a&sin-'(-j) 
^- h' 
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But if /i be the absolute force, then (Art. 232, Cor. 1) ^ = ah»J^ 

therefore . sm"^^) 

t — ^ — } 

and hence a; = a sin y/fjL . t, 

CoR. As this result is independent of the minor axis of the 
ellipse, it remains true, whatever value we may give to h. We 
may, therefore, suppose h to vanish, and we have the case of • 
body moving in a straight line, under the action of a force vaiying 
directly as the distance. 

EXAMPLES. 

1. To find the law of force when a particle moves in a paraboKc 
orbit under the action of a force parallel to the axis. 

The force is a constant force. 

2. To find the law of force when a particle moves in a hyperboKc 
orbit under the action of a force parallel to the major axis. 

3. To find the law of force when a particle moves in a parabolic 
orbit under the action of a force parallel to a given straight line. 

Draw a tangent to the parabola parallel to the given line, 
let y' be the ordinate of the particle referred to this tangent, a^d 
the diameter through the point of contact as axes, then 

Foci-. 

4. Several bodies move in parabolic orbits under the action of 
the same force in the focus, show that the square of the time of 
moving from the vertex to the extremity of the latibs rec^ 
varies as the cube of the latvs rectum, 

5. A body moves in a parabola under the action of a for* 
directed to a given point in the axis produced, find the law of 
force. 



\ 
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^t S be the centre of force, A the vertex of the parabola, 
P any position of the body, and M the point where the ordinate 
liliiough P cuts the axis, then 

F SP 

'*{2SA-SM)3* 

f 6. A body moves in a parabola about a force in the focus, show 
that the centre of the circle which passes through the body, the 
focus, and the vertex, moves uniformly with a velocity equal to 
3-8tli8 of the velocity of thei>ody at the vertex. (Newton, Prin- 
«p. L prop. XXX.) 

7. A body moves in an ellipse under the action of a force 
<^ted towards one of the extremities of the major axis, find the 
W of f orca 

Let S, the centre of force, be the origin, and SM the abscissa of 

the point P, then op 

Fx • 

8. A body moves in a circle under the action of a force directed 
^ a point (S) in the circumference, A is the other extremity of the 
diameter through S, find the time of moving from A to S. 

Let fi be the absolute force, and a the radius of the circle, then 
the time required is 3 . 

9. Two particles move in circular orbits about forces in their 
^atres, the absolute force and the magnitude of the orbits is the 
^e in both cases, but in the one case the force varies as the 
Averse square of the distance, and in the other as the inverse 
cube of the distance, compare their periodic times. 

Let a be the radius of the orbits, T, the periodic time in the 
fet case, and T, in the second, then 

T/ = aT,\ 
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CHAPTER XIV. 

ON CONSTRAINED MOTION. 

238. If a body fall down a smooth curve under the action of 
gravity, its velocity at any point is that due to the vertical heighi 
through which it has fallen. 

It has already been shown, that the velocity acquired by any 
body in falling down a smooth inclined plane is that due to the 
vertical height through which it has fallen. Hence, if a body fell 
in succession down a series of inclined planes, the velocity acquiiwl 
will be that due to the total height through which it has failen, 
provided that there be no change of velocity in passing fix)m one 
plane to another. A smooth curve may be regarded as made up 
of a series of indefinitely small inclined planes, whose reaction, 
being always at right angles to the direction of the motion, pro- 
duces no change in the velocity of a body moving over them. 
Consequently, the velocity at any point is that due to the vertical 
height through which the body has fallen. 

239. To find the reaction of the curve when a partide moves 
over a fixed curve under the action of any force. 

Let N be the resolved part of the given force in the direction 
of the normal, and E the reaction at any point. Then the three 
forces N, R, and the centrifugal force, must be in equilibrium; 
and, since they act along the same line, their algebraic sum must 
be equal to zero. Let the direction of the centrifugal force he 
taken as the positive direction, then R is positive when the 
particle moves over the convex side of the curve, and negative 
when the particle moves over the concave side ; hence 
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* 

^^ forces be measured in units of force, or 

+R+N + Z?f = o, 
99 

tne forces be measured by pounds. 

fn applying this formula, the student must remember that N is 

[ative when non-concurrent with the centrifugal force. 

tn a similar way the tension in rods or cords may be found, 

en a body moving in a curve is connected with a fixed point 

a rod or cord. 

Bie following are examples in illustration : 

i 1. A body, whose weight is W, is connected with a fixed 
at by an inextensible cord or rod whose length is r, supposed 
Je without weight, and moves with a uniform velocity v about 
point as a centre ; to find the tension in the cord or rod. 
lere the centrifugal force and the tension are the only forces 
Qg on the rod or cord ; 

tension required = 

i. 2. A body connected with a fixed centre by an inextensible 
supposed to be without weight, moves over the arc of a 

e under the action of gravity j to find the tension in the rod 

ly point. 

Bt W be the weight of the body, r the length of the rod, h the 

bt above the lowest point A of the point 

. which the body fell, and x the height 

e A when in any position P. 
V be the velocity of the body at P, then 

if = 2g{h — x) ; and N =• — ^^ ~ ^K 

■R_W(r-«) 2W(h-x) 
r r 

W(r-h 2h — ^x) 
r 
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The tension in the rod will be zero when x = J(r + 2h) ; ani 
the body fall fix)m the highest point of the circle, the tensioi 

zero when aj = 5_. 

3 

Ex. 3. A particle moves from rest down the convex side c 
circle whose plane is vertical, from a given point in its cirei 
ference, to find where it will leave the curve. 

Let A be the highest point of the circle, B the point from wh: 

the particle starts, and P the position of the particle at any insta 

Let a and 6 be the angles made with the normal through A by i 

normals through B and P. Then if R be the reaction at P, r t 

radius of the circle, and m the mass of the particle, 

if 
B, = mg cos — m— ; 

r 

but, Art. 238, tf= 2g(r cos a — r cos 6). 

E = m^(3 cos 6 — 2 cos a). 

Hence, R is equal to zero, or the particle will leave the cm 

when /J „ 

008 6 = % cos a. 

Or, if ^ be the height of B from the horizontal diameter, and 

the height of P when the particle leaves the curve, 

x = r COS 6, 

= f cos a = f /i. 

Ex. 4. A body fastened by an inextensible cord to a fixed poi 
moves uniformly in a horizontal circle ; to find the velocity at a 
point. 

Let m be the mass of the body, and c the length of the coi 
Let B be any position of the body, C the centre of 
the horizontal circle, and the angle BAC = a. Li 
any position the body is in equilibrium under three 
forces; the centrifugal force, the force of gravity, 
and the tension in the cord. Therefore, by triangle 
of forces, 

mg : —-^ : : sin ABC : sin BAG. 
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Be = c sm a, sin ABC = cos a, and sin BAG = sin a ; 

. gc sin* a 
cos a 

OR. If T be the time of describing an entire revolution, since 
e=velocity xtime, 



1 lire sin a 



T = 



V 



■wc-^'y-Wi 



AC\ 



!e the time of a complete revolution is independent of the 
h of the cord, and depends only upon the height of the fixed 
above the plane of the circle. 

[). A heavy particle attached to a cord or wire whose weight 
nparison with that of the particle is so small that it may be 
jarded, and so suspended that it may vibrate in arcs of a curve, 

led a SIMPLE PENDULUM. 

I. To find the time of the vibration of a simple pendulum 
gh a small circular arc, the resistance of the air being dis- 
ied. 

b BC be a simple pendulum, whose length is r, and which 

tes through a small 

ar arc Bb, having 

)west point at A. 

P be any point in 

and let PQ be the 

ice described in an 

nitely small portion 

ne. Draw the ver- 

radius CA, and the 

mtal lines BD, PM, 

On AD describe the semi-circle AqpD, cutting PM and QN 
md q. Draw the chords Dp, Dg, Ap, Ag. 
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The velocity of the pendulilm at P is, by Art. 237,s/(2Sf] 
and since PQ is indefinitely small the velocity in it may be 
sidered uniform, and hence if ^' he the time of describing PQ 



t' = 



PQ 



Since the arc BA is by hypothesis small, any portion of th 
may be taken as equal to its own chord. Hence the arc ] 
chord PA = <y(2rAM). Similarly arc QA = ^(2rAN). Whe 
since PQ = PA - Q A, 



j,^ /p\ ,^(AM)MAN) 

-vk- 



g) >/(i>M) 

r\ V(AM . AD) -v/(Ay . AD) 
g) ' ^(DM . AD 

Ap — Aq 



Dp 

But since Q is indefinitely near to P, Ao may be regaw 
equal to Aq, and therefore Ap — Aq = cp, Hence, 

Similarly, 

time of describing EP = a/ ( ^ | x angle rDp. 

Hence if the arc BA be divided into indefinitely small arcs, ; 
RP, PQ, &c., then, since the time of describing the whok 
equal to the sum of describing the several parts, 

time of describing BA = a/ (-) ^ sum of angle 



TT 



Now the sum of the angles at D is -. Hence 

2 

time of describing BA = - a/ f— j . 

But the time of rising through the arc Ab is equal to 
falling through the arc BA. Hence 

time of vibration = tt a/ ( - ) • 
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•Hiis result, wliich applies to pendulums vibrating in a circle 
^^y when the arc of vibration is smally applies to cycloidal pendu- 
^^uiis, however large the arc of vibration may be. This interesting 
P^perty of the cycloid is deduced in the following sections : 

242. To find the time in which a body falls down an arc of 
' cydoid whose axis 'Is vertical. 

Let the body fall from K down KA, the 
^ of SL cycloid whose axis AB is vertical. 
'Ct P be any point in KA, and let PQ be 
le distance described in an indefinitely 
iiall portion of time. Draw the horizon- 
J lines KD, PM, QK On AD describe 
le semi-circle AqpD, cutting PM and QN in p and q. Draw 
le chords Dp, Dq, Ap, Aq, The velocity of the body at P 
>/(2^DM), and since PQ is indefinitely small, the velocity in it 
lay be considered uniform; therefore, if t' be the time of de- 
JJibing PQ, ^ PQ 

>/(2^DM) 

It is shown in works that discuss the properties of the cycloid, 
lat if AP be any arc of a cycloid, measured from the lowest 
)int ; then AP = 8a . AM, where a is the radius of the generating 
fcle, or the semi-axis of the cycloid. Let AB = 2a, then PQ = 
P - AQ = ^/(8aAM) - V(8aAN). 

1. *' A //4«\ >/(AM)-^(AN) 




v/(AM.AD)-v^(AN.AD) 
g J ' y/(DM . AD) 

Ap — Aq 



- v/(f ) 

^ut since Q is indefinitely near to P, Ac may be regarded as 
al to Aq, and therefore Ap — Aq- op, and 
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Similarly, 

time t)f describing RP = a/ l^ \ x angle rDp. 

/. time of describing KA = a/ ( 4? j x sum of angles at D. 

-Mf)-V(|> 

As this result is independent of the length of the arc KA, it 
shows that the time of falling to the lowest point of a cycloid 
down any arc is the same in all. From this property, the cycloid 
is called a tardochronoua curva 

243. If OC, OD be two equal semi-cycloids, whose axis is 20, 
and a cord OA, equal in length to OC 
or OD, be fastened at 0, and wrapped 
round OC or OD, the point A will, as 
the cord is unwrapped from the one 
semi-cycloid and wrapped around the 
other, describe a cycloid CAD, whose 
axis also is 2a. Hence, if OC and OD 

be placed in a vertical plane, and a cord whose length is 4a be 
fi^tened at 0, a body suspended at A will oscillate in cycloidal 
arcs, and consequently form a pendulum whose oscillations aie 
equal in time, whatever their extent. If Z be the length of such 
a pendulum, and t the time of an oscillation, 

<-"V(i> 




- V(7> 



244. It will be seen from the foregoing results, that when the 
force of gravity remains the same, the time of the oscillation of a 
simple pendulum varies directly as the square root of the length, 
and that when the length is the same, the time varies inversely as 
the square root of the force of gravity. 
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^45. To find the numher of osdUatixms gained or lost in a given 
period, when the length of a pendulum is dightly altered. 

let / be the length of a pendulum making n oscillations in the 
^e T. Let the length of the pendulum become l+x {x being a 
rery small quantity), and let n be the number of oscillations then 
made in the time T. Then T being measured in seconds. 



n \gj n \ g J 

n — rt! / . x\^ X , 

__ = x-(^i+-j,=-nearly; 



/ nx 
n — n =— :• 

21 

246. To find the numher of oscillations gained or lost in a given 
period, when the force of gravity is slightly altered. 

Let a pendulum, whose length is I, make n oscillations in a 
time T, when the force of gravity is g, and »' when the force of 
gravity is sr+ jk. Then, 



n \g)'^ n' ^Kg-^-xj' 
n' / . a;\ * 

n' — n / a5\* x , 

-;7-=(^"*":;) -1=— nearly; 



I nx 

n-n = —. 

247. To find the height of a station above the earth by observing 
the numher of osciUaiions lost by a pendulum in a given period, the 
earth being supposed to be spherical. 

Let a pendulum, whose length is Z, make n oscillations in the 
time T, under the action of gravity, at the surface of the earth. 
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Let the same pendulum make n* oscillations in the time T, when 
at a height h ahove the sur&ce of the earth ; let r be the radius of 
the earth. 

The force of gravity varies inversely as the square of the distance 
from the centre of the earth. Therefore, if G be the force of 
gravity at the height A, 

But n\ifh\\^g\ VG ; therefore, 

n _r + ^. 
n r 



hJ^-n')rJn-n')r^^^^ 



n n 

248. To find the depth of a mine by observing the numher of 
oscillations lost by a pendtilum in a given periody upon the suppo- 
sition that the earth is a sphere of xmiform density. 

Let G be the force of gravity at the bottom of the mine, and h 
the depth of the mine. Since the earth is regarded as a sphere of 
uniform density, the force of gravity in its interior varies directly 
as the distance from the centre. Therefore, 

G _r-h 

9 

W — h, 
r 

r — h 



m»c., »:.v/(f) V- 



or. 



^^x-f^Y= '<"-"') nearly. 
r \n) n 
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EXAMPLES. 

1. A perforated ball moves over a smooth circular ring whose 
plane is vertical, the ball is projected upward from one extremity 
of the horizontal diameter, with such a velocity that it will come 
to rest at the highest point of the ring, show that the reaction is 
zero when the ball has moved over an arc subtending an angle 
whose sine is f . . • 

* 

2. In the preceding, with what velocity must the ball be pro- 
jected that the reaction may be zero, when the ball reaches the 
summit 1 

The required velocity is equal to sj[zO^\ 

» 

3. A circle is placed with its plane vertical, with what velocity 
must a particle be projected vertically upwards, from one extremity 
of the horizontal diameter along the interior of the circle, that 
after quitting the curve it may pass through the centre % 

The required velocity is equal to >/{gr^z\ 

4. A body moves from rest over a circular quadrant from its 
highest to its lowest point, the radius at the highest point being 
horizontal and at the lowest vertical, show that on reaching the 
lowest point the reaction is equal to three times the force of 
gravity. 

5. In the preceding, if the radius at the highest point be vertical 
and at the lowest horizontal, the reaction at the lowest point is 
equal to twice the force of gravity. 

6. A particle moves from rest over the convex side of an ellipse 
whose major axis is vertical, from a given point in the curve, to 
find when it will leave the ellipse. 

o 
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Let h be the height of the given point above the minor axiQ, 
that of the point at which the particle will leave the ellipse, tli< 
the value of a: is determined by the equation, 

(e'x^ — ^a*x + 2aVt = o. 

7. An ellipse is placed with its minor axis vertical, with wiat 
velocity must a particle be projected vertically from the extremity 
of the major axis along the interior of the ellipse, that after quitting 
the curve it may pass through the centre % 

Let a and h be the semi-axes of the ellipse, the velocity required 
will be equal to • 
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CHAPTER XV. 

ON WORK. 

249. Work is said to be done whenever a body is moved against 
Stance, as, for instance, when a weight is raised from the ground, 
or when a cannon-ball pierces an iron plate. 

The ordinary unit of work is the amount of work done in 
rising a weight of one pound vertically through one foot, and is 
^ed i\iQ foot pound ; and hence work is measured by the product 
^f the number of pounds in the force against which the body is 
Gloved and the number of feet in the distance through which it is 
•loved, this distance being measured in the direction of the resist- 
•nce. 

The quantity of work done in a unit of time is taken as the 
measure of the efficiency of auy agency by which work is per- 
oimed. The unit of time commonly taken for this purpose is 
'lie minute. The power of doing 33,000 foot-pounds of work in 
'Qe minute is termed a horse-power, and is the unit commonly 
^^ in measuring the efficiency of steam-engines. 

250. The power of doing work possessed by any body is termed 
^ energy. A body in motion possesses energy since it can impel 
^^other body against resistance ; and a heavy body in a position 
J^om which it can fall possesses energy since by its fall it can raise 
Mother body against the force of gravity. In the former case the 
^Hergy is called kinetic energy, in the latter, energy of position, 
^ie former is also sometimes described as actual energy, the latter 
^potential energy. 

The energy possessed by any body is often spoken of as the 
Nrk stoied up or accumulated in the body. 
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251. To find the work stored up in a body whose weight is ¥ 
moving loith a velocity v. 

Let P be the force measured in pounds, which acting through 
the space s will bring the body to rest, then P^ is the amount of 
work which the body is capable of doing. The acceleration 

generated by the force P in the weight W is (Art. 154) :^'i ^^ 

hence -f8_2P<75. 



if = 



W 



P. = ^, (i.) 

K ^ be the height through which a body must fall to acquire 
the velocity y, then if = 2gh. Substituting this in the results just 
obtained we have also p ..tto-x /•• \ 

or the work stored up is equal to the product of the weight of the 
moving body, and the height through which it must fall to acquire 
the velocity with which it is moving. 

Also, if M be the mass of the body, then, since M = — , it 

9 
follows from (i.) that Vs = jMt;', (iiL) 

or the work stored up is one-half the vis viva of the body. 

252. When a particle moves uniformly in a circle it is con- 
venient to measure its velocity by the angle subtended at the centre 
of the circle by the arc traversed in one second. This is teme^J 
its angvlar velocity. If r be the radius of the circle, v the lineal 
velocity, and w the angular velocity given in circular measurement 

v = (jofr. 

If 0) is given in degrees, then 

TTwr 
v= — -. 

i8o 
If a body rotate uniformly about any point in itself, the angular 
velocity is evidently the same at every part, hence the lineal 
velocity of each particle in the body is the angular velocity miJ' 
tiplied by the distance of the particle from the axis of rotation. 
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). To find the work stored up in a thin rod of uniform 
thickness and density when rotating uniformly about one of its 
extremities. 

I^t W be the weight of the rod, and I its length. Let the rod 
te supposed to be divided into n equal parts, n being a number 
indefinitely large. The weight of each of these parts is conse- 

W 

quently — 
n 

Their distances from the axis of rotation may be taken as 

nl (n— i)Z (n-2)l « ,. , 

— , ^ ^, i ^, &c., respectively. 

n n n 

If (0 be the angular velocity, the linear velocities of these parts 

waibe '^, '■^""^H iMn-2)l^ ^^^ respectively. 
n n n 

Then the work done by these parts will be — , — 5I1_AZ_J_ 

2gn . n"" 2gn . n" 

&C. Hence the whole work will be 

2g \ n^ J 

The larger n is the more nfearly does this result represent the 
^ork stored in the rod. But the larger n is the more nearly does 
the expression in brackets approach in value to \, (See Art. 377. ) 
Hence the work stored in the rod is 

K V be the velocity of that extremity of the rod which is remote 
from the axis, then v = id. Then the work stored in the rod is 

or —- (if t;» = 2gh). 
^9 3 

Comparing these results with those obtained in Art. 251, we see 
that the work done by a rod rotating about one extremity is one- 
^rd of the work which would be done by the same rod if all its 
Wa moved with the velocity of the part most remote from the 
axis. 
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254. The investigation of the preceding section applies equally 
to the case of a thin rod rotating uniformly about its middle point, 
since this may be regarded as consisting of the equal rods rotating 
about their extremities with equal angular velocities. The work 
done by whole rod is the sum of the work done by each of the 
parts ; that is to say, is double the work done by either. As the 
weight of each part is one-half the weight of the whole rod, it still 
remains true in this case also that the work done by the rotating 
rod is one-third of that which would be done by the same rod if 
all its parts were moving with the velocity of the part most remote 
from the axis. 

255. To find the work stored up in a circular dish of uniform 
thickness and density when rotating uniformly ahoui its centre. 

Let W be the weight and r the radius of the disk. Let w be 

the weight of a square unit of the disk and w the angular velocity. 

Let the disk be supposed to be divided into n concentric rings, 

r 
each of the breadth -, n being indefinitely large. 

n 

The radius of these rings beginning with the outermost will be 

7z?^ {n— i)r ^ [n — 2)r ^ ^^^ respectively. 
n n n 

The weight of the rings will be * 

2^ no 2^{n-i)r rw^ 2^{n-2)r rw^ ^^^ respectively. 
n n n n n n 

The velocity of the rings will be 

^ ("-i^" , (»-'W &c., respectively. 
n n n 

Hence the work done by each will be 

irnVo^w n(n-ifr^^'w ,r(«-2)W^ ^^^ respectively. 
gn^ gn^ gn^ 

* The area of a plane ring of small breadth is very nearly the product ot 
the circumference and the breadth. Thus let r be the radius and x the 
breadth, x being small. Then the area of the ring is the difference of the 
area of two concentric circles whose radii Bit r and r-x, and hence isequ'" 
to ir[r* - (r - a;)*] ; that is, neglecting a^, is equal to 2Trrx. 
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Hence the work done by the disk will be approximately 



\ n^ ) 



g 

But the larger n is the more nearly is the expression in brackets 
to \. (See Art 377.) Hence the work stored in the disk is 

But W = ttt'w, and if i; be the velocity of a point on its rim, 
^ =?•<«>. Hence the work stored in the disk is 

or the work done by a rotating disk is one-half the work that 
vould be done by the same disk if aU its pasts moved with the 
velocity of the points most gemote from the axis of rotation. 

256. To find the work stored in a wheel of uniform thickness 
^Kc? density when rotating uniformly about its centre, 

Let W be the weight of the wheel, r and r' its outer and inner 
^, 0) its angular velocity. 

The wheel may be regarded as the difference of two concentric 
^iska of the radii r and r' respectively, rotating with the same 
^gular velocity w. Hence the work done by the wheel is the 
difference of the work done by these disks; that is, by the pre- 
<^g article, ^ ^^^yj __ 7rrVf<; 

40 49 

= Tr(t}ho{r*-r'*) 

49 
_ TToi'w {r" - r'') (r* + r") 
49 
•°ut W = TT (r* - /") w ; and if v and v' be the velocities of points 
^^ the outer and inner rims respectively, v ■-- na and v' = r'w. Hence 
^e work stored in the wheel is 

49 
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257. When a body is moved against resistance "by tlie agency 0/ 
any machine, it will be found that the work done is always eqmd 
to the work applied. This is sometimes tenned the Principle of 
Work. This principle has already been verified in the case of 
simple machines whose parts are supposed to be without weight, 
and which work without friction. (Art. 111.) It may also be 
similarly verified for these machines when the weight of their 
parts is taken into account, remembering that when these are raM 
work is done, but that when they descend their latent energy is to 
be reckoned as part of the work applied. 

The work expended in raising the parts of a machine, and in 
overcoming friction, is regarded eis lost work, inasmuch as these are 
not the immediate purpose for which the machine is used. The 
work which is wholly expended in effecting the desired purpose is 
distinguished as icseful work. The relation which subsists between 
the work applied to any machine, and the useful work accomplished 
by it, is termed the modulus of the machine. 

258. To find the relation between the applied and useful viorh 
when a body is drawn up a rough inclined plane by a power adx^ 
along the plane. 

Let W be the weight of the body, a the inclination of the plane, 
and ft the coefficient of friction. 

Let P be the power necessary to move W up the plane, theu 
(Art 122) P = Wsina + ftWcosa. 

Let P move through the distance s, then s . sin a will be the 
height through which W is raised. Then P^ is the work applied* 
and W^ . sin a is the useful work. But 

P5 = W^ . sin a + fiW^ . cos a. 
= W5 . sin a (i + fi cot a), 
or, work applied = useful work x ( i + ft cot a). 

The lost work, or ftW^ . cos a, it may be noticed', is equal to tb© 
work which would be done in drawing the body along a horizontft^ 
plane of equal roughness through a distance s cos a, or a 'distance equJ 
to the base of the plane, s being taken as the length of the plane. 
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259. In the preceding problem the applied and useful work are 
found to have a constant ratio to each other. It must not be 
assumed that this is the case. In general the relation between the 
applied and useful work will be exhibited in an equation of the 
fonn u = Au'-\-B8, 

where A and B are constants, u denoting the applied work, u' the 
useful work, and 8 the distance through which the power moves. 

260. To find tJie modulvs of a lever of the first Tandy the power 
and weight both acting vertically downwards. 

Let a and 6 be the arms of the lever, r the radius of the pivot, 
c the distance of the centre of gravity of the lever from the centre 
of the pivot, € the angle of repose, and w the weight of the lever. 
Then (Art 118) 

P (a — r sin c) 4- 1^ (c — r sin c) = W(5 + r sin c) ; 

■D Txrh + r sin € c — r sin c 
P = W — — — w . -. — . 

a — rsmc a — r sin e 

Let the lever move through an angle 0, then a sin ^ is the distance 
through which P moves, & sin ^ the distance through which W 
^oves, and c sin ^ the distance through which w moves. But 

■D • A xTTi. ' zi a (& + r sin c) . /, a(c — r sin c) 

r . a sin ^ = Wo sm 6 , -4 ■. — { — wamO. -) : — {- 

o(a — r sin c) (a — r sm c) 

Adding tt;c sin ^ to both sides, 

Prt«v/i • /i TTTt • /i aib + rBiae) , . /j (a — c)rsin€ 

^aan^ + wc sm ^ = Wb sm 6 . ,-; . — ^ + wa sm 6 . ^ '—. — r. 

&(a-r sine) a(a-rsm€) 

^^t Pa sin $ is the work done by P, and wc sin is the work done 
^y Wf which in this case is to be considered as part of the appHed 
^ork (Art 257), and Wb sm is the useful work. Hence the 
Modulus required is 

_a(& + r sine) , w{a — c)r8m€ 

U — J- ; ^ U + y ; ^ . S, 

o(a — rsmc) a(a-rsm€) 

261. To find the modvlus of a wheel and axle when the power 
^ftd weight both act vertically downwards. 
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Let a be the radius of the wheel, h of the axle, r of the pii 
and let w be the weight of the wheel and axle. Then (Art ll^^y 

P(a - r sin c) = W{h 4- r sin c) 4- tw sin c ; 

■D TIT ^ 4- r sin € . f^r sin € 
or, P = W . ; — 4- 



a — rsinc a — r sin c 

Let the wheel revolve through an angle 6, then aO will be tie 
distance through which P moves, and hO that through which W 
moves, and consequently Va6 = u and WbO = u\ Multiplying 
both sides of preceding equation by aO we have 

o{a - r sm €) a - r sin c 

aih 4- r sin c) / wr sin € 

or, u = Ti ' — (^ + — *• 

o{a — r Pin c) a — r sm € 

In a similar maimer it may be shown 'that when the power acts 
upwards, and W downwards, 

aih + r sin c) / . wr sin c 

u = -) , — [u 4-— -. — s. 

h(a + r sm c) a-\-r sm € 

262. The work done in raising a series of weights tkrougf^ 
various heights is equal to the work done in raising the sum of t^ 
weights through the height by which their common centre of gravity 
has been raised. 

Let W„ Wa, &c., be the weights, and ^„ h^, &c., the distances 
through which they are raised. 

Let Ajj, k^y &c., be their heights over any horizontal plane when 
in their original position. Then, Art. 64, the height of their 
common centre of gravity is 

WA + W A + &c. 

W, 4- W, 4- &c. 

In their new position the. heights of the weights from the same 
plane are k^ + h^, \ 4- K, &c. Hence the height of the common 
centre of gravity in the new position is 

^i{K + K) 4- WJjk, 4- K) 4- &c. 
W,4-W,4-&c. 
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asequently if ^ be the height through which the common centre 
gravity has been raised is 

W, + W,+ &c. 
( W, + W, + &c. )h = WA + WA + &c. 
it W^, is the work done in raising W,, and WA ^^'^ work done 
"^^^sisig W„ and so for the rest, and hence the proposition is 

oved. 

263. Heat, as is seen in the steam-engine, has the power of 
>ing mechanical work ; and conversely, as we see in the case of 
iction, mechanical work may produce heat It is therefore 
siiable to learn if possible the relation between heat and mechani- 
1 work. From experiments made by Mr. Joule it has been 
und that one unit of heat, ^.e. the quantity of heat required to 
iso I lb. of water at its greatest density by i° F., is equivalent 
772 foot-pounds of work. Thus on the one hand the work 
upended in raising 772 lbs. through one foot will raise the tem- 
Jrature of i lb. of water by 1° F., and on the other hand the heat 
quired to raise the temperature of i lb. of water by 1° F. will 
ise 772 lbs. through one foot. 



EXAMPLES. 

!• If a horse moving at the rate of 5 miles per hour can do 
848,000 units of work in half an hour, what force in pounds 

•^ the horse continuously exert? Ana 140 lbs. 

• 

2. Find the work stored up in a cannon-ball of 161 Iba moving 
the rate of i mile per minute. Ans. 19360 ft.-lbs. 

3. A ball of 322 lbs. moving with a velocity of 100 feet per 
^ud pierces an ir^n plate, and then moves on with a velocity of 

feet per second, what amount of work has been expended in 
ircing the plate ? Ans. 45500 ft.-lbs. 
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4. A weight of 5 cwt. is drawn along a horizontal plane throTigh 
500 feet, the coefficient of friction is '2 ; what is the work done ? 

Ans. 56000 ft-lba 

5. An engine draws a train weighing 40 tons along a level 
through 1000 feet, and in so doing imparts to the train a velocitj 
of 1 2 miles per hour ; what is the work done by the engine, the 
resistance from friction and other causes being 6 lbs. per ton ] 

Ans. 670970-4 ft.-lb& 

6. A uniform bar 10 feet in length, and weighing 24 lbs., re- 
volves about its middle point at the rate of 6 revolutions per 
second ; how many units of work are accumulated in it ] 

Ans. 44137 

7. A fly-wheel of uniform thickness, and weighing 322 lbs., 
revolves at the rate of 8 revolutions per second, the radius of the 
outer rim is 10 feet, and of its inner rim 9 feet ; how many units 
of work are stored in it? Ans. 1143295. 

8. A fixed pulley whose radius is 6 inches, and weight 14 lbs.» 
turns upon a pivot whose radius is i inch ; how many units of 
work must be applied that a weight of 10 lbs. may be raised 39 feet, 
the coefficient of friction being '15 ] Ans. 454 

9. Show that if a be the radius of a single moveable pulley, ^ 
its weight, r the radius of the pivot, and e the angle of repose, the 
modulus, when the cords are parallel, is 

or + r sine /. tc(a + r sine) 
a 2a 

10. If a weight is drawn up a rough inclined plane rising i ^ 
240, and the resistance from friction is 7 lbs. per ton, show that 
the useful work is 4 sevenths of the applied work. 

In working this and other examples, the student should rememher 
that when an angle is small the cosine is nearly i, and the sine is 
nearly equal to the tangent. 
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11. At what rate will an engine of 7o-lior8e power draw a train 
weighing 60 tons up an incline of i in 320, the resistance from 
friction and other causes being 14 lbs. per ton? 

Ans. 2o|^ miles per hour. 

12. A truck whose weight is 20 tons runs down an incline of 
I in 120 ; what amount of energy will it have acquired when it 
^ run a distance of i mile, the resistance from friction, &c., being 
16 lbs. per ton ? Ans. 281600 ft. -lbs. 

13. A circular shaft 40 feet deep and 4 feet in diameter is half- 
fuU of water; how many units of work will be expended in 
emptying it] Ans. 471238.5. 

U. How much work is done in excavating a trench 20 feet long, 
5 feet wide, and 8 feet deep, supposing that a cubic foot of the 
Diaterial weighs 120 lbs. ] Ans. 384000 ft.-lbs. 

15. liu = Au' + ^Aios be the modulus of a single moveable pulley 
^th its cords parallel, show that if three such pulleys be arranged 
^ in the first system the modulus is 

.^, . /A . A» A3\ 
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CHAPTEK XVI. 

ON THE FUNDAMENTAL PROPERTIES OP FLUIDS. 

264. A fluid is a body all of whose parts can move 
amongst themselves. Motion consequently can be caused amongst 
the particles of a fluid body, by the application of the slightest 
conceivable force. 

265. The science which treats of the equilibrium of forces acting 
upon fluid bodies is termed Hydrostatics. 

266. Fluids are divided into liquids and aeriform fluids. An 
aeriform fluid is distinguished from a liquid by the existence of an 
expansive or repulsive force amongst its particles, in consequence 
of which they tend in a greater or less degree to move off" from one 
another. 

267. When a fluid is at rest, any portion of it may be supposed 
to become a solid, without disturbing the equilibrium. 

Since all the particles of the fluid are at rest, it is clear that 
they will not be less so if any number of them be rigidly con- 
nected with each other, and so deprived of the power of relative 
motion. 

268. When pressure is communicated to a fluid mass in egtti- 
Ubrium, it is 'transmitted equally and in all directions. 
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n the sides of a closed vessel of any shape, let a number of 
rtures of equal area be made, and let 
86 apertures be supplied with pistons 
wtly fitting them. Let the vessel be 
ed with water, and let the pistons be 
lintained by some mechanical contri- 
nce in their respective positions.* If any one of the pistons be 
essed in with a force P, it is found that all the other pistons 
perience a similar pressure, and that a corresponding force P 
Qst be applied to each of them, in order to retain them in their 
aces. Thus the pressure communicated to the fluid has been 
insmitted in all directions, for all the pistons experience it, 
^tever their position, and whatever the shape of the vessel ; and 
e transmitted pressure is equal to that communicated. 
These results are the same, whatever the number of the pistons, 
d wherever placed. It follows, therefore, that every portion of 
6 surface of the containing vessel, equal in area to that of the 
Jton, experiences a pressure P. Thus, if the area of a piston is 
e square inch, and a pressure of i lb. is exerted upon it, a 
Presponding pressure of i lb. is experienced by every square inch 
the surface of the containing vessel; and similarly with any 
lier pressure. 

269. If A and B, the areas of whose lower surfaces are a and h 
pectively, be two pistons fitted into the upper surfece of a vessel 
ed with fluid, and if Q be the pressure experienced by B, when 
pressure P is exerted upon A ; then, 

Q : P : : & : a. 

For, in consequence of the pressure upon the piston A, a pressure 
is transmitted to every portion of the surface of the containing 
«el, whose area equals a, and therefore to every unit of area a 
«sure is transmitted equal to P -4- a. 
Since the lower surface of B contains h units of area, the whole 

* For the reason of this provisioii, see Art, 280. 
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pressure experienced by B is P5 -r- a. But, by the hypothesis, Q 

denotes this pressure, therefore Q = P6 -r a ; that is, 

Q : P : : & : a, 

pressure on B area of B 
or, *- = . 

pressure on A area of A 
As an illustration, let the lower surface of the piston A be a circle 
whose diameter is i inch, and that of B a circle whosie diameter is 

I foot, then 

area of B 12" 

- — -=144, 



area of A i' 



and, therefore. 



or. 



\ 



d 



iii 




b 



3 



a 
L 



IT 



i 



pressure on B 

pressure on A 

pressure on B = 144 x pressure on A ; 
so that if a weight of i lb. rest upon the piston A, a weight of 
144 lbs. must be placed upon the piston B in order to maintain 
equilibrium ; and conversely, if 144 lbs. press on the piston B, the 
equilibrium may be maintained by a pressure of i lb. on A. 

270. Bramah Press. This powerful machine, invented by Mi. 
Bramah, is an interesting 
application to practical 
purposes of the charac- 
teristic property of fluids. 

C and D are two cylin- 
drical vessels, connected 
with each other by means 
of the pipe ah, A and 
B are two solid pistons 
working in water-tight 
collars cc, dd. The pis- 
ton B, the diameter of 
which is much greater 
than that of A, supports 
a plate E, upon which the substance to be pressed is placed. A is 
capable of being worked up and down by a lever GH, having it^ 
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jr. L is a pipe leading into a reservoir I, a is a valve 
vard, and h a valve opening into the vessel D. 
essel CD be supposed to be filled up vrith water, when 
are in the position represented in the figure. Let A be 
1 with a pressure P, then, by the preceding Article, B 
► with a pressure equal to 
T, area of B 
area of A 
Id to this pressure, the piston A will descend, and a 
the water in C will be forced into the vessel D. The 
le fluid will bo prevented by the valve 6. K the piston 
•aised, fresh water will be pumped up into the vessel C 
servoir I, and if A be again forced down with a pressure 
be again forced up with the same pressure as before. 
s may be continued as long as the substance yields to 
3 exerted upon it. 

sure upon B may at any time be removed by unscrew- 
g e, by which the water is allowed to flow back into the 



consequence of the immense pressure exerted by the 
[•ess, especial care is necessary to 
) escape of the water between the 

the cylinder in which it works, 
cted by the following contrivance. 
• piece of leather, after being well 
formed into a collar, by doubling 
rim of a metal cylindricjJ ring, in 
r shown at c c, which represents 
' the collar and ring. The collar, 
the ring, is placed in a recess cut 
of the cylinder in which the pis- 
as shown at d d. When the press /^^ — '^^Jfc^ 
, the water forces its way through ^^ """^"vIP 

E E, and enters the recess d d. The pressure of the 

p 



il 


B 


\ 


E 




E 
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water, acting against the und^ suiface of the leather, forces -^ 
on one side of the ring against the piston, and on the other sic^ 
against the cylinder, and by this means the escape of the wat^^j 
is effectually prevented. In fact, the greater the pressure, tlie 
more firmly is the leather pressed against the piston and the walls 
of the cylinder ; so that, by this ingenious contrivance, the greater 
the danger of leakage, the greater is the protection proyided 
against it. 



272. The safety valve is another important application of 
same principle. A portion of the boiler of a steam-engine, whose 
area contains a square inches, is furnished with a valve opening 
outwards. The valve is so contrived as to admit of being loaded 
with certain weights. If a weight of aP lbs. be placed on the 
valve, it is pressed down with a pressure of P lbs. to the square 
inch. If then at any time the pressure of the steam be greater 
than P lbs. to the square inch, the valve wiU be forced open, and 
the steam will escape ; and since the pressure of the steam is the 
same on every inch of the surface of the containing vessel, no 
portion of the boiler will experience a greater pressure than P lbs. 
to the square inch. So that if P be less than the pressure 
square inch which the weakest portion of the boiler can bear, 
boiler can never burst. 
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EXAMPLES. 

If two circulaT pistons, whose diameters are in the ratio of 
arc inserted in the sides of a closed vessel filled with a 
tless fluid, what pressure will be necessary to keep the smaller 
in its place when the larger piston is pressed in with a force 
) lbs. ] Ans. 45 lbs. 

!^wo circular pistons are inserted in the sides of a closed 

what must be the ratio of their diameters, in order that 

;he vessel is filled with any fluid, and a pressure of 9 oz. is 

I to the smaller piston, a pressure of 64 lbs. may be trans- 

to the larger? Ans. 3 : 32. 

i piston, whose area is 4 square inches, is inserted into one 
', a cubical vessel filled with water; required the pressure 
he entire surface of the vessel when the piston is pressed in 
force of 2 lbs., the edge of the vessel being 15 inches. 

Ans. 6 cwt. I lb. 

Hie diameter ot the head of a cylindrical cask is 20 inches, 
e height of the cask is 30 inches ; what is the total pressure ' 
he surface when a piston of one inch in diameter is pressed 
1 a force P? Ans. 3199 P. 

lie diameter of the large piston in a Bramah press is 25 
of the small piston J inch, the lever is 2 feet 6 inches long, 
attached to the small piston-rod at a point 2 inches &om 
crum ; what weight would be raised by a power of i cwt. 1 

Ans. 7500 tons. 
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CHAPTER XVn. 

ON THE EQUILIBRIUM OP FLUIDS ACTED UPON BY GRAVITY. 

273. All the particles of a fluid, equally with those of any 
solid body, are subject to the action of gravity. Any portion, 
therefore, however small, of any fluid is drawn towards the ear& 
with a certain degree of force, that is, is possessed of weiglit 
Other forces, beside that of gravity, may act upon the particle 
of a fluid ; and when that is the case, the determination of the 
conditions of equilibrium is difficult. We here confine ourselves 
to an examination of the circumstances which attend the equi- 
librium of fluids, when their particles are acted upon by the foice 
of gravity alone. 

274. The surface of a fluid at rest is horizontal. 

For, if possible, let any portion of the surface of a fluid at lest 
be not horizontal There can then be taken in the sur&ce thiee 
points which do not lie in the same horizontal plane. Let the fluid 
be supposed to be divided by a plane passing through these thie6 
points, and let the portion of fluid below and that above be 
supposed to become solid. The latter will then be a weight* 
unsupported by any force, at rest upon an inclined plane. But 
since there is no £riction between the particles of a fluid, this 
is impossible. Therefore, no three points can be taken in the 
surface of a fluid at rest which do not lie in the same horizontal 
plane, and consequently the surface of a fluid at rest must be 
horizontaL 

275. The total pressure of a fluid at rest, upon any surface in 
contact with it may be, and most commonly is, the sum of two 
different pressures ; the one a pressure transmitted simply by ' 
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i the other a pressure arising from the weight of the fluid 
The former, as we have seen, is the same upon every unit 
ace in contact with the fluid. The latter, it will he seen 
', varies with the position of the surface. When the 
known in any case, it is only necessary to add to it the 
of transmitted pressure corresponding to the area of the 
and the total pressure is found. If, then, we can determine 
jure of a fluid upon any surface arising from the action of 
upon its particles, upon the supposition that no external 
is communicated to the fluid, the prohlem is completely 

The pressures of a fluid at rest at any two pomts in the 
rizontal plane are equal, 

. and B be any two points in a fluid at rest, lying in the 
rizontal plane. Let P be the 
of the fluid upon a unit of 
^, and Q the pressure upon a 
area at B ; then shall P and Q 




C]6 be any portion of the fluid 

from the rest and enclosed in 

iibe, the parts AC, BC being perfectly symmetrical. Let 
) lowest point of this tube, and let a vertical plate at C 
rigid. The pressures on each side of this plate arising 

fluid in ABC are equal, and consequently, since the fluid 
., the pressure transmitted from A and B must be equal, 
? and Q must be equaL 

The pressure of a fluid at rest ujion any plane must he in 
on perpendicular to the plane. , 

tie only force opposed to the pressure of the fluid on the 
the resistance of the plane itself, and since there is equi- 
these two forces must be equal and opposite. The resistance 
lane is perpendicular to the plane ; this, consequently, must 
irection of the pressure of the fluid. 



w 
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278. To find the pressure of a fluid upon a rectangidar jta" 
immersed in it, so that one of its edges is parallel to the iwfatl i 
the fluid. 

Let ABCD be the given plane, having AB panllel to the Sufcn' 
of the fluid. Let the vertical lines through 
A, B, C, D, meet the surface in K, L, M, N. 
Let the portion of the fluid included within 
the priam CK. he supposed to become solid. 
The forces acting upon CK are the pressures 
on its surfaces and its own weight, and these 
are in equilibrium. The pressures on the ver- 
tical faces being (Art. 277) horizontal, produce 
no effect in the vertical direction. The only 
forces acting in the vertical direction are the 
vertical component of the pressure on ABCD, and the weight of 
the fluid mafs CK ; and, since there is equilibrium, these must bt 
equal and opposite. 

Let AE be a horizontal section of the priam through AB. W 
AB-a, BC=6, and BE = c. Let A be the distance of the wntre 
of ABCD from the surface of the fluid, P the pressure xif the 9xA 
upon ABCD, and w the weight of a cubic unit of the fluid. The 
content of CK equals the area of the face NL multiplied bf '^^ 
mean depth, or h ; 

content of CK = ach, 

weight of CK = wach. 

■ llorP£- 
'BC 6' 



By Art. 98, the vertical component of P is P. - 



P = wabk. 
But wahh is the weight of a column of the fluid whose base is "^^ 
or the plane ABCD, and whose height is h ; and the centre o^ 
ABCD is also its centre of gravity. Therefore the piesaoie on tl» 
given plane is the weight of a column of the fluid whose tae '' 
the given plane, and whose height is the depth of the centre w 
gravity of the plane below the surface of the fluid. 
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If the vertical lines through A, B, C, D, do not meet the surface 
•f the fluid mass, let LN be any horizontal plane, some portion of 
^hich lies vertically under the surface of the fluid mass, and let 
i' be the depth of this plane below the surfaca Then, by what 
las been just proved, the pressure on any unit of area in this 
)laiie vertically under the surface of the fluid is wh'. Therefore, 
>yArt 276, the pressure on every unit of plane NL is wh', and 
consequently the pressure on the area KLMN is wach\ Since this 
•ressure acts vertically and concurrently with the weight of CN, the 
ertical component of P must be equal to the sum of these two forces ] 

P — = loach + teach', 



P = wah (h + h') y 
^ih'\-h' is the entire depth of the centre of gravity of ABCD 
•elow the surface of the fluid. In like manner it may be shown, 
hat in all cases the pressure of a fluid on any rectangular plane, 
laving one of its sides parallel to the surface of the fluid, is the 
weight of a column of the fluid whose base equals the area of the 
lane, and whose height is the depth of the centre of gravity of 
lie plane below the surface of the fluid. 

279. To determine the total pressure of a fluid upon any surface. 

Let the surface be divided into small rectangular planes, each 
aving one of its sides parallel to the surface of the fluid. Let A 
6 the area of the whole plane, and z the distance of its centre of 
favity below the surface of the fluid. Let A^, A^, A3, &c., be the 
foas of the several rectangles, and 2,, z^, z^y &c., the distances of 
leir centres of gravity below the surface of the fluid ; then, 
pressure on given surface = wA^z^ + wA^^ + ^^A + &c. 

= W{A^^ + A^Za + A3Z3 + &c.) 

But (Art. 64) Az = A,2, + A^, + A32;3 + &c. ; 

pressure on given surface = toAz, 
^ the pressure on the surface is the weight of a column of the 
^d whose base equals the area of the given surface, and whose 
^ight is equal to the depth of the centre of gravity of the surface 
elovr the surface of the fluid. 



i 
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Ex. 1. To find the pressure on a rectangolar plane lo in. l)y 4» 1? 
when immeised in water so that its centre of gravity is at a depta 
of 2o inches. 

The area of the plane is lo x 4, or 40 sqnaie inches, 
pressure on the plane is the weight of 40 x 20, or 800 cubic v 
of water. 

The weight of a cubic foot of pure water is 1000 oz. avoiidupoiB, 
and therefore the weight of a cubic inch is 1000 -^ 1728 oz. 

. J 800 X 1000 

pressure required = — 

1728 

= 462*96 oz. 

Ex. 2. To compare the pressures on the bottom: and side of a 
cubical vessel filled with any fluid. 

Let a be the length of the edge of the cube, and w the wei^t 
of a cubic imit of the fluid. The area of the bottom of tlw 
vessel is a% and the depth of its centre of gravity is a, therefore 
the pressure on the bottom is equal to fca\ 

The area of the side of the vessel is a*, and the depth of its 
centre of gravity is ^, therefore the pressure on the side is equal 
to iwa\ Hence the pressure on the side of the vessel is one-half 
of that on the bottom. 

280. If the student will now revert to Art 268, he will see why 
it was necessary to insert the provision, that the pistons be inain- 
tained in their position by some mechanical contrivance. For if 
the pistons (as in the case with the pistons G, D) be situated any- 
where except upon the uppermost surface of the vessel, they will 
experience a pressure greater or less according to their distance 
below the surface of the fluid, and will, in consequence of this 
pressure, be forced out, if not prevented. 

The pistons A and B, which press upon the uppennost snifo^^ 
of the fluid, experience no pressure from the weight of the flnid 
itself; whatever force, therefore, is impressed upon them is trans- 
mitted undiminished to every part of the fluid. But if a pressnie 
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^ applied elsewhere, at C for instance, and no other force act upon 
ie piston, then a part of this pressure will be employed in counter- 
alancing the pressure of the fluid upon C, and the remainder only 
ill be the pressure transmitted by the fluid. Hence, if a be the 
^ of the piston, h the distance of its centre of gravity below the 
u&ce of the fluid, and w the weight of a cubic unit of the fluid, 
id if aP be the pressure exerted upon the piston, the pressure 
ansmitted to every corresponding area is aP — wdh, or the pressure 
msmitted to every unit of area is P — wh, 

281. Since the pressure of a given fluid upon a given horizontal 
ane depends only upon the depth of the plane beneath the sur- 
ce of the fluid, it follows that, if the bottoms of any number of 
issels of various shapes be of equal area, and the same fluid be 
mred to the same height in all, the pressure upon the bottom of 
ch vessel will be the same, however different the quantity of 
lid in each may be. If the bottoms of the vessels be moveable, 
will be found by experiment that the same force is necessary in 
ch case to retain them in their respective positions. 

282. If a fluid he poured into any one of a number of open 
98el8 having a free communication 'with each other, the fluid vnll 
je to the same height in all. 

Let A and B be any two such vessels, having the lowest point 

C. 

Let a thin vertical plate of the fluid passing through C become 

;id. Let a be the area of this plate, h the distance of its centre 

gravity below the surface of the fluid in 

, and h^ its distance below the surface 

R . . B 

Let w be the weight of a cubic unit of 

e fluid. Then the pressure exerted on 
le one side of the plate by the fluid in A 
wah, and that exerted on the other side 
7 the fluid in B is icah\ But since 



> 



r 
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there is equilibrium, these pressures must be equal; therefore 

wah = wah'y 
or, h = h\ 

283. Hydrostatic Bellows. AB is a narrow tube communi- 
cating with a vessel formed by uniting together two pieces of wood 
by some flexible and waterproof subtance. If water be pouwd 
down the tube, it will enter the vessel, and raise a large weightW 
placed upon CD. 

When equilibrium exists, let A be the surface of the water in 
the tube, and let B lie in the same horizontal 
plane with CD. Let ic be the weight of a 
cubic unit of water, and let h be the depth 
of B or CD below A. 

The pressure upon each unit of area in CD 
is wh. Therefore, if 6 = number of units in 
the area of CD, the total pressure on CD = 
icbh ; and, since there is equilibrium, this 
must equal the weight supported ; therefore 

W = tcbk. 

If rt = area of the horizontal section of the pipe at B^ weight of 
fluid in AB = icah ; 

W = - X weight of fluid in AB. 
(I 

If CD and the tube are circular, and if R be the radius of CD, 
and r the radius of horizontal section of the tube, 

ft : a : : R* : r*, 

W = J - J X weight of fluid in AR 

2S4. To determine the jMMnthn of egmlibrium <0A«n two f!^* 
ichich do not mix meet in a bent tube. 

Let A be the common sur&ce to tiie two fiuida. Let B be the 
surfiice of the one fluid, and D that of the othei^ when there is 
equilibrium. 
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Let h be the distance of B above the horizontal plane at A, and 
^ the distance of D above the same plane. 

Let w be the weight of a cubic unit of the fluid 
in AB, and w' of the fluid in ACD. Let a be the 
area of the horizontal section of the tube at A. If 
ft thin plate of the fluid at A be supposed to be- 
come solid, since there is equilibrium, the pressures 
on its upper and under surfaces must be equal 
The pressure on its upper surface is wah, and on 
its lower surface w'ah' ; therefore 

wah - v/ah\ 
wh = w'h' ; 

h V) 

h'~w 

285. The pressure of a fluid at any point of a surface acts in 
the direction of the normal to the surface at that point. The 
Pleasure found in Art 279 is the total pressure, or the sum of the 
pressures at all points of the surface. The resultant of any 
dumber of forces is equal to their sum only when the forces 
*re parallel, and hence, the total pressure already found will be 
'he resultant pressure only when all the normals are parallel, that 
s, when the surface is a plane. If the surface be not a plane, the 
"extant pressure will not be the same as the total pressure, but 
ess than it, since the resultant of any number of forces which are 
Kxclined to each other is less than their sum. The determination 
►f the resultant pressure requires in general a knowledge of the 
Ufferential calculus. There are, however, certain cases in which 
•ixe resultant pressure may be more easily found. These may be 
'lassified under the following two divisions : first, those in which 
ihe given surface is the entire surface in contact with the fluid, 
"^hen the body is either wholly or partially immersed in the fluid ; 
^d secondly, those in which the given surface is bounded by 
^iie or more plane curves. 

286. To find the resultant pressure of a fluid on the surface of a 
^^^fid^ wholly or paiHally immersed in it. 
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Let any portion M of any fluid at rest become solid, and sin 

the equilibrium is not thereby disturbed, the ^^ r 

forces acting upon M must be in, equilibrium. | '^^^ | 
The only forces acting upon M are the weight of 
M acting vertically downwards at the centre 
of gravity of M, and the pressures of the fluid 




upon the surface of M. Hence, the resultant of these pressure 
must be equal and opposite to the weight of M acting at its centr 
of gravity. But the fluid will exert the same pressure upon ii 
surface of any other body of the same form as M occupying i1 
place. Hence, the resultant of the pressure of a fluid on tl 
surface of a solid immersed in it is equal to the weight of the flni 
displaced, and acts vertically upwards through the centre of gravil 
of the fluid displaced, 

287. When the given surface is not the entire surface in conta 
with the fluid, the resultant pressure may be found by the follow 
ing method, if the surface be bounded by plane curves. 

Let ABC be the given surface, bounded by the plane curves Ai 
BC, and CA. Let planes passing q 

♦through these curves intersect in 
AD, DB, and DC, and let ADBC / 

be a portion of the fluid mass, / 

bounded by these planes and the ^ Z 
given surface. Let this portion of \ 
the fluid be supposed to become \ 
solid. It is then a body at rest \ 

under the action of the following \ 

forces : — the weight of the fluid ^^ ^ 

mass, the pressures on the planes, and the pressure on the give 
surface. The last, therefore, must be equal and opposite to tt 
resultant of the rest By finrling then the weight of the flni 
mass, and compounding it with the pressures on the plane surface 
we obtain the required resultant pressure on the given surface. 

Li applying this method^ it wiU often be convenient to find tt 
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- lequired pressure by finding separately its horizontal and vertical 
I components ; the former being equal to the resultant of the other 

iorizontal pressures acting on ABCD, and the latter equal to the 

resultant of the other vertical pressures. 

Ex. 1. A sphere is immersed to a given depth in a given fluid, 
to find the magnitude and direction of the resultant pressure on a 
lemisphere whose bounding plane is vertical. 

Let 7* = radius of sphere, h = 

depth of the centre, and w = the 

weight of a unit of the fluid, then 

the pressure on the bounding plane 

IB equal to „, 

^ winrti, 

and acts horizontally; and the weight 
of the fluid included between the 
hemisphere and its bounding plane 

and acts vertically. These two forces 

are in equilibrium with the required pressure (P). Therefore, if V 

be the vertical and H the horizontal components of P, 




V = 'iwTrr\ 



and 
Therefore, 



P = ^(V^+ff), 

^nd if ^ be the inclination of P to the vertical hue, 

tan^ = l=3^. 
V 2r 

Cor. If the sphere be just immersed, then h = r, and resultant 
pressure = ^mTtr^y/ 1 3. 

Ex. 2. A sphere is immersed to a given depth in a fluid, to find 
the resultant on either of the four parts into which the surface is 
divided by two vertical planes passing through the centre, and at 
^ht angles to each other. 
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Let r = radius of sphere, h the depth of the centre, and i 
weight of a unit of the fluid. 

The pressure on each of the hounding planes is equal to 

These pressures are both horizontal, and at right angles to 
other, therefore the resultant horizontal pressure is 

The weight of the fluid included between the given surface 
the bounding planes is ^i07rr\ 

Hence, as before, V = itOTrr\ 

H = i^2 . W7rr*h, 
therefore, P = ^^(;7rr»^/(4r» + 1 8^'). 

Cor. If the sphere be just immersed, then 

resultant pressure = ^wrrr^y/ 22. 

Ex. 3. A cone immersed in a fluid, with its vertex on the sn 
and its axis vertical, is bisected by a 
plane passing through the axis, to find 
the resultant pressure on either half of 
the conical surface. 

Let h = height of the cone, r = radius 
of base, and w the weight of a unit of 
the fluid. Then the pressure on the 
vertical plane is equal to 

and acts horizontally. The pressure on 
the base is itOTrr'hf 

and acts vertically upwards, and the 
weight of the included fluid is 

Hence, V = ^wirr^h — ^witr'hy 

and H = ^wrh^. 
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^^S. If any body hang freely by a cord, we have seen (Art. 55) 
that the centre of gravity lies in the vertical line drawn through 
the point of suspension, that is, in the line of the cord ; and the 
tension in the cord equals the weight of the body. 

If such a body be whoUy immersed in a fluid, it has been shown 
in Article 286, that it will be pressed upwards by a force equal to 
the weight of the fluid displaced, which in this case is the weight 
of a portion of the fluid equal to the bulk of the body ; and this 
pressure is directly opposite to the weight of the body ; therefore 
the tension in the cord will be the weight of the body diminished 
hy the weight of an equal bulk of the fluid. 

289. To determine the conditions of equilibrium of a floating 

hdy. 

If a body floating in a fluid be at rest, the forces acting upon it 
^ the weight of the body, which acts as its centre of gravity, and 
the resultant pressure of the fluid which acts at the centre of gravity 
of the fluid displaced. 

The necessary conditions of equilibrium are, that these forces be 
^QMd and opposite. The two conditions therefore are, 

First, That the weight of the body be equal to that of the fluid 
placed; and, 

Secondly, That the centres of gravity of the body and the fluid 
•Jfiplaced be in the same vertical line. 

As a body cannot displace a quantity of fluid greater than its 
^TL bulk, if the weight of the body be greater than that of an 
[ual bulk of the fluid, the body cannot float in that fluid. K the 
sight of the body be exactly equal to that of an equal bulk of 
e fluid, the body will have in no position any tendency either to 
e or to sink, provided only it be entirely covered by the fluid. 
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EXAMPLES. 

1. To \9hat depth must a surface be sunk in water that the 
pressure upon it may be at the rate of 25 lbs. to the square inch! 

Ans. 57f feet 

2. K the side of a vessel be a triangle, having its base at the 
bottom of the vessel, show that the pressure exerted upon it by 
any fluid when the vessel is full is to that exerted when the vessel 
is filled to only half its depth, as 16:5. 



3. If in the preceding the base of the triangle be the top of 
vessel, show that the pressure when the vessel is full is to the 
pressure when the vessel is only half filled, as 8 : i. 

4. Show generally, in the last example, that the pressure on the 
side when the vessel is full is to the pressure when the vessel is 
filled to one nth. of its depth, as w^ : i. 

5. Find the total pressure upon the surface of a globe, 2 feet in 
diameter, when immersed in water so as to be just covered. 

Ans. 785*3911)8. 

6. A globe, 2 feet in diameter, when floating in wat«r, is half 
immersed, what is its weight 1 Ans. 130*911)8. 

7. A conical body floats in water with its vertex downwards, 
what will be the depth of the vertex below the surface of the 
fluid, the weight of the cone being 200 oz., its height 24 inches 
and the diameter of its base 12 inches 1 Ans. ^(3*05) ft 

8. A cylindrical vessel is filled with water, what is the ratio of 
the pressure upon the bottom to that upon the side ; r being the 
radius of the base, and A the height of the vessel. 

Ans. Asr :h. 
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^- A cylindrical vessel is filled half with water and half with a 
twice as heavy as water ; the two fluids do not mix ; compare 
*^6 pressures npon the npper and lower half of the sides. 

Ans. The pressm» npon the lower half is 4 times that upon the 
«Pper half. 

10. A sphere, whose radius is 6 inches and weight 35 lbs., is 
'Qspended by a string; required the tension in the string when 
'he sphere is wholly immersed in water. Ans. 2 lbs. 4*4 oz. 

11. A rectangular plate, ABCD, hangs by a cord at A with its 
•lane vertical, and is partly immersed in water, in the position of 
quilibrium the diagonal BD coincides with the surface of the 
ater; required the weight of the plate and the tension in the 
ring. 

Let a and h be the sides of the plate in inches, and c its thick- 
iss ; then, if t^? be the weight of a cubic inch of water, the weight 

the plate is equal to f wahc, and the tension in the string is 
ual to ^ wahc, 

12. If a triangular plate ABC, having its sides AB, AC unequal, 
suspended at A, and be partially immersed in any fluid, show 

at in the position of equilibrium the line drawn from A to the 
section of the opposite side cannot be vertical 

13. If any plate be suspended, and partially immersed in any 

lid then in the position of equilibrium, the moment of the volume 

the displaced fluid about the point of suspension is to the moment 

the volume of the plate as the weight of the plate is to the 

sight of an equal volume of the fluid. 

Let V and V be the volumes of the entire plate, and of the 
imersed part, and q, q\ the distances of their centres of gravity 
om the vertical line through the point of suspension. Let W be 
^ weight of the plate, and w the weight of a unit of the fluid ; 
^^ the upward thrust of the fluid is equal to 

vN\ 

Q 
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The resultant of the weight of the plate and the thri 
fluid must pass through the point of suspension ; therefo 
the moments about this point, we have 

Whence, — — = 

Yq 2oY 

14. In the preceding, if V, q', apply not to the part : 
but to the part not immersed, show that 

vy_ _W 

Yq ' wY 

15. A triangular plate ABC, having the angle at B a ri 
is suspended at A, and partially immersed in a fluid ; re( 
height of A above the surfece of the fluid, in order th 
position of equilibrium the side AB may be vertical. 

Let AB = a; let W be the weight of the plate, an* 
weight of an equal volume of the fluid ; the required d 
equal to 3// "V\r\ 

16. A conical vessel having its vertex downwards, i 
with a given fluid, is bisected by a vertical plane passing 
the axis; to find the resultant pressure on either porti 
surface. 

Let h be the height of the cone, ?* the radius of its he 
the weight of a unit of the fluid, then the required p 
equal to. i7vrh^{4h'' + ir^'r'). 

17. In the preceding, if the cone be divided into f 
portions by two planes through the axes at right angle 
other, show that the resultant pressure on each portic 
conical surface is equal to 
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CHAPTER XVIII. 

ON SPECIFIC GRAVITY. 

290. The specific gravity of any substance is the ratio of the 
weights of equal volumes of that substance, and of a certain 
standard substance. 

The standard for solids and liquids is distilled water, at a tem- 
perature of 60". 

The standard for gases is pure atmospheric air, at a temperature 
of 60°, with the barometer at 30 inches. 

Hence, if the specific gravity of any solid or liquid be 2, the 
weight of a cubic inch of the substance is twice the weight of a 
cubic inch of water. Or generally, if 8 be the specific gravity of 
8ny substance, and w the weight of a cubic unit of the standard, 
the weight of a corresponding unit of the substance is sw ; and if 
^ be the volume of the substance, and W its weight, 

W = V^. 
A cubic foot of pure water, at a temperature of 60°, weighs 
1000 ounces avoirdupois; and 100 cubic inches of air, at the 
^dard temperature and pressure, weighs 3 1 grains.* 

The absolute weight of any substance may hence be easily found 
^Di a table of specific gravities. 
I ^or example, to find the weight of a cubical block of marble, 
. ^hose side is 4 feet, the specific gravity of the marble being 27. 
The block contains 4^, or 64 cubic feet of marble. Therefore, 
weight of the block = 64 x 27 x 1000 oz. 

= 10800 lbs. 
= 4 tons 16 cwt. I qr. 20 lbs. 

Moxe accurately, 31 'on 7 grains. It will be convenient to remember that 
^^bic foot of air weighs very nearly one-thirteenth of a pound. This is 
5bS • ^ in excess^ when greater accuracy is required, subtract from the result 
^^d by this rule its 200th part. 
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291. The hydrostatic balance is, in its simplest form, 
pair of scales, with a fine thread attached 

to the under surface of one of the scale- 
pans. By this arrangement, any solid 
substance can be weighed, both in the 
ordinary way, and also by means of the. 
thread when immersed in any liquid. 

The loss of weight when a body is 
weighed in any liquid is equal to the 
weight of the liquid displaced. Hence, if V be the ■ 
the body, and s' the specific gravity of the liquid, 

loss of weight = Ys'w, 

292. To find the specific gravity of a body heavier tha 

Weigh the body both in air and in water. Let W be i 
and I the loss of weight in water. Then (Art. 291) 1 = ^ 
8 be the specific gravity, \\r W 

If the body be weighed, not in water, but in some ot] 
whose specific gravity is /, then, if Z' be the loss of weight, 
and therefore W 

8= —X 8. 


293. To find the specific gravity of a body lighter than 

To the given body attach some other body heavy enou^ 
it in water ; weigh the two together both in air and in "w 
loss of weight is equal to the weight of the water disj 
both. Then weigh the heavy body in air and in water 
of weight is equal to the weight of the water displace 
heavy body. 

The difference of the two losses is therefore equal to tl 
of water displaced by the given body. Hence, 

weight of body 

SD QT = — — • 

difference of the two losses' 
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294. To find a relation between the weights and specific gravities 
^f the components, and the weight and specific gravity of the cmn- 

pound, 

^t W„ W^ &c., be the weights ; V„ V„ &c., the volumes ; and 
^o *a> &c., the specific gravities of the components. Let W be the 
weight, V the volume, and s the specific gravity of the compound. 

^en if no change of volume result from the composition, 

V=:V,4-V,4-&c. 

But by Art. 290, V = — ; V, = ^, and so on. Therefore 

sw s^w 

— = — - + — ? 4- &c. 
sw SjW s^w 

w w, w, « 



s s^ s, 



2 



295. If the volume be changed by the composition : — let the 
volume after composition be to the sum of the volumes of the 
^Diponents in the ratio of m : n. Then 



V = -(V, + V,4-&c.) 
n 



LH + &C.) 



n\ s^ s. 

296. To find a relation between the volumes and specific gravities of 
^^e components, and the volume and specific gravity of the compound, 

Using the same notation as in Art. 294, 

W = W,4-W,+ &c. 
^Ut, Art 290, W = Ym ; W. = Y,s,w, and so on. Therefore 

Ysw = Y^SjW + Y^jv + &c. 
Ys =Va +V^2 4-&C. 

297. To determine the specific gravity of a liquid by means of the 
^P^fic gravity bottle, 

The specific gravity bottle is simply a small flask fitted with a 
^Uud stopper. 

I^t w be the weight of the flask, x its weight when filled with 
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the given liqiiid, and y its weight when filled with distilled watc 
Then x — w]b the weight of the given liquid contained in the flasJ 
and y-w the weight of a similar volume of distilled water. 

sp. gr. of the liquid = -^^ . 

y-w 

Specific gravity bottles are very frequently made so as to con- 
tain exactly looo grains of pure distilled water. Then, if x and 
w are known in grains, 

sp. gr. of the liquid = 

lOOO 

298. To determine the specific gravity of a liquid hy weighing a 
solid body in it 

Let V be the volume of the body, / its loss of weight when 
weighed in water, and l' its loss of weight when weighed in the 
given liquid. Then, if s' be the specific gravity of the liquid, 

Ys'w = r. 

And Yw = I. 

S--. 

299. To determine the speGifi/:, gravity of a liquid hy means oj 
the common hydrometer. 

The common hydrometer consists of a small hollow sphere A, 
to which there is attached on one side a slender graduated 
stem, and on the other a smaller sphere B, made of such 
a weight as to allow the whole instrument to float with 
the sphere A entirely immersed. 

A table accompanies the instrument, in which are given 
the specific gravities corresponding to the several divisions 
of the stem. The specific gravity of any liquid is found 
by observing the degree to which the instrument sinks 
when placed in it, and then referring to the tables. 

To explain the construction of the tables; let the in- 
strument sink to F when placed in distilled water, and to 
Q when in some other liquid whose specific gravity, say, is «. W. 
V be the volume of the hydrometer, and a the area of the section 




ON SPEOIFIO OHAVITY. « 231 

ofthestem. Let CP = a;, and CQ = y, and let m; be the weight of 
a unit of water. 
% Art. 289, when a body floats, the weight of the body is 

to that of the fluid displaced. 
The quantity of water displaced is equal to the volume of the 
V^irometeT, minus the part CP, that is, is equal toY — ax, There- 
fore the weight of the displaced water is equal to 

(V — ax)w. 
Similarly the volume of the fluid displaced is V — ay, and there- 
m the weight of the fluid displaced is equal to 

(V - ay)8w, 
^ut the wpights of the displaced water and the displaced fluid 
^ equal, since each is equal to the weight of the instrument. 

^erefore, ,,7 v /^ x 

f ' (Y - ay)sw ~ (V - ax)w. 

■ . , _ Y — ax 

Y-ay 

•The tables are then formed by calculating the value of this 

Action for different values of y, 

^00. To determine the specific gravity of a fluid by means of 
^^cholson's hydrometer, 

Jfichokon's hydrometer consists of a hollow sphere, or some 
^ther symmetrical figure, connected to a stem which 
^^^J^es a cup at each end. The lower cup is loaded, ^^ 
^ as to secure stability of equilibrium when the in- 
^^^^*Ument floats with the stem vertical. 

\^en in use, the instrument is sunk to an invari- 
^We depth, by means of a weight placed in the upper 
^^p; the volume of fluid displaced is therefore always ^j 
^^ sama 

liCt W be the weight of the instrument, and w the 
height which must be placed in B to sink the instru- 
^^nt to the point D in distilled water; then the 
^^ight of water displaced is equal to 



-.0 
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Let w be the weight required to sink the instrument to D "^hen 
placed in any given fluid, then the weight of the fluid displaced is 
equal to W + ic'. 

The volumes displaced in each case are the same, therefore 



sp. gr. of the fluid = 



W + tt7 



301. To find the specific gravity of a solid by means of Ntchd- 
son's hydrometer. 

Let W he the weight of the instrument, and w the weight 
required to sink it to D in the standard fluid ; then the weight of 
water displaced by the instrument is 

Let the given solid be placed in the upper cup, and let tr, be 
weight which sinks the instrument to D ; then the weight of 
solid is equal to to — w^. 

Let the given solid be placed in the lower cup, and let w, he 
the weight which sinks the instrument to D ; then the weight rf 
the water displaced by the instrument and the solid together is 
equal to y^ + w — w^-\-w^. 

Hence, the weight of water displaced by the solid alone is equal to 

w^ — to^. 
Consequently, the specific gravity of the solid is equal to 

w —w^ 

— ^— — ^— • 

w^ — w^ 

» 

302. The method of finding the specific gravity of a gas is 
similar to that of finding the specific gravity of a liquid by means 
of the specific gravity bottle. Listead of the bottle a flask is iised, 
fitted with a stop-cock, and capable of being screwed on to the eno 
of an exhausting syringe, or to the plate of an air-pump. 

The air is first exhausted from the flask, and the stop-cock beio^ 
closed, the flask is carefully weighed. We thus obtain the weight 
of the empty flask. The flask is then weighed when filled with ait 
and with the gas. Deducting from these weights the weight of ihe 
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k, we obtain the weight of the air and of the gas con- 
;he flask ; and the volumes being equal, 

weight of air in the flask 

volume of the flask will commonly differ greatly from 
le weight by which it is balanced, the flask and the 
11 be differently affected by the buoyancy of the sur- 
air; and although this will not sensibly affect the 
)f the result if the atmospheric pressure remain the 
•ughout the entire series of 
. it is otherwise if any change 
ospheric pressure takes placa 
ten great accuracy is required, 
must be made to guard against 
of error. This is conveniently 
ittaching to the scale-pan (b) 

the weight, a closed fla^ 
I exterior volume is equal to 
he flask (A) containing the 
L arms of the balance are thus 
ffected by the atmospheric 
uder all circumstances, and the difference between the 

(h) when the flask (A) is exhausted, and the weight 
flask is filled with any gas, will give the weight of the 
gas. It is almost needless to state that in such experi- 
3ry sensitive balance should be used. 
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1. What 13 the weight of a. block of gold 1 2 inches long, 8 widft 
and 6 deep) Ana. 3 cwt. 66 lbs. if ot 

2. What is the weight of a silver globe, whose radius is 3 inoli*' 

Ana. 687-aa oz. avoir- 

3. A block of granite weighs 7^ cwt ; determine its Tohna ^ 
cubic feet, the specific gravity of the granite being 2-8. 

Ans. 4-8 cubic fe* 

4. A body weighs in water 3 oz. less than in air, what i> ''• 
volume J Ans, 5-184 cubic iudiH 
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Dnical piece of cork, whose height is 12 inches, and specific 
!i6, floats in water with its vertex downwards ; what will 
pth of the vertex below the surface of the fluid 1 

Ans. 7 '2 inches. 

i conical body, whose height is h, and specific gravity «, 
its vertex downwards in a liquid whose specific gravity 
T that the depth of the vertex below the surface is 



^.^(^). 



me, 10 inches in height, when floating in water with its 
iwards, is immersed to the depth of 6 inches; to what 
I it be immersed when floating in a fluid whose specific 
•943 1 Ans. 8 inches. 

6 oz. of copper lose 3 oz. in water, and 7 oz. of zinc lose 
d if an alloy of copper and zinc weighing 80 oz. lose 
lat is the proportion of copper in the alloy 1 

Ana. 13 : 7. 

substances, A and B, whose specific gravities are s, and 
) each other in water ; determine the ratio of the weights 
B. Ans. «j(«2 — i) : 8^(8^ - i). 

B specific gravity of some adulterated milk is found to be 
hat proportion of water does it contain] 

Ans. One pint of water in every 5 of the mixture. 

termine the greatest weight of Portland stone which can 
by 100 cubic inches of cork. Ans. 4 lbs. 9*3 oz. 

jrown composed of gold and silver, and Veighing 4 lbs. 
is, displaces, when entirely immersed, 7 cubic inches, a 
;old of the same weight displaces 5|- inches, and a lump 
)f the same weight displaces loj inches; determine the 
gold contained in the crown. Ans. 2 lbs. i5-^oz. av. 



i 
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13. A Nicholson's hydrometer, weighing 200 grains, requ-ii 
weight of 66 grains to sink it to the standard depth in water, 
a weight of 44 grains to sink it to the same depth in spirit 
wine ; determine the specific gravity of the spirits of wine 1 

Ans. 'gi7' 

14. The specific gravity of a mixture of a pint of sulphuric ac: 
and a pint of water is 171, the sp. gr. of the sulphuric acid bem 
I '85 ; determine the loss of volume resulting from the mixture. 

Ans. ^ pint, or 11 '52 cuhic inches. 

15. A hody weighing 450 grains loses 210 grains in water, an< 
150 grains in spirit; find the sp. gr. and volume of the body, aw 
the sp. gr. of the spirit. Ans. 2*143; '^29 cubic inches; •714' 

16. A substance placed in the upper cup of a Nicholson's hydK 
meter requires 5 grains to sink it to the standard depth in a fliu 
whose specific gravity is "918, and 50 grains when placed in tl 
lower cup ; determine the specific gravity of the substance, tl 
weight of the hydrometer being 240 grains, and the weight reqtiiK 
to sink it to the standard depth in the given fluid 30 grains. 

Ans. -51. 

17. If 5 be the specific gravity of an alloy compounded of t'l 
metals whose specific gravities are «, and 8, respectively, what is tt 
proportion of the two metals'? Ans. As s, (« — «,) : «a(*i"4 

18. How much cork (sp. gr. '24) must be attached to 114 oiO 
a metal whose specific gravity is 7*2 that the two together msj 
just float in water] Ans. 31 <* 
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CHAPTEE XIX. 

ON ATMOSPHERIC PRESSURE. 

. The atmosphere surrounding the earth, being a fluid acted 
gravity, presses upon all bodies immersed in it in accordance 
he general laws of fluid pressure. 

pressure of the atmosphere upon any body will consequently 
ith the depth of that body below its highest surface. As, 
jr, the dimensions of any ordinary body upon the surface of 
•th are inconsiderable, when compared with the height of 
Qosphere, this pressure may, without any sensible error, be 
d as the same at all points in any such body, 
found, by experiment, that the average pressure which the 
here exerts upon a body, on or near the surface of the 
s the same as that exerted by a column of water 32 feet in 
or by a column of mercury 30 inches in height ; that is, it 
with a weight of about 1 5 lbs. upon every square inch of 
That we are not, in ordinary circumstances, cognizant of 
assure arises from the characteristic property of fluids, in 
nee with which they press in all directions upon bodies 
ed in them ; so that if the upper surface of a body, subject 
pressure of the atmosphere, experience a downward pressure 
lbs. to every square inch, the imder surface experiences a 
onding upward pressure. If, however, we destroy this equi- 
L, by removing or diminishing the pressure of the atmosphere 
ne side of any body, we are immediately made sensible of 
ssure which is exerted upon the opposite side. For instance, 
ite of glass be placed upon the top of a cylindrical receiver 
:»d with an air-pump, and the air be exhausted from the 
p, the plate of glass will be pressed down with a considerable 
nd if not strong enough will be broken in pieces. 
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304. When the atmosphere presses upon any point of a fl 
mass, to determine the amount of transmitted pressure. 

If the atmosphere presses upon the highest surface of the flu 
mass, then it is evident that the transmitted pressure is equal 
the pressure of the atmosphere. 

If the atmosphere presses at a point in the fluid mass belo 
the highest surface, then a portion of the atmospheric piesso: 
will be employed in counterbalancing the outwRrd pressure of tl 
fluid itself, and the remaining portion only of the atmospber 
pressure wiU be transmitted by the fluid. Let h be the distaii< 
below the highest surface of the fluid mass of the point at whic 
the atmosphere presses upon it, and let to be the weight of 
cubic unit of the fluid ; then, as seen in Chapter XVIL, the flu 
itself will exert at this point an outward pressure on every squa 
unit = wh. Then if M denote the pressure exerted by the atmc 
phere upon a square unit, the transmitted pressure will be ^-« 
for every unit of surfieice of the fluid mass. 

If the point at which the atmosphere presses upon the fltt 
mass be so taken that wh is greater than M, then it is plain tb 
equilibrium cannot subsist, but motion will ensue amongst tl 
particles of the fluid, until the distance becomes such that wh^A 

305. The Barometer. This instrument is constructed in th 
following manner: — A glass tube, closed at one end, is ^g 
filled with mercury, and, a finger being placed over the 
open end, is inverted in an open vessel of mercury. 

Let AB be such a tube, let CD be the surface of the 
mercury in the vessel, and let MB be more than 31 
inches. Then, since CD is more than 31 inches below B, 
the highest surface of the fluid mass, the pressure of the 
fluid upon any square unit in the surface CD will be 



greater than the atmospheric pressure. The mercury wiU p 
consequently fall in the tube. Let N be the point at 
which it rests, then if M be the atmospheric pressure, 
and w the weight of a cubic unit of mercury, 



U 



D 
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of mercury in the tube will accordingly vary as the 

pressure varies ; will rise as the atmospheric pressure 

d Ml as it decreases. 

«d scale is attached to the tube AB, by means of which 

in the height of the mercury in the tube can be ob- 

neasured. 

ill be seen, that when the mercury Mis in the tube it 
sistern, and that consequently the fall of the mercury 
, as measured by the scale attached to it, will not 
jasure the variation in the barometrical column, but 
great by the distance through which the mercury has 
cistern. In like manner, when the mercury rises in 
J variation, as measured by the scale, will be too small 
ice through which the mercury has fallen in the cistern, 
bem be large in comparison with the bore of the tube, 
1 in the height of the mercury in the cistern is so 
t may be disregarded for ordinary purposes. When 
racy is desired, the bottom of the cistern is so made 
e raised or lowered by a screw, and thereby the surface 
iry in the cistern be adjusted to one uniform height. 

Siphon Barometer. In this instrument 
' of any adjustment is avoided by the sim- 
i substituting for the cistern a small tube, 
bore as that of the larger tube. Let ABC 
instrument, the surfaces of the mercury 
md C. Suppose now the mercury to fall 
jr tube from C to c, and in consequence to 
onger tube from A to a. Then, since the 
I tubes is alike, the distance Aa is equal to 
itire variation in the barometric column is 
id therefore equal to 2 Aa. Hence the 

measured by the scale, is exactly one-half 
variation. 11 1 

I of the instrument possesses some advan- ^^I>^ 
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tages, but is open to the objection that by diminiRhiTig tbe scale it 
increases the difficulty of observing small variations of the height 
of the column. 

308. The Wheel Barometer. This form of the barometer has 
been contrived for the purpose of making small variations of the 
column more sensible. It consists of a siphon 
barometer, having a small bar of iron or glass 
floating upon the open surface of the mercury. A 
fine thread, attached to the ball, passes round a 
small wheel carrying an index, which moves over a 
graduated dial-plate, and the rise or fall of the 
mercury is measured by the arc of the circle over 
which the index moves. The variations of the 
barometric columns range between 28 and 31 inches, 
or through a distance of three inches. As shown 
in the last section, the variation at C is one-half of 
the variation in the barometric column; and, con- 
sequently, the ball will rise or fall through a space 
of i^ inch. If, then, the circumference of the 
wheel round which the ring passes be exactly ij 
inch, the index will make a complete revolution when the hall 
rises or falls through a height of i J inch ; and if the circumference 
of the dial-plate be divided into 360 equal parts, the motion of the 
index over 120 of these parts will correspond to a rise or fall 0^ 
the ball through half an inch, and therefore to a change of one 
inch in the barometric column. Consequently, the variation of 
one 1 20th part of an inch is shown by the motion of the index 
over one division of the plate. 

309. The Siphon. The siphon is a bent tube, open at hoth 
ends, and having one leg shorter than the other. If such a tuhe 
be filled with any fluid, and placed with the extremity of its 
shorter leg in a vessel containing the same fluid, the fluid will llo^ 
out through the lunger leg. 
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l*t ABO be the siphon filled with fluid, and having B, the 

'tremity of its shorter leg AB, placed 
-W MN", the eurface of the fluid in 
'6 Vessel Let A be the highest point 

the siphon, and through A draw the 
'rtioal line AF. Let MN produced 
Wt this vertical line in D, and let CF 

the horizontal line drawn through C. 
I>et Aa be a thin vertical film of the 
id paseii^ through A. Since each 
of this film is similarly situated with respect to A, the highest 
-nt of the fluid mass, the pressure arising from the weight of the 
id will be the same on each side. These pressures, therefore, are 
eqailibrium, and do not cauae the motion of the fluid. 
But if jE be the atmospheric pressure upon a square unit, and to 
the weight of a cubic unit of the fluid, then, since the atmosphere 
sses apon the surface HN" at & distance AD below the highest 
nt of the fluid mass, there is transmitted up the leg BA, by 
t. 304, a pressure upon every square unit equal to JE — w. AD. 
Similarly, since the atmosphere presses upon the surface of the 
id mass at C, there is transmitted up CA a pressure upon every 
lare unit equal to .^ - w . AF. 

Hence, the one side of the film Aa will experience a pressure 
on every square uuit equal to M-w. AD, and the other aide a 
ssnte equal to M-w. AF. But since AD is less than AF, 
-w.AD is greater than ^-w.AF; the film of fluid will 
'tefore be forced down the leg AC. The same will happen to 
xj film that may in succession occupy the position Aa; the 
ill consequently will flow out at C, so long as there remains in 
J vessel any fluid above B. 

It has been assumed in the preceding, tliat the height AD is 
:h that w . AD is less than M. If AD be so great that w . AD 
greater than M, then, as seen in the preceding Articles, the 
id will sink in the leg AB to some level below the bend, and 
^ siphon consequently will cease to act. 
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310. The Common Pump. The commoii pump consist^^ of 
cylindrical barrel AB, furnished with a valve at B openiK:mg up- 
wards, and with an air-tight piston, capable of being 
moved up and down by means of a rod. 

The piston is also furnished with a valve opening 
upwards, and to the barrel at B is attached a pipe BC, 
called the suction pipe. 

Let C be the surface of the water to be raised, and 
suppose the piston to be at B. 

Let the piston be raised from B to A ; the air in BC 
will, by virtue of its expansive force, press open the 
valve at B and fill the barrel AB ; and in consequence 
of occupying a larger space, ABC will exert a less 
pressure than before upon the surface of the water 
within the pipe. Hence, the pressure of the air within 
the pump being less than the atmospheric pressure upon the surfece 
of the water, the water will be forced up the pipe BC until equi- 
librium be restored. 

Let the piston now descend ; the valve at B will be closed, and 
the air in AB will escape through the valve in D. If the pistoB 
be again raised, the preceding process will be repeated, and the 
water will again rise in the pipe BC. Li like manner, upon every 
successive stroke of the piston the water will continue to rise ii^ 
the pipe, until, if BC be less than 32 feet, it at last reaches B. 

Let the water be at B, and let the piston be pressed down to B 
Then, since the atmosphere presses upon the sur&ce of the fluid 
at C, there will be transmitted by the fluid a pressure upon every 
square unit of the valve at B equal to iE - w . BC (Art 304) ; and, 
consequently, when the piston is again raised, the water will force 
-open the valve at B, and will rise in the barrel as &r as A, if AC 
be less than 32 feet, or to some point between B and A, if AC he 
greater than 32 feet. 

Upon the next descent of the piston, the valve in D will be 
forced open, and the water will flow through it ; so that when the 
piston reaches B the water in the barrel will lie above the piston, 
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id when the piston is raised will be raised along with it, and flow 
"It at the spout A. 

It will be seen, that if B be more than 32 feet above C, no 
ater will rise into the barrel ; and in such a case the pump will 
* useless. If B be less, but A more than 32 feet, the water will 
ily in part fill the barrel, and the discharge of water during the 
Cent of the piston will not be continuous. 

311. In a common pumpj ichose spout is less than ^2 feet from 
e mrfcLce of the water, to determine the resultant pressure upon the 
ston at any moment during its ascent, after it has commenced dis- 
arging the water. 

Let the piston be at D, then, since the water has commenced to 
' discharged, the barrel and pipe are filled with water, and since 
6 piston is rising, the valve at B will be open, and that at D will 
i shut. 

The pressure upon the upper side of the piston is the sum of 
le weight of the fluid mass in AD and the atmospheric pressure 
>on its surface. Therefore, upon every square unit of the upper 
irface of the piston there is exerted a downward pressure equal to 
^+ «;. AD, and upon every square unit of the lower surface of the 
ston there is, by Art. 304, an upward pressure equal ioM~io, DC. 
-t a be the number of square units in the area of the piston, 
.*. the total pressure upon the upper surface = aM + wa . AD, 
„ „ lower „ = aM — wa . DC. 

le resultant pressure will be the difference of these pressures, and 
erefore equals wa . AC. 

lerefore the resultant pressure is independent of the position of 
; in other words, the pressure upon the piston is the same at 
ery point in its ascent, after commencing to discharge, and is 
ual to the weight of a column of water, whose base equals the 
^ of the piston, and whose height is the height of the spout of 
5 pump above the surface of the water. 

312. The Forcing Pump. The construction of the forcing pump 
represented in the accompanying figure. 
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D is a piston with no valve, working in a barrel AB 
pipe descending to the water ; KF a tube lead- 
ing upwards &om B; at B and £ are valves 
opening upwards. 

If the piston be raised liom B to A, then, aa 
in the common pump, the air in BC will press 
open the valve at B and fill the barrel, and the 
water will rise to a certain height in BG. As 
the piston descends, the air in the barrel will 
be forced out through the valve at E ; after a 
certain number of ascents the water will, if BC 
be less than 32 feet, pass into the barrel AB; 
and, upon its next descent, the piston will force 
the water in the barrel throt^h the valve E 
into the pipe EF. As the piston continues to 
rise, more water will pass into the barrel, and 
this in its turn will be forced, by the descent 
of the piston, into the pipe EF, 



^ 



313. To determine the remltant pressure upon the piMon. of 
forcing pump, at any moment during its ascent or descent, afte. 
it has commenced discharging. 

FiiJit. Let the piston be ascending; the valve at B will be ope4 
and that at E will be shut. Then, if ^ be the atmospheric pres- 
sure upon a square unit, w the weight of a cubic unit of watar, 
and a the area of the piston, the downward pressure upon tlw 
upper surface of the piston will be a^ and the upward pressure 
upon the lower surface of the piston will be a {JE — w . DC), w 
(iM - waDC. Therefore, the resultant pressure will act downwarii, 
and be equal to wa . DC. 

Hence, since as the piston rises, DC increases, the resultant pres- 
sure increases at every moment of the ascent, and at any iMtant 
is equal to the weight of a column of water, whose base eqnab 
the area of the piston, and whose height is the distance of ^^ 
piston from the surface of the water C. 
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Secondly. Let tlie piston be descending, the valve B will be 
closed, and that at D will be open. Let F be the highest point 
ii^ the pipe EF. 

The pressure upon the upper surface of the piston will, as 
l>efore, be a downward force equal to aM ; and the pressure upon 
'blu.e lower sur&ce of the piston will be an upward force equal to 
^^.^■{'Wa . DF. The resultant pressure will therefore be an upward 
:^oice equal to wa . DF. 

^t^ence, the pressure upon the piston increases at every moment of 

"the descent, and at any instant equals the weight of a column of 

'^^ater, whose base equals the area of the piston, and whose height 

^ the distance of the piston below the point at which the pipe 

discharges. 

EXAMPLES. 

1. The average height of the barometer at Paris, as obtained 
^m a large number of observations, is 2977 inches; determine 
^e average pressure of the atmosphere. Ans. 14 lbs. 10*3 oz. 

2. A siphon is used for decanting a liquid whose specific gravity 
^8 1*7 3 determine the limit to the height of the highest point of 
^he siphon above the surface of the fluid, when the barometer 
stands at 29 inches. Ans. 19 ft. 4 in. 

c F* 3. The area of the piston of a common pump is 20 inches, and 
^ the height of the spout above the surface of the water is 24 feet ; 
^etennine the pressure upon the piston. Ans. 208 lbs. 5 J oz. 

4. If a pump be used to raise a fluid whose specific gravity is 
^'5; find the limiting height of the bottom of the barrel, when 
the barometer stands at 29*5 inches. Ans. 22 ft. 3 J in. nearly. 

5, If two vessels, containing fluids of different specific gravities 

^hich do not mix, be placed with their surfaces in the same hori- 

^^tal plane ; and if a siphon, having its legs filled respectively 

^th the two fluids, be placed in the vessels, so that each leg is in 

^^ same fluid as that with which it is filled; show that the lighter 
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fluid will force the heavier one entirely down the leg of the siphoHj 
supposing that the level in either vessel is not perceptibly altered 
by the addition or removal of as much fluid as is contained in one 
leg of the siphon. 

6. Two vessels, containing fluids of different specific gravities 
which do not mix, are placed so that the surfaces of the fluids are 
at different levels, and a siphon, having its legs filled respectively 
with the two fluids, is placed in the vessels with each leg in the 
same fluid as that with which it is filled ; determine the position 
of the common surface of the two fluids, supposing, as before, that 
the level in either vessel is not appreciably altered by the addition 
or removal of as much fluid as is contained in one leg of the siphon. 

Let «i and 8^ be the specific gravities of the fluids, and h^ and h, 
the distances of the highest poiut of the siphon from the snrffjces 
of the fluids ; then the distance of the common surface below the 
highest point of the siphon is equal to 

sfi^ — sji^ 
8,-s^ ' 

7. Let the two vessels in example 5 be cylindrical and with 
equal bases, determine the position of the common surface of the 
two fluids when the alteratipn in the levels is not disr^aided; 
also determine the amount of alteration in the levels, the siphon 
being of uniform bore. 

Let 5, and s^ be the specific gravities of the two fluids, «, being 
that of the heavier. Let A be the area of the base of the vessels, 
and a that of a section of the siphon. Let h be the distance of 
the highest point of the siphon above the original level. Then 
the distance of the common surface below the highest point of 
the siphon is {s^^ — 8^ AJi 

A (<?x - ^2) + a{8^ + s^y 
and the alteration of level is equal to 

(Sj — 8^) ah 

A{8,-8^)-\'a(8,-\-8^y 
the lighter fluid being depressed, and the heavier fluid being wised 
by this amount. 
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CHAPTEK XX. 

ON THE LAWS OF ELASTIC FLUIDS. 

L A gas or aeriform fluid is distinguished firom other fluids 
e tendency of its particles to recede from each other ; that is, 
1 excess of the repulsive forces over the attractive forces 
; upon its particles. If such a fluid be enclosed in any 
, it will, like any other fluid, exert a pressure upon the sides 
9 vessel in consequence of the aotion of gravity upon its 
les ; but, irrespectively of this, it will exert another, and 
only far greater pressure, in consequence of the mutual re- 
in of its particles. It is this latter pressure which is termed 
astic force of the gas. This is found to vary with the space 
1 which the gas is enclosed, and also with the temperature, 
iw of this variation, as approximately determined by experi- 
is exhibited in the foUowing articles. 

). Law I. The temperature remaining the same, the elastic 

of any gas varies inversely as the space it occupies. 

is law is often quoted as "Boyle and Mariotte's law," or 

Y as Boyle's law. 

3 experiments by which this law is established are of the 

ing kind. 

jlass tube of uniform bore, open at both ends, is bent into the 

AJBC ; the shorter branch BC is furnished with a stop-cock C, 

n accurately divided scale is attached to the longer branch. 

J the stop-cock be opened, and a small quantity of mercury 

lUred into the tube. Let the surfaces of the mercury be at 

i E ; these will be in the same level, since the same pressure, 

hd atmospheric pressure, acts upon both. Let the stop-cock 
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n 



■4c 



now be closed, the surfaces D and E will remain at the same level, 
and the pressure of the air in CE upon the suriBEUje a 
at E is equal to the pressure of the atmosphere upon 
D ; or the elastic force of the air in CE is equal to 
the atmospheric pressure. Let the barometer stand 
at h inches, and let w be the weight of a cubic inch 
of the mercury used in the barometer, then the at- 
mospheric pressure per inch, and consequently the 
elastic force of the air in CE, is equal to 

toh. 

Now let mercury of the same temperature and 
density as that in the barometer be poured into the 
larger branch, and let the mercury rise to L in the 
shorter branch, and stand at K in the longer branch; 
then the pressure at L must be equal to the pressure 
at M. The pressure at M per inch is the atmos- 
pheric pressure increased by the weight of KM 
inches of mercury ; hence, the elastic force of the air in CL is 

^1'^**'' wh + w.-KM. 

Hence we obtain this result, 

elastic force of the air in CL wh + vfKM. 






elastic force of the 


air inCE 


wh 




r= 


h + KM. 
h 


It is found by trial that 






CE 
•CL = 


h ' 




and therefore it follows that 






elastic force of air in CL 


-CE 

». ^« 



elastic force of air in CE CL 
or the elastic force of the air varies inversely as the space it 
occupies. 

By similar experiments the law is established for other gases. 

Hence, if p^ be the elastic force, and V, the volume of a given 
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iss of gas at a given temperature, and if j?, be the elastic force 
len the same mass has become compressed or expanded into the 
lume Vj, the temperature remaining the same ; then 

or, Yj), = V,/?,. 

In performing the experiments described above, care must be 
ken to guard against any increase of temperature by the sudden 
mpiession of the gas. The mercury should be poured in very 
>wly, and some time allowed before observing the levels, that 
ly heat which may have been generated may pass away by 
diatioiL 

316. Since the density of any body varies inversely as the space 
occupies, it follows that Boyle and Mariotte's law may be thus 
^ciated. The temperature remaining the same, the elastic force 

ony gas varies directly as the density. 

317. The following are examples in illustration of Boyle's law : — 
Ex. 1. Determine the elastic force of a mass of air, whose 
^Une is loo cubic inches, when compressed into 48 cubic inches ; 
' barometer standing at 30 inches. 

Hie elastic force of the air before compression is equal to the 
iospheric pressure, that is, to the weight of 30 inches of mercury, 
1 47 5 7 lbs. Hence, if p be the elastic force required, 

iooxj[4757 

^ is ' 

= 30744 Its. 

2x 2. An air-tight piston is fitted into a cylindrical vessel of 
form bore, closed at one end ; the vessel is filled with air, and 

piston forced in with a pressure of 50 lbs. The length of the 
inder is 20 inches, the area of the piston 5 square inches, and 

barometer stands at 29 inches ; how far will the piston be 
Jed in? 
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The elastic force of the air before compression is equal to the 
atmospheric pressure, that is, to the weight of 29 inches of mer* 
cnry, or 14*265 lbs. 

The elastic force of air after compression is equal to the atmos- 
pheric pressure increased by the applied pressure ; the latter is V*, 
or 10 lbs., hence the elastic force is 24*265. 

Then if a? be the distance through which the piston is forced, 
the reduced volume is to the original volume as 20— a; : 20; 
therefore , ^ 

20 — ■3g _ 14*265 . 
20 24*265 

V 200 

whence, x = 



24*265 
= 8*243 inches. 

318. Law ii. The pressure remaining the same, equal increments 
of temperature will cause in any gas equal increments of volume 

This is called Dalton and Gay Lussac's law. 

If V^ be the volume of any gas at the freezing point, and aVo 
be the increment caused by an increase of one d^ree in the 
temperature, then a6Y^ is the increment caused by 6 degrees; 
and hence, if Y be the volume of the gas at the temperature of 
6 degrees above the freezing point. 

= V,(i+a^). 
The quantity a is called the co-efficient of expansion, and for aB 
gases its value is ^|^ for the Centigrade scale, or ^^ ^^r the Fah- 
renheit scale. Hence, if t be the temperature on the Centigrade 
scale ^ ^ ^ 273-Ht 

If T be the temperature on the Fahrenheit scale 

V = V 19i±_(lZL3£) _ V 459 + ^ 

491 491 

319. To compare the volumes of a given quantity of gas at dif- 
ferent temperatures, hut under the same pressure. 
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T, be the temperatures on the Centigrade scale, and let V„ 
le .corresponding volumes of the gas. Then, by the pre- 
f V^ be the volume at the freezing point, 

273 
V ~v 273+n. 

X? = 273 + ^i . 

mperatures be given on the Fahrenheit scale, 

V,^ 459+1.. 
V, 459 + Ta' 

Fo compare the volumes of a given quantity of gas at 
temperatures and under different pressures, 

, be the volume of the gas, at a temperature 0^ under a 
2?i, and let V, be the volume of the same quantity of gas 
perature 0^ under a pressure p^ Let the temperatures in 
3s be reduced to the freezing point ; then, by Art. 318, the 
are respectively 

^' -, and ^' 



i+ad^ 1+ ad, 

3 the temperatures are the same, the pressures are inversely 
>lumes (Law L), consequently 

^''^''" i+ae,'i-¥ae: 

^hen the temperature is given by the Fahrenheit ther- 

' Yilb = 459 + Tx . 

V,i?, 459 ^ tJ 
} Centigrade thermometer, 

Yiiix .__ 273 + T, 

"Vai^a 273 +T,' 
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If the zero point of the thennometer be taken at — 273° 
— 459° F.), then the temperatures as given by the thenni 
will represent the values, 273 + t„ 273 + Ta (or459 + T„ 451 
used in the preceding expressions. This point is called the al 
zero, and temperatures reckoned from this zero are called th( 
lute temperatures. Hence the result of the preceding investi 
may be thus enunciated : For any gas, the product of the \ 
and pressure varies directly as the absolute temperature, 

321. K Pi, Pa denote the densities of the gas in the two 
then, since the densities are inversely as the volum^es, the re 
the preceding section becomes 

p, i?x(i+a^a)' 
or, p^ ^ p,(i + a^,) 

p^ p,(i + a^,)' 
which gives us the relation between the pressure, temperatui 
density of any given quantity of gas. 

The form of this result may be conveniently modified as fc 
Let p be the density at the freezing point under a standard 
sure p. Then Pi._ p^{i + aOj) 

P ~ P 

or, i?i = -.p,(i + a^,). 

P 

But ^ is a constant whose value may be determined by < 

P 
ment for each particular gas. Let k denote the constan 

or, as it may be written, 

p =A-p(i + aO), 

322. The following are examples in illustration of Daltc 
Gay Lussac's law. 

Ex. 1. Required the increase in the volume of a cubic f 
air, when the temperature is raised from 51° F. to 71°! 
pressure remaining unchanged. 
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Let Y denote the increased volume ; then, by Art 319, 

Y_ 459+7i 
459 + 51 
^530 
. 510 
= 1^ cubic feet. 

Therefore the required increase is -^ cubic feet, or 6776 cubic 

inches. 

Ex. 2. If a certain quantity of air have a volume of 100 cubic 
^es when the barometer stands at 30 inches, and the tempera- 
^ is 51° F. ; determine its volume when the barometer is at 
'9 inches, and the temperature 7 1° F. 

Let V be the volume required, then, by Art. 320, 

^ ,30 459 + 71 ,30 53Q; 
100 29*459 + 51 29*510' 

V= 107*5 cubic inches. 

Ex. 3. If 100 cubic inches of air weigh 31 grains when the 
*ometer is at 30 inches and the temperature 60° F. ; determine 
e volume of 2 oz. of air when the barometer is at 29 inches and 
e temperature is at 122° F. 

Since 100 cubic inches weigh 31 grains, — l^ inches will 

iigh 875 grains, or 2 oz. Then, if V be the required volume, by 
rt. 320, 31V 30 459+122. 

87500 "29 '459 + 60 

V= 3270*9 cubic inches. 

323. Law hi. When two gases, which do not chemically unite, 
'e mixed together, each gas acts as a vacuum with respect to the 
her. 

If two vessels, containing two different gases which do not 
lemically unite, be brought together, and a communication be 
)ened between them, each gas is found, after a short interval, to 
3 equally diffused through both vessels. This result is inde- 
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pendent of the specific gravities of the two gases, so that if the 
heavier gas he in the lower vessel, and the lighter one in the 
higher, the heavy gas will rise into the higher vessel, and the 
lighter gas will descend into the lower vessel 

In stating that each gas acts as a vacuum with regard to the 
other. Dr. Dalton, who first enunciated this law, did not mean to 
imply that the diffusion of one gas through the space occupied by 
another takes place with the same rapidity as if there had been an 
actual vacuum, but that the final result is the same. 

324. Given the volumes and elasticities of two gases to find th^ 
elastic force of the mixture. 

Let Vj be the volume, and p^ the elastic force of the gas A; and 
V, the volume, and jp, the elastic force of the gas B. 

When intermixture takes place, the gas A acquires the yolnme 
V, + V, ; and hence, by Law i. 



the elastic force of A = 



^.P. 



In like manner, 

the elastic force of B - '^^ ; 

Y , "T" V J 

but the total pressure on any unit of the containing surface is 
sum of the pressures exerted severally by the two gases. Hence, 

elastic force of the mixture = '^''^ — ^. 

V. + V, 

CoR. I. If the two gases before mixture have the same elastic 
force, that is, if i?2=i?„ then 

elastic force of the mixture = '^'"*" — ^ = »^ k 

or the elastic force is unaffected by the mixture. 

CoR. II. If the volumes of the two gases be equal, or V, = V,i 
then elastic force of the mixture = ^{p^ +Pt)' 
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EXAMPLES. 

1. An air-tight piston is fitted into a cylindrical vessel filled 
ithair; the length of the cylinder is 30 inches, and the area of 
e piston is lo inches; required the force necessary to push the 
5ton in through 15 inches, the barometer standing at 30 inches. 

Ans. 147*57 Ihs. 

2. In the preceding, determine the force required to draw the 
ton out through 15 inches. Ans. 49*19 lbs. 

3. If the pressure of P lbs. will force a piston, whose area is a 

'hes, into a cylindrical vessel containing air through a distance 

c inches when the barometer stands at \ inches, how far will 

5 same pressure force in the piston when the barometer stands 

K inches % 

p 
Let - be equal to the weight of li inches of mercury, then the 

[Hired distance is equal to \ — — ^. 

^« If 100 cubic inches of gas at freezing point be raised to 53° 
what will be the volume? Ans. ii9'5 cubic inches. 

5. If 100 cubic inches of gas at 27° C. be lowered in temperature 
the freezing point, what will be the volume % 

Ans. 91 cubic inches. 

^' If 20 cubic inches of gas at 57° F. be heated to 109° F., 
^nnine the increase of volume. Ans. 2 '015 inches. 

^ If 142 cubic inches of gas at 109° F., cool down to 53°, 
emine the loss of volume. Ans. 14 inches. 

^ A strong vessel is filled with air at a temperature of 41° F., 
heated to 212° F. ; what is the elastic force of the enclosed air, 
barometer standing at 30°? Ans. 19*804 lbs. 
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9. Assuming that loo cubic inches of air weigh 31 grains 
the barometer stands at 30 inches and the thermometer at t 
determine the weight of a cubic foot of air when the barom 
at 30*5 inches, and the thermometer at the jfreezing point. 

Ans. 5 75 '66 gra 

10. A cylindrical vessel, closed at the top, is sunk in wate 
given depth, determine the height to which the water rises i 
vessel 

Let a be the height of the vessel, and 7i, the depth of the r 

of the vessel below the surface of the water. Let the atmosj 

pressure be equal to the weight of a column of water whose 1 

is h. Then, if tv be the weight of a cubic unit of wate] 

atmospheric pressure is equal to 

wh. 

Let X be the height to which the water rises in the vessel, 

the pressure at the surface of the water in the vessel, that is, 

depth of h^ — X, is equal to 

wh + w(h^ - x), 

which gives us the elastic force of the compressed air. Bui 

Law i., the elastic force is inversely as the space; therefore 

wh + w{\ — x)_ a 

wh a — x 

h + h,--x a 
or, -^ = 

h a — x 

Whence, by solving this quadratic, we obtain 

X = J(a + /i + 7^,) - V{ (a + /i + ^,)' - 4a/i, } . 

11. A diving bell, of cylindrical form, is sunk in water to a g 
depth, how much must the temperature of the enclosed ai 
i-aised that the water may not rise in the diving bell ] 

Let the temperature of the air when first enclosed be 'f 
Let \ be the depth of the bottom of the diving bell, and / 
height of a column of water equal to the atmospheric presis 
then the required increase of temperature will be equal to 

^^(459 + ^) 
h 
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CHAPTER XXL 



OH THE AOt-PnUF AND BTRAK-BNaUTB. 

hm DonBLE-BASRBL Aib-Pdmp, AB and CD are two 
al barrels connected together by the pipe AC, and com- 
Dg by means of another pipe with an air-tight receiver R. 
\ are piatons fumiahed with valves opening upwards, and 
ed by the toothed wheel 0, so that when M desceads N 
id, and vice versa. At A and C are valves opening upwards. 

be at A, and N at D, and the wheel be turned bo that If 
«nd and M ascend. As N descends, the valve at C will 
d the air in the barrel 

pass out through the 

^. As M ascends, the 
of the external air will 
I valve in M ; and the 
being removed from the 
le of the valve A, the 
le receiver will, in con- 

of its expansive force, 
n the valve and fill the 
B. The air originally 
ceiver, now occupying a 
ice, viz. the receiver and 
^ther, will be of dimin- 
iflity. 

wheel be again turned, a similar process will take place, 
lir in the receiver will again expand, so as to fill both 
tad barrel, and a second diminution of density will conae- 
ake place. 




•T- 



258 ON THE AIRrPUMP AND STEAM-ENGINE. 

The process may be continued so long as the air in the race 
can by its expansive force press open the valves at A or C ; 
since the expansive force of the air is diminished with the dim 
tion of its density, the action of the pump must, after a cei 
number of strokes, entirely cease. 

326. The Single-barrel Air-Pump. This air-pump consisi 
a single barrel AB, communicating with an air-tight receive) 
the pipe C. 

The piston passes through an air-tight collar in the plate 
At B is a valve opening upwards. 

The process of exhaustion is precisely similar to that descr: 
in Art. 325. 

The effect of the valve at B is to relieve the piston from 
pressure of the atmosphere during a part of its 
ascent. For if the air in BM be of less density 
than atmospheric air, the pressure of the atmos- 
phere will press down the valve at B, and will keep 
it closed until the piston by its ascent has so com- 
pressed the air in BM that its density has become 
greater than that of atmospheric air. 

The plate BD, with its valve opening upwards, is 
not peculiar to the single-barrel air-pump, tut may, 
if required, be adopted in a double-barrel air-pump. 
In fact, it is used in the more carefully-constructed double-b 
pumps. 

327. To find the density of the air in the receiver of an 
pump after any number of strokes of theputon. 

If a quantity of air expand so as to occupy a space twic 
great as before, its density will evidently be one-half its orij 
density ; if the space be three times as great, the density wi 
one-third the original density ; and so, generally, the density 
expansion will be to the density before expansion as the i 
occupied before expansion is to the space occupied after expan 

Hence, if A be the content of the receiver, and B of each o 



M 



A^' 
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Tels, since at every stroke the air in the receiver expands, and 

3 both receiver and barrel, 

iensity of the air at the close of any stroke _ A 

lensity of the air at the commencement of the stroke A -f B' 

asequently, 

density of the air after i stroke _ A 



10, 



density of atmospheric air A + B 

density of the air after 2 strokes _ A 
density of the air after i stroke A-kB' 



^ . density of the air after 2 strokes _ / A y 
density of atmospheric air \A-hB/ 

like manner, 

density of the air after 3 strokes _ A 



density of the air after 2 strokes A + B 
I . density of the air after 3 strokes _ / A \ 3 

density of atmospheric air \A + B/ 

ffence, generally, 

density of the air after n strokes /AN" 

density of atmospheric air \A + B/ ' 

Chis result shows that, even if there were no practical limits to 
working of an air-pump, the air could never be entirely ex- 
isted ; for the density of the air in the receiver always has some 
ignable ratio to the density of atmospheric air. 

J28. The Sprengel Air-Pump. By means of this instrument 
mch nearer approach to a perfect vacuum can be attained than 
)6ssible with the common air-pump. It consists of a long glass 
•6, BCDE, bent as in the figure, and having the limb CD longer 
n the barometric column. The bore of the longer arm DE and 
the upper part of CD is very fine, about one-tenth of an inch 
diameter. At B the tube is connected by means of a piece of 
vas-covered india-rubber tubing with the pipe of the funnel A. 
mection between the funnel and the tube CD can be closed by 
ms of a clamp at B. At D is a short branch tube connected 
the india-rubber tubing F with the receiver R. 
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When the instrument is in action the funnel A is fill© 
with mercury, and the clamp at B 
being loosened, the mercury rises in 
CD, and falls down DE in successive 
drops. As the mercury passes the open- 
ing of the branch tube at D it carries 
with it a portion of the air from the 
receiver, and DE becomes filled with a 
number of columns of mercury separated 
by small columns of air. As DE is longer 
than the barometric column for mercury, 
the mercury, and with it the enclosed air, 
will run out at E into a vessel placed there 
to receive it. 

As the exhaustion proceeds the number 
of columns of air become fewer and fewer, 
until at length the lower part of the tube 
DE shows a continuous column of mercury 
nearly equal in height to the barometric 
column. When this is so the exhaustion 
is complete, no more globules of air being 
enclosed within the mercury. The time 
required for reaching this point varies of 
course with the size of the receiver. K 
the receiver be about a pint in volume 
from 20 to 30 minutes is required. The 
instrument itself gives notice to the opera- 
tor of the approaching completion of the 
operation by the sharp metallic noise 
which result when a liquid faUs in a 
vacuum. 

By means of the Sprengel pump the 
density of the air in the receiver can be 
reduced to less than one millionth part of 
that of the atmosphere. 
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329. The Condensing Aib-Pump. This differs from the single- 
arrd air-pamp only in having the two valves opening towards the 
3ceiver instead of away ^m it As the piston 
escends the valve in the piston becomes closed, 
tid the valve at the bottom of the barrel opens, 
Qd the air in the barrel is forced into the receiver. 
Hien the piston is raised, the elastic force of the 
^ in the receiver closes the valve in the barrel, 
id so prevents the egress of the contained air. 
^e pressure of the atmosphere opens the valve in 
6 piston, and the barrel is thus a second time filled 
thair. 

It will be seen that by each descent of the 
ton a quantity of air is forced into the receiver 
ud, in its original volume, to the content of the 
TeL 

By a simple arrangement, the same barrel may be 
de available as both an exhausting and a condensing syringe. 
a piston C is solid. Two tubes A and B furnished with 
ves lead from the bottom of the 
•rel, the valves both opening in the 
le direction (as represented in the 
ire both open to the left). If the 
>e A be connected with the receiver 
i syringe will act as a condensing 
inge, the air entering at B during 
> upward stroke of the piston. If the 
>e B be connected with the receiver, 
) syringe will act as an exhausting 
inge, the air being expelled through 
daring the downward stroke of the piston. 





330. The Atmospheric Steam-Enoine. B is a solid piston 
rking in the hollow cylinder A, and connected with one ex- 
mity of the beam MN by a chain attached to the piston-rod. 
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C is a pipe leading from the boiler, and D a pipe leading from a 
reservoir of cold water F ; C and D are both famished with stop- 
cocks. H is a valve opening downwards. 

The beam MN moves about its centre 0, and to the extremity 
N is attached a weight or counterpoise W, equal to half the at- 
mospheric pressure upon the surface of the piston B. 

Suppose the piston B to be at the bottom of the cylinder, 
let the pressure exerted by the steam in the boiler be equal to 
that exerted by the atmosphere. If the cock in C be now opened, 
the steam will enter the cylinder, and will press upon the under 




surface of the piston with a force equal to the atmospheiic pressure 
upon the' upper surface. The weight W will consequently descend, 
and by its descent will raise the piston B to the top of the cylinder. 
Let the cock in C be now closed, and that in D be opened ; a 
jet of cold water will issue into the cylinder, and condensing the 
steam in A will leave a vacuum below B. Then, since the pressure 
of the atmosphere upon B is double the weight W, B will be 
pressed down with a force equal to W. 
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When B arrives at the bottom of the cylinder, the cock in D is 
closed, and that in C is opened, and the piston ascends as before. 

The water in the cylinder escapes by the valve H., which is forced 
open by the pressure of the steam when first admitted, and is con- 
veyed by a pipe into a cistern communicating with the boiler. 

331. The Single-acting Steam-Engine. This engine differs 
from that described in the preceding article in employing, instead 
of atmospheric pressure, the pressure of steam to impel the piston 
downwards. It is thus in the strictest sense a 5^ea7?^^ngine. 

The top of the cylinder is closed, with the exception of a pas- 
iage for the piston-rod. This passage is furnished with a stufl&ng- 
>ox fiUed with tow saturated with grease, so that while the piston- 
od can move freely up and down, the steam is prevented from 
Scaping. The steam is admitted into the cylinder above the 
iston, at the moment that a vacuum has been produced below 
ie piston by condensation ; the pressure of the steam then forces 
^B piston downwards. When the piston has arrived at the lowest 
^int, the steam which fills the cylinder above the piston is allowed 
^ circulate below the piston (a communication between the upper 
i-d lower parts of the cylinder being opened for this purpose). 
he piston is then pressed equally by the steam upon its upper 
id lower surfaces, and will consequently be raised by the weight 
'tached to the beam. 

In the single-acting steam-engine the pressure of the steam — 
J m the atmospheric engine the pressure of the atmosphere — 
its only during the descent of the piston ; and in both engines 
le force necessary to raise the counterpoise was so much sub- 
•acted from the available power of the engine. These objections 
ere obviated by the invention of the double-acting steam-engine, 
I which the upward as well as the downward stroke was caused 
Y the pressure of the steam. 

332. The Double-acting Stbam-Enginb. AB is a hollow 
^linder closed at both ends. M is a solid piston. The piston- 
)d passes through a stuffing-box at B, and is connected with one 
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part of the cylinder and the atmosphere. The steam in the upper 
part of the cylinder will escape into the atmosphere, and the pres- 
sure upon the lower surface of the piston being greater than that 
upon its upper surface, the piston will ascend. 

Non-condensing engines are popularly, but improperly, called 
high-pressure steam-engines, and, in contradistinction, the con- 
I densing engines are called low-pressure steam-engines. 



MISCELLANEOUS EXAMPLES. 

1. The arms of a lever of the first kind, of uniform thickness 
and density, are a and ft, the weight of a unit of the bar is r», what 
weight must be attached to the extremity of the shorter arm that 
it may balance the longer arm 1 

The weight required is equal to — — - — . 

2 

2. If the inclination of a plane be 30°, show that the time of 
descent is equal to that of a body falling freely through twice the 
length of the plane. 

3. If a solid body, whose specific gravity is «, be placed in » 
vessel containing two fluids that do not mix, whose specific 
gravities are respectively «, and «„ «, being greater and s, being 
less than 5, show that the part immersed in the heavier liquid w 
to the whole solid as « — s^ : «j — ^a. 

4. If a triangle, whose height is h, be divided by a line drawn 
parallel to its base, at a distance from the vertex of one «th of 
the total height, what is the distance of the centre of gravity of 
the lower portion from the base of the triangle 1 

The distance required is equal to - { i — —, ^ V 

3\ n{n+i)J 

5. If a pyramid, whose height is h, be divided by a plane drawn 
parallel to its base at a distance from the vertex of one »th of 
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the total height, what is the distance of the centre of gravity of 
the frustum from the base of the pyramid ? 

The distance required is equal to - ( i — — ; 5 \ 

4\ n(7i' + n + i)J 

6. If a cone be immersed in any fluid so as to be just covered, 
show that the total pressure upon the conical surface, when the vertex 
is upwards, is twice as great as when the vertex is downwards. 

7. Two cords, bearing equal weights P, P, and passing over two 
pulleys A, B, which lie in the same horizontal line, at a distance 
from each other equal to 2 a, are attached at a point C to a 
weight W, what in the position of equilibrium is the distance of 
C below the horizonal line through A and B ] 

The distance required is equal to — - — ==r-v' 

^ ^ V(4P» - W^) 

8. If the side of a vessel filled with fluid be a rectangle, and it 
be divided by a horizontal line drawn at one nth. of the depth ; 
show that the pressure on the lower portion is to that on the upper 
as?i*-i : I. 

9. Two fluids that do not mix, and whose specific gravities are 
*i) 8„ are poured into a small bent tube of uniform bore, in such 
quantities as would fill respectively a and b inches of the tube ; 
^hat is the distance of the common surfiace of the fluids from the 
bottom of the tube 1 

The distance required is —^ — - if as^ be greater than bs^, but 
-2 i if bs^ be greater than as^. 



25, 



10. If a, 5, c be the sides of a triangle, and k^ I, m the lines 
lawn from the centre of gravity to the vertices ; show that 
'+2>* + c» = 3 (A^' + Z^'-Hm').* 

* Before attempting this or the next example, prove the following theorem 
y aid of the Second Book of Euclid. If in any triangle ABC a point D be 
^en in the base AB, such that DB is one nth part of AB, then 
CD2 = ^ ' AC« + ?i(7t- 1) . BC«- (71- 1) AB« 
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11. li a^hy e, d, e,fhe the edges of a triangular pyramid, and 

kf I, m, n the distances of the centre of gravity &om each vertex; 

show that 

a''+&' + c» + ^» + e*+/«=4(A:* + Z»+m'' + 7j*). 

12. If a triangular plate float vertically in any fluid, show that, 
in the position of equilibrium, the lines joining the bisection of 
that side which is either wholly within or wholly without the fluid, 
with the points at which the other sides meet the surface of the : 
fluid, will be equal to one another. 

13. The side of a vessel filled with any fluid is a triangle, having 
its vertex at the bottom of the vessel, and is divided by a hori- 
zontal line drawn at one 72th of the depth ; show that the pressuTe 
on the whole side is to that on the lower portion as 

14. A common pump is worked by a lever, whose arms aie j) 
and $, the spout is h inches above the surfEu^e of the water; what 
must be the area of the piston that the pump may be worked by 
a power P ? 

The area of the piston is ~ . -^ — inches. 

qh I GOO 

15. A body is projected with a velocity V up a smooth inclined 
plane, rising hinl'y determine the length of the ascent 

The required distance is equal to — ^. 

16. An inelastic body falling on to an inclined plane from any 
point in the perpendicular to the plane drawn through its highest 
point, will reach the bottom of the plane in the same time, and 
with the same velocity, as a body falling down the whole length of 
the plane. 

17. A beam of uniform thickness, whose length is I, and weight 
W, is placed with one end upon a horizontal plane, and the other 
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)on the sominit of an inclined plane, whose height is h and base 
; show that the horizontal force to be applied at the foot of the 
am to keep it at rest is 

2 •a«+v(^-^')' 

18. A triangular plate ABC, having the angle ACB a right 
gle, is fastened by a pivot at C, and has weights F and Q sos- 
nded from A and B ; show that, in the position of equilibrium, 
AC = a, and BC = h, and if x and y be the distances of A and B 
verally below the horizontal line drawn through C, 

^ = , -^ — TTT-; wid y- ^ 



19. If, in the preceding, ABC be an equilateral triangle, whose 
de is a, prove that in the position of equilibrium, 

2V(P' + Q^ + PQ) 2V(P' + Q» + PQ)* 

20. K a straight line be drawn firom the highest point of a given 
Jcle to a given point within it, and be produced to meet the 
Jcle, the produced part is the line of quickest descent from the 
tven point to the circle. 

21. If A„ ^2, ^3 be the distances of the vertices of a triangle 
om any plane, show that the distance of the centre of gravity, 
om the same plane, is equal to 

i (^, + ^, + A3). 

22. The two parallel sides of a trapezium are at right angles 
ith the base ; required the distance of the centre of gravity from 
e base. 

Let A, and \ be the lengths of the two parallel sides, then the 
stance required will be equal to 

I A,' + /?A + A/ 
3' ^x + /t. 
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23. If equal weights of three sahstances, whose specific gravities 
are s^, s^, and ^3 be compoundedy without any change of yolnme, 
and if a be the specific gravity of the compound, show that 






24. A body composed of n different substances, whose volnmeB 
are V„ V^, and specific gravities 5,, «„ &c., just floats in water; 
show that 

V,(i-0 + V,(i-*,) + ifec +V,(i-O = o. 

25. A body whose weight is W, composed of two substances, 
A and B, displaces, when entirely immersed, V inches of water; 
corresponding weights of A and B displace V, and V, inches : de- 
termine the weight of A contained in the compound. 

The weight required is equal to 

26. If 100 cubic inches of air weigh 31 grains, show that the 
weight of air contained in a globe one foot in diameter is very 
accurately one 25th part of a pound avoirdupois. 

27. If the volume of A is m times the volume of B, and the 
specific gravity of A is w times the specific gravity of B, show that 
the weight of A is mn times the weight of B. 

28. The content of the receiver of an air-pump is 5 times that 
of the barrel ; determine the elastic force of the air after 10 strokes 
of the piston, the atmospheric pressure being estimated at 15 Ihs- 
to the square inch. 

The elastic force is 2*4226 lbs. 



29. A barometer standing at 30 inches is placed under 
receiver of an air-pump ; at what height will the mercury stand 
after 1 2 strokes of the piston, the content of the receiver being 9 
times that of the barrel ? 

The required height is 8*4728 inches. 
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30. What volume of water must be added to a pint of fluid 
^liose specific gravity is "52 that the specific gravity of the mixture 
lay be '6S ] 

The required quantity of water is half-a-pint 

31. A body falls from the highest to the lowest point of a circle 
^hose plane is vertical along two of the sides of the inscribed 
luare; supposing that there were no loss of velocity in passing 
rom the first side to the second, show that the time of descent 
rould be twice that of falling freely down the radius of the circle. 

32. A smooth hollow tube ABC, having the parts AB and BC 
qual, and bent so that the angle ABC is equal to 120°, is placed 
nth its lower leg BC vertical ; determine the time in which a ball 
ust fitting the tube will fall from A to C. 

Let a be the length of each of the legs of the tube, then the time 
'equired is equal to 



VO 



33. In the preceding, if the upper leg be vertical, show that the 

6a\ 

V)' 



'ime of descent is /(^^\ 



34. In the year 1670, a scheme was proposed by Francis Lana 
or navigating the atmosphere by means of four large copper balls 
rom which the air had been exhausted. Each ball was to be 25 
6et in diameter, and the metal to weigh 365 lbs. ; determine the 
scending power. 

The ascending power of each ball is 261 lbs. 

35. A silk balloon, 40 feet in diameter, and weighing 80 lbs., is 
Jled with hydrogen gas of specific gravity '0694 (sp. gr. of air = i) . 
etermine the weight required to hold the balloon down. 

The weight required is 2306 lbs. 

36. A substance weighs t^; in a liquid whose specific gravity is 
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8^, and f^, in a liquid whose specific gravity is «, ; determine the 
specific gravity and weight of the substance. 

The required sp. gr. is equal to ' '~ '^' ^ and the weight is 

w^ — w^ 

equal to -.^Z^. 

37. If 30 oz. of cedar, sp. gr. '6, will just float in a liquid 
5 lbs. of brass sp. gr. 8, what is the sp. gr. of the liquid ) 

Ana 1*83. 

38. If AB, AC, two sides of the triangle ABC, represent the 
directions of two forces whose magnitudes are represented by AB 
and 2AC respectively, then if the direction of the resultant cross 
BC in D, CD is JBC, and the magnitude of the resultant is 3AD. 

39. If AB, AC, AD, three conterminous edges of a triangular 
pyramid, represent three forces in magnitude and direction, the 
resultant will pass through E, the centre of gravity of the foce 
BCD, and will be equal to 3 AE. 

40. If G be the centre of gravity of the triangular pyramid 
ABCD, show that the four forces represented by the lines 6A, 
GB, GC, GD will be in equilibrium. 

41. Show generfcy, from the equations of equilibrium, that if 
G be the centre of gravity of any number of equal weights placed 
at any points A, B, C, &c., then will the forces represented by GA, 
GB, GC, &c., be in equilibrium. 

42. If G be the centre of gravity of w, equal weights placed at 
any points A, B, C, &c., and if be any other point, then wiD 
the resultant of the n forces represented by OA, OB, OC, &c., be 
equal to n . OG. 

43. Four equal and similar baUs are placed in a row 5 feet apart 
on a smooth horizontal plane, the first is impelled towards the 
second with a velocity of 10 feet per second, after what interval 
will the fourth ball be struck, the modulus of elasticity being i^ 

Ans. 2|^sec. 
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CHAPTER L 

ON THE THEORY OP COUPLES. 

335. Definitions. It has been seen that two equal non-con- 
Qirent parallel forces do not admit of a single resultant, but form 
tat is termed a statical couple, having a tendency to produce a 
)tatory motion. The perpendicular distance between the directions 
f the two forces is termed the arm of the couple ; the product of 
ther force and the arm is termed the moment of the couple. 
et the direction in which the hands of a watch move be taken as 
le positive direction of rotation, then if a couple tend to produce 
)tation in this direction, it is termed a positive couple ; if in the 
mtrary direction, a negative couple. The direction in which any 
>tatoiy motion appears to take place depends upon the position 
■ the observer. Every couple is therefore positive or negative, 
cording as it is viewed from the one side of its plane or from 
e other side. If it appear as a positive eouple, that face of its 
ane upon which the observer is looking is termed its positive 
ce ; and if it appear as a negative couple, the face is termed the 
gative face. 

A line perpendicular to the plane of a couple, in length repre- 
iting the moment, is termed the axis of the couple. The axis 
positive when pointing away from the positive face, and negative 
len pointing away from the negative fece. 

T 
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336. A couple may he turned in its own plane through any angle 
about any point in its arm^ without altering its statical effect. 

Let AB be the arm of the couple, P, and P, the forces. Let 
be any point in AB, and let 
the arm revolve about into 
any new position CD. At C 
introduce two equal and oppo- 
site forces P3 and P5 acting per- 
pendicularly to CD, and each 
equal to P^ or P^. Similarly, 
at D introduce P^ and Pg. The 
line EO bisects the angle AEC, 
and FO the angle BFD, also 
EO and FO are in the same 
straight line. 

P, and Pj are equivalent to some force in EO, 
P, and P<5 „ an equal force in FO ; 

therefore P„ P^, P5, P^ are in equilibrium, and may be removed. 
Removing them, there will remain the forces P3, P^ acting in the 
arm CD. Hence, the couple P3, CD, P^ produces the same statical 
effect as the couple P„ AB, P,. 




337. A couple may he moved into any position parallel to itself, 
either in the same or in a parallel plane, without altering its staticd 
effect. 

Let Pj, AB, P, be the original couple. Let CD be any lin^ 
equal and parallel to AB. At 
C introduce two equal and 
opposite forces P3 and Pj, each 
parallel and equal to P,. Simi- 
larly, at D introduce P^ and Pg. 

Join A, D, and B, C. These 
lines will bisect each other at 
0. Pi and Pg are equivalent 
to 2P, acting in the direction Oh, P. and P^ are equivalent to 2R 
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acting in the direction Oa. Hence, P„ P,, P5, Pg are in equilibrium, 
md may be removed. Removing them, there remains only the 
Jouple P3, CD, P4, which consequently produces the same statical 
effect as the original couple. 

1 

338. By combining the two preceding sections, we see that a 

Muple may be removed to any position in its own or a parallel 
plane, without altering its statical effect ; for, by the former section, 
it may be turned round until its arm be parallel to the new position, 
smd then, by the latter section, it may be directly removed into 
that position. 

339. Two couples, in the same or parallel planes, and tending 
'0 jproduce rotation in the same direction, are equivalent, if their 
fnoments are equal. 

Let P„ AB, P, be any couple. Bisect AB in 0, 
points C, D, equidistant from 0. At 
C and D introduce two pairs of equal 
and opposite forces, Qj, Q3, and Q^, 
Q4; and let Q„ Q,, Q3, Q^ be of such 
magnitude that each, when multi- 
pKed by CD, = P, x AB. 

Since Q3 x CD = P, x AB,it follows 
that Q3 X CO = P, X BO. 

Therefore, Pg and Q3 are equivalent 
to P^ + Qg, acting in the direction Oa. 

Similarly, P, and Q^ are equivalent to P^ + Q^, acting in the 
Action Ob. 

Therefore the forces P^, P^, Q3, Q^ are in equilibrium, and may 
>e removed. Removing them, there will remain only the couple 
}x CD, Qa tending to produce rotation in the same direction as the 
•liginal couple, and (since Q, x CD = P, x AB) having an equal 
txoment. 



!■' 



B 



i 



Q«> 



340. To find tJie resultant of any number of couples acting in 
h^ same or parallel planes. 
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By Art. 339, the couples may be all replaced by others having 
equal arms; and, by Art. 338, they may then be removed until 
their arms coincide. At each extremity of the common arm there 
will then be a corresponding set of forces acting in the same straight 
line, and whose resultant is consequently their algebraic sum. 

Let P, Q, E, &c., be the forces, and a, b, c, &c., their arms. 
Resolve these into couples having a common arm m, and let F, Q', 
R', &c., be the reduced forces ; then the resultant of all the couples 
will be a couple whose moment is 

(F + Q' + R' + &c.)m; 
but Vm = Pa and Q'w = Q&, and so on. Therefore, 

(F + Q' + R' + &c.)m = Pa + Q6+Rc+&c.j 
whence the resultant is a couple whose moment equals the algebraic 
sum of the moments of the component couples. 

341. To find the resultant of two couples not acting in the same 
or parallel planes. 

If the arms of the given couples be unequal, replace them hy 
others having equal arms. Let the planes of the couples intersect 
in the line AB, and let this be the common arm of the couples, 




and let the reduced couples be P^, AB, P,, and Q„ AB, Q,. The 
planes of P„ Qx, and P^, Q,, are each perpendicular to AB, and are 
therefore parallel 



^ 
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Let Ej be the resultant of P, and Q„ and R, the resultant of 
P, and Qa ; then E, and E, are equal and parallel, and conse- 
quently the resultant of the given couples is a couple E„ AB, E,. 

Through any point in the plane of P^, Q„ draw the lines Op 
and Oq at right angles to the directions of P, and Q„ and both 
pointing away from the same face of the planes of the component 
couples. Make Op and Oq proportional respectively to P, and Q, ; 
then will the diagonal Or be perpendicular and proportional to E, 
and point away from the same face of the resultant couple. But 
since Op, Oq, and Or are proportional to P,, Q^, and E^, they are 
also proportional to P, x AB, Q, x AB, and E, x AB, that is, they 
are proportional to the moments of the several couples ; therefore. 
Op, Oq, and Or are the axes of the three couples. Hence, if two 
^es of a parallelogram meeting in any point represent the axes of 
iwo couples, both being positive or both negative axes, the diagonal 
dravm through the same point represents the corresponding axis of 
ih resultant couple. 

Let 6 be the angle between P and Q, then the angle pOq = 0. 
Hence, if L and M be the moments of the component couples, and 
^ the moment of the resultant couple, 

G, = L,+ M,+ 2 LMcos 0. 

342. To find the magnitude and position of the resriltant of three 
'>uple8 acting in planes at right angles to each other. 

Since the planes of the couples are at right angles to each other, 
^eir axes will also be at right angles to each other. 

Let AO, BO, and CO represent the axes of the couples, then, 
y the preceding Article, EO ^ 

^ represent the axis of the AT I^^^\ 

ouple which is the resultant / \ ^,^^^'^^^^/ I \ 

f the couples whose axes are / §^ X / / 

^0 and CO : and, in like man- / / / / j 

ler, DO will be the axis of the ^ / X ^ — ^*v. / 

esultant of this and the third \ L^^^^^^ J\ / 

ouple, and, therefore, of the O C 
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EXAMPLES. 

1. K three forces act upon a rigid body along the sides of a 
triangle, and are also represented in magnitude and direction by 
the sides of the triangle taken in order, the resultant is a couple 
whose moment is equal to twice the area of the triangle. 

2. If forces act upon a rigid body along the sides of any 
rectilinear figure, and are also represented in magnitude and direc- 
tion by the sides of the figure taken in order, the resultant is a 
couple whose moment equals twice the area of the figure. 

3. If four forces act upon a rigid body along the sides of the 
' figure formed by joining the extremities of two intersecting lines, 
' and be represented in magnitude and direction by the sides of the 

figure taken in order, show that the resultant is a couple whose 
moment is equal to twice the difference of the vertically opposed 
triangles. 

4. A beam of uniform thickness and density, whose weight is 
W and length 2a, rests with one extremity A upon a smooth hori- 
zontal plane, and in contact with two pegs, one at B above the 
beam, and another at C below it ; find the pressures on the plane 
and pegs. 

Let h be the distance between the pegs, and a the inclination of 
the beam to the plane ; then the pressure on the plane is equal to 

W, and the pressure on each of the pegs is equal to ^^ -. 

h 

5. A beam leaning against a fixed peg, and with one extremity 
A upon a smooth horizontal plane, is kept at rest by a power P 
acting at A, at right angles with the beam ; required the value of 
P when the beam is inclined to the plane at a given angle a. 
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Let h be the height of the pivot above the horizontal plane, W 
the weight of the beam, and a the distance of the centre of gravity 
of the beam fix)m A ; then the required distance is equal to 

Wa sin 2a 

2h 

6. The lower extremity of a weightless beam moves freely about 
I fixed pivot, a weight W is suspended from the other extremity, 
aid the beam is supported in a given position by a cord attached 
t its centre at right angles to the beam ; required the tension in 
^e cord and the pressure upon the pivot. 

Kesolve the resistance of the pivot into two components acting 
irallel respectively to the tension and the weight, and apply the 
leorem of Art. 343. 

Let a be the inclination of the beam to the horizontal line, then 
e tension in the cord is equal to 2W cos a, and the pressure on 
e pivot is equal to W. 

7. A beam, of uniform thickness and density, rests with one 
tremity upon a smooth horizontal plane, and the other upon a 
xooth vertical plane ; the inclination of the plane is 60° ; deter- 
ine the horizontal pressure which must be applied at the lower 
id of the beam that the inclination of the beam may be 30°; 
so find the pressures on the planes. 

Let W be the weight of the beam, then the horizontal force 
quired is equal to JW^3 ; the pressure upon the inclined plane 

|W ; and the pressure upon the horizontal plane is f W. 
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349. To find the value of tlie resultant in terms of the components, 
and the angles comprised between their directions. 

In the expression E' = (2 . P cos a)» + (2 . P cos Pf + (2 . P cos -jf 
substitute for 2 . P cos a, 2 . P cos ^, and 2 . P cos y, their values; 
and since cos' a + cos' P + cos' y = i, we have 

E'=P,'+P/ + P3'+&c. 

+ 2P,P, (cos a, COS 02 + cos j8i COS P^+ cos y, COS y,) 

+ 2PjP3 (cos ttj COS Og + COS ^i COS ^83 + COS y, COS yj) + &c. 

+ 2P2P3 (cos a, COS ttg + COS ^3 COS ^83 + COS ya cos y^ + &c. 
But if PjPa denote the angle between the directions of P, and r^ 

COS PjPa = cos a, cos Oa + cos P^ cos ^2 + cos y, COS y^. 

Hence, R' = P,' + P/ -1- P3' + &c. 

+ 2P,P2 cos P^P^ + 2P,P3 cos PrPa 4- &C. 
+ 2P,P3 COS PJP3 + 2P,P, COS PrP4 + &C. 

H-&C. 

350. When forces act at dififerent points of a rigid body they 
are not, as with forces acting at a single point, always reducible 
to a single force. Under a certain condition only, to be presently 
deduced, is this possible. They can, however, be always reduced 
to a single force and a single couple. 

351. To find the resultant force and the residtant couple, when 
any number of forces act at various points of a rigid body. 

Let Pj, Pa, &c., be the forces. Let a„ j8„ y„ a,, p„ y„ &c., ^ 
the angles which the forces make seve- 
rally with any three rectangular axes, 
and iB„ y^, «„ a:,, y^, z,, &c., the co-ordi- 
nates of their several points of applica- 
tion. 

Resolve P, into three forces acting in 
directions parallel to the axes; these 
will be P, cos a„ P, cos jS,, and P, cos y,. 
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Let A be the point of application of P„ and X^, Y^, Z, the 
ree components into which P, has been resolved. 
Let OC, OD, OE be the axes of Xy y, z respectively, and OC, 
\ BA the co-ordinates of the point A ; whence OC = a?,, CB = 
BA = 2,. Through B draw BD parallel to OC ; then BD = ic,, 
clDO = y,. 

At D and at introduce two pairs of equal and opposite forces 
Jh equal to Z„ and remove the point of application of Z, from 
to R Then, instead of Z, at A, we have a force Z, acting along 
3 axis of 2 ; a positive couple, whose moment is Z, x DO, or Z,yj, 
iing in the plane of yz ; and a negative couple, whose moment is 
X DB, or Z^„ acting in a plane parallel to xz. Let the latter 
iple be removed into the plane of xzy and we have, instead of 
at A, a force Z, acting along the axis of 2, 

a couple Z,2/i acting in the plane of yz, 
and a couple — Z^x^ „ „ zx, 

like manner, Y, at A may be resolved into 

a force Y^ acting along the axis of y, 
a couple Y^j acting in the plane of xy, 
and a couple — Y^, „ „ yz. 

d X, at A may be resolved into 

a force X, acting along the axis of x, 
a couple XiZ, acting in the plane of zx, 
and a couple — Xii/i „ „ xy. 

Whence, by adding together the moments of those couples which 
in the same plane (Art. 340), the force P, is resolved into the 
ces Xi, Y„ Z, along the axes and into the couples 

Z^y, - YjZ, in plane of yz, 
X,2, — Z^x „ zx, 

Y,x, - X,y, „ xy. 

solving the other forces P^, Pg, &c., in a similar manner, we 
iain, in place of the original forces, the forces 

S . X acting along the axis of x, 
S . Y „ „ y, 

2 . Z „ „ z'f 
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and the couples 2 (Zy — Yz) in plane of yz, 

2 (Xz — Zx) „ zx, 

^(Yx-Xfj) „ xy. 

Let L, M, N represent severally these couples ; then, if R be the 
resultant force, and G the moment of the resultant couple, by 
Articles 342, 345, 

R* = (S.X)« + (2.Y)'+(S.Z)*, 
and G» = L» + M»4-m 

And if a, )8, y be the angles which the direction of R makes with 
the axes, and \, fi, v those which the axis of G makes with the axes, 

2.x r. 2.Y S.Z 

cos a = — :5-, cos p = — =5— » ^^® y = -^5-' 
* xC xC xC 

, . L M N 

and cos A = ^, cos /n = — , cos v = p^. • 

G G G 

352. To find the resultant of any number of forces ading at 
various points of a rigid body, when all the forces act in the soM 
plane. 

Let the plane of the forces be the plane of ocy, then y„ y^ &c, 
will each = 90°, and 0,, z^, &c., will each = o. Also, a, 4- j9, = 90°, 

a, + jSa = 90°* &c. 

Hence the given forces, resolved as in the preceding Article, 
will be reduced to forces S . X and 2 . Y acting along the axes of x 
and y respectively, and a couple whose moment is G, the values of 
2 . X, 2 . Yf and G, being those given by the following equations :— 

2 . X = 2 . P cos a, 
2 . Y = 2 . P sin <!, 
G=2(Ya;-X2/). 

If 2 . X and 2 . Y each vanish, the resultant of all the forces 
will be the couple whose moment is G. If 2 . X and 2 . Y do not 
both vanish, their resultant and the resultant couple may be com- 
bined into a single force, which will consequently be the resultant 
of the given forces. Let R be this resultant, a the angle its direc 
tion makes with the axis of x, and x, y the co-ordinates of any 
point in its direction. Resolve R into forces acting along the axes 
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and a couple, these must be equal to S . X, S . Y, and G respec- 
tively. Hence, 

R cos a = 2 . X, R sin a = 2 . Y, 

and R (ic sin a — y cos a) = G. 

Whence R^ = (S . X)» + (S . Y)», 

and x(S.Y)-y(S.X) = G. 

The former of these equations determines the magnitude of R, and 
the latter the line of its direction. 

353. When any number of forces act at varums points of a rigid 
hdy, to find the condition thai they may have a single resultant. 

It has already been shown, that when any number of forces act 
it various points of a rigid body, the resultant force = ^^ {(2 . X), 
+ (2 . Y)=* + (2 . Z)«}, and the resultant couple = V (L" + M" + N"). 

If 2.X = o, 2.Y = o, 2.Z = o, there is no resultant force, but 
' resultant couple only; hence, in this case, the given forces do 
lot admit of a single resultant. 

If L = o, M = o, and N = o, there is no resultant couple, and 
ence the given forces will be reduced to a single resultant passing 
hrough the origin. 

Let neither 2 . X, 2 . Y, and 2 . Z, nor L, M, and N, vanish 
agether, and let R be the resultant, a, &, c the angles which its 
irection makes with the axes, and x, y, z the co-ordinates of a 
oint in its direction. Let R be resolved, in the same maimer as 
he forces P„ &c. (Art. 351), into three forces acting along the 
xes, and into three couples acting in the co-ordinate planes ; these 
lust be equal severally to 2 . X, 2 . Y, 2 . Z, L, M, IS". Hence, 
R cos a = 2 . X, R cos 6 = 2 . Y, R cos c = 2 . Z. 

R (y cos c — z cos b) = L, 

R (z cos a — a; cos c) = M, 

R (x cos b — y COS a) = N. 

Substituting, in the last three equations, the values of R cos a, &c., 

iven by the first three, we obtain 

2^(2.Z)-.(2.Y) = L, 
2(2.X)-a;(2. Z) = M, 
a;(2.Y)-y(2.X) = K 
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Multiplying both sides of the first equation by 2 . X, of the second 
by 2 . Y, and of the third by S . Z, and adding together, a;, y, and z 
will be eliminated. The resulting equation will be 

L(2.X) + M(2.Y) + N(2.Z) = o, 
which is the condition required. 

354. To find the conditions of equilihrium, when any number of 
forces act at various points of a rigid body. 

In order that there may be equilibrium, the resultant force and 
the resultant couple must both vanish. But that K may vanish, 
S . X, 2 . Y, 5 . Z must each vanish; and that G may vanish, L, M, 
and N must each vanish. Hence, the six conditions of equilibrium 
are S . P cos a = o, 

2 . P cos ^ = o, 
2 . P cos y = o. 

2 . P (?/ cos y - Z cos p) = O, 

2 . P ( 2 cos a — x cos y) = o, 

2 . P (ic cos )8 — 2/ cos a) = o. 
In like manner, if all the forces act in one plane, the conditions 
of equilibrium are three only; viz., 

2 . P cos a = o, 

2 . P sin a = o, 

2 . P (a; sin a — y cos a) = o. 

355. To find the conditions of equilibrium of forces acting ai 

various points of a rigid body, wlien one point in the body is fixed. 

Let the fixed point be taken as the origin. There will evidently 

be equilibrium, if all the forces have a single resultant passing through 

the origin. Hence, by Art. 353, the conditions required are that 

L = o, M = o, N = o. 
If all the forces act in one plane, the only condition (Art. 352) is that 
G = o, or that 2 . P (a; sin a — y cos a) = o. 

But if 2^1 be the length of the perpendicular drawn from the 
origin to the line of direction of P„ 

Pj^ = a?, sin a, - ?/, cos a, ; 
and therefore the condition of equilibrium may be written, 

2.Pi? = o. 
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356. To find the conditwns of equilibrium of forces acting at 
various points of a rigid body, when two points in the body are fixed. 

Let the line joining the given points be taken as the axis of z ; 
then, since the body is fixed upon this axis, the forces acting 
along this line cannot produce motion, nor can the forces acting 
along the axes of x any y, since they tend only to press the body 
against the fixed axis ; nor can the couples in the planes of yz and 
u produce any motion. Hence, the only condition of equilibrium 

^ that S . P (« cos /3-y cos a) = o. 

If the body were free to slide along the axis of «, then, in 
addition to the preceding condition, the forces acting along the 
axis of z must also vanish, or 

S . P cos y = o. 



EXAMPLES. 

1. If three forces acting upon a rigid body at any points be in 
q^uilibrium, show from the general equations that they must lie 
Ji the same plana 

2. Show that any number of forces, not in equilibrium, acting 
tx different directions, at various points of a rigid body, may be 
always reduced to two single forces. 

3. K R be the resultant of the forces P„ P,, &c., acting in one 
>lane, at various points of a rigid body, show that 

tJV) _ P, cos P'^P, + P, cos P.P, + P3 cos P^Pj + &c. 

cos Jtv Jr , — ^ > 

•he angle PVt, (which, of course, = o) being introduced for the 
^ake of symmetry. 

4. Show that the preceding expression holds good, if sines be 
Vritten for cosines. 
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CHAPTER III. 

ON VIRTUAL VELOCITIES. 

357. Let A, the point of application of a force P, be displaced 
from. A to B. Draw BC perpendicular to the direction of P, then 
the distance AC is termed the virtital velocity of the point A with 
respect i» the force P. 

The virtual velocity is taken to be positive when, 
as in the figure, the perpendicular falls on the same 
side of the point of application as the point towards 
• which the force acts. If the perpendicular falls on 
the opposite, the virtual velocity is reckoned nega- 
tive. If the direction of P make an angle a with 
the line AB, the virtual velocity is equal to 

AB cos a. 

358. If any number of forces acting upon a point he in equUi- 
bnum, and the point of application be displaced, the sum of tk 
products of each force into its virtual velocity is equal to zero. 

Let P„ P„ &c., be the given forces, and t7„ v„ &c., their virtual 
velocities ; then shall P, v^ + P, t;^ + &c. = o. 

Let ttj, Oa, &c., be the angles which the directions of the forces 
make with the line joining the two positions of the point of appli- 
cation. Then, if this line be taken as the axis of x, the conditions 
of equilibrium give 

P, cos Oi + P, cos Oa + &c. = o. 
Let a be the distance between the two positions of the given 
point, then P^ a cos a, + P, a cos o^ + &c. = o. 

But (Art 357) v^, = a cos a^, v^ = a cos a^, &c. 

Pjt;, + PjVa + &c. ^ o ; 
or, employing the notation explained in the preceding chapter, 

5.Pe? = o. 
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359. If two eqiial and opposite forces act at tioo points in a rigid 
^y, and these points be displaced through an indefinitely small 
^pace, the mrtiuil velocities of the forces shall he equal in magnitude, 
and of opposite signs. 

Let P„ Pj, be equal and opposite forces acting at the points A 
and B in a rigid body. Let the line 
AB be supposed to lie in the plane of 
the paper. Let A be taken as the origin 
rf co-ordinates, and the line AB as the 
ixis of a; ; and let the distance AB = c. 

Let A and B be displaced through indefinitely small spaces to 
he points A' and B', situated either within or without the plane of 
he paper. Let x^, y^, 2J„ be the co-ordinates of A', and c + x^, y^, 
w those of B' ; a*,, y„ z^, ic,, 2/2, 2^, being indefinitely small quan- 
ities. Then «, = Aa, or the virtual velocity of P^ and x^ = B&, or 
tie virtual velocity of P,. 

Since the points A, B, are rigidly connected, A'B' = AB = c ; 
.-. (f={c + x^- x,Y + (y, -y,f+ (z, - z,y* 

But since a;,, y^, z^, ic,, y^, z,, are indefinitely small quantities, 
tieir squares and the products of any two of them may be disre- 
arded. Kejecting all such terms, the equation becomes 





^2 = ^2+ 2C.r. - 2cx^ ; 


• 
• • 


= 2ca*2 — 2C.r„ 


or, 


a?, = Xg, 



tence the virtual velocities of P, and P^ are equal in magnitude. 
Jso, x^ is measured along the direction of P^, and is therefore 
ositive j but x, is not measured along the direction of P^, and is 
lerefore negative ; the virtual velocities, therefore, have contrary 
gns. 

* If «!, biy Cxt dz, 62, C2, be the co-ordinates of two points, the square of 
le distance between them = (ai -a2)'+(^i -^2)*+(Ci -C2)*. Let A, fig. 
rt. 351, be the point whose co-ordinates are ai, 61, Ci, and the point 
hose co-ordinates are 0^2, ^2, C2. The distance AO is the diagonal of a right 
)lid whose sides are severally ai - 0^2, &i - &2, Ci - C2, and therefore 

AC* = K - aa) V (^'i - ^2)^ + (ci - C2)^ 
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360. If any number of forces acting at various points of a rigid 
body he in equilibrium^ and if the body receive an indefinitely small 
disturbance, the sum of the products of each forcje into its virtual 
velocity is equal to zero. 

* Let Pj, Pa, &c., be the f9rces, A„ A,, &c., their points of applica- 
tion, and Vj, v^ &c., their virtual velocities ; it is required to show 
that PiV, + F^v^ + &c. = o. 

Since A^, A,, &c, are points in a rigid body, we may suppose 
them connected by rigid rods. Let Q^ . , denote the force exerted 
on A„ from its connection with A,, and Q, . ^ the force exerted on 
A,, from its connection with A,. These are evidently equal forces, 
and act along the line AA,. Li like manner, let Q3 . , Qi • 3 denote 
the forces acting along A.Ag, Q, . 3 Q3 , , those along A^ and 
so on. 

If, then, instead of the rods, we suppose the forces Qi . « Q, • 3' 
Q2 . 3, &c., to act at the various points of the given body, the forces 
acting at each point must severally be in equilibrium. 

Let t?, . 2 bo the virtual velocity of Q, . ^ v^. 3, that of Q, . 3, and 
so on. Then, by Art. 283, 

^A + Qa-x ^'a-x+Qs-x V3 • , + &C. = O, 
Pa^'a + Qi . a «^x . a + Q3 . a «^3 . a + &C. = O, 

P3V3+ Q, . 3 «;, . 3 + Q,. 3 1?,. 3+ &c. = o. 
&c. &c. 

But since A„ A,, &c., have been displaced through an indefi- 
nitely small space, it follows from the preceding proposition that 
^2 . , = — Vi . 2, «^2 . 3 = — ^3 • a> <^c. Hence, in the foregoing series of 
equations, for each term arising from the mutual action of the 
points of the body there will be a corresponding term, equal in 
magnitude but of contrary sign. Therefore, if the several equa- 
tions be added together, these terms wiU mutually destroy each 
other. Whence, PjV, + V^v, + V^v^ + &c. = o. 

361. It will be seen, from Art. 357, that when the line joining 
the two positions of the point of application forms a right angle 
with the direction of the force, the virtual velocity is equal to 
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zero. Hence, the virtual velocities of all resistances, when bodies 
rest upon a perfectly smooth immoveable plane, are severally equal 
to zero. Also, the virtual velocities of all reactions at fixed points 
must, it is plain, be severally equal to zero. Hence, when forces 
acting upon a rigid body are in equilibrium, some of which are 
resistances of smooth planes and reactions of fixed points, these 
latter may be disregarded, and the principle of virtual velocities 
holds good of the remaining forces. 

362. If two material particles, in equilibrium under anyforcesy 
he connected by an inextendble cord, the mrtual velocities of the ten- 
sions in the cord are equal in m^gnitwle, but have opposite signs. 

This is evidently true when the displacement takes place in the 
direction of the cord itself. 

If the displacement do not take place in the direction of the 
iord : — ^first, let the cord form a single straight line ; then, since 
•he particles preserve an invariable distance, the cord being sup- 
X)8ed inextensible, the proposition is identical with that already 
>l-oved in Art. 359. 

Secondly, let the cord pass round a fixed point so as to form 
Wo straight lines. Let ACB be the origi- 
nal position of the cord. Let A and B be 
lisplaced over an indefinitely small space 
o A' and B', the positions of A' and B' 
>eing such as to allow the cord to remain 
tretched. Then A'C + CB' = AC + CB. 
iJVith C as the centre, and CA', CB' as 
adii, describe the small arcs A'a, B'ft. Since the displacement is 
ndefinitely small, these arcs may be regarded as straight lines 
)erpendicular to AC and BC, and therefore Aa and B^ are the 
rirtual velocities of A and B. But AC = A'C + Aa, and BC = 
3'C - B5 ; 

AC + BC = A'C + B'C + Aa-B6; 
o = Aa — Bft, 
or Aa = B&. 
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Hence, the virtual velocities are equal in magnitude. The tension 
on A acts towards C, therefore Aa falling along the direction is 
positive. The tension on B acts towards C, and therefore W) is 
negative. Hence, the virtual velocities have contrary signs. 

363. From the preceding Articles, it follows that if a system of 
rigid bodies, connected by flexible inextensible cords, be in equi- 
librium under any forces, the principle of virtual velocities applies 
to the forces irrespective of the tensions in the cords, since the 
products arising from these enter in pairs which mutually destroy 
each other, and (Art. 361) irrespective also of the resistance of 
smooth planes and the reactions of fixed points. 

364. To verify the principle of virtual velocities in the bent lever. 

Let ACB be the lever, and C its fulcrum. Let the forces P and 
W make the angles a and fi re- 
spectively with the arms pro- 
duced. Then the condition of 
equilibrium is (Art. 72) that 
P. ACsina = W.BCsin^. Let 
A'CB' be the position of the 
lever after displacement. Since 
the displacement is indefinitely 

small, AA' and BB' may be regarded as straight lines perpendicular 
to AC and BC respectively, and therefore the angle A'Aa = 90°-fl» 
and the angle B'Bb = 90° - p. By the principle of virtual velocities. 

P.Aa-W.B^> = o. 
But Aa = AA' cos A'Aa = A A' sin a, 

and Bb -= BB' cos B'B& = BB' sin p ; 

P . AA' sin a = W . BB' sin p, 
or P sin a : W sin /? : : BB' : AA'; 

but since the triangles ACA', BCB' are similar, 

BC : AC : : BB' : AA', 
P sin a : W sin j8 : : BC : AC, 
which is identical with the condition of equilibrium stated above. 
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365. To verify the principle of virtual velocities in the inclined 

plane. 

Let a weight W be sustained on an inclined plane at the point 

A by a power P, whose direction makes an angle 

^ with the plana Let a be the inclination of 

the plane. Then, by Art. 100, 

P : W : : sin a : cos ^. 

Let A be displaced to A' then since the 

ipection of P makes an angle with AA' 

Art. 357), 

P*s virtual velocity = AA' cos 6 ; 

nd since the direction of W makes an angle 90° — a with A A', 

Ws virtual velocity = AA' cos (90° - a) = AA' sin a, 

ad not falling along the direction of the force is negative. There- 

»re, by the principle of virtual velocities, 

P . AA' cos ^- W . AA' sin a = o ; 

P cos ^ - W sin a, 

18 same relation as that given above. 

366. To apply the principle of virttial velocities to determine the 
osition of equilibrium of two spJieres, of uniform density, resting 
pon two smooth inclined planes. 

Let A, B be the centres of two spheres whose weights are W„ 
T^ respectively, resting on the smooth in- 
ined planes CD, CE, whose inclinations are 
, o^. In the position of equilibrium, let 
3 the angle which the line AB makes with 
le vertical line through A. Let the system 
ceive an indefinitely small displacement, in 
msequence of which A is moved to A', and 

to B'. The lines AA', BB' are parallel respectively to CD and 
E ; therefore the angle between A A' and the direction of W, = 
0° - a„ and the angle between BB' and the direction of W, = 
0° — a,. Hence, 

virtual velocity of W, = AA' sin a,, 
„ „ W, = BB' sin Oa ; 
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the former is positive and the latter negative. Therefore, by the 
principle of virtual velocities, 

W, . AA' sm a,- W,. BB' sin o, = o. (i) 

But since the distance between A and B is invariable, the virtual 
velocities of A and B in the direction of AB are equal in magni- 
tude and have contrary signs (Art. 359) ; 

AA' cos A'AB = - BB' cos B'BA 
But the angle A'AB = 6- (90° - a,) = ^ + a, - 90** j and the angle 
B'BA = ^4.9o°-a, = tf-a, + 9o^; 

AA' sin {0 + a,) = BB' sin {6 - a,). (ii) 

Eliminating AA' and BB' between the equations L and ii. we 

W, sin a, sin (^ - a,) = W, sin o^ sin (tf + a,). 
Divide both sides of this equation by sin a, sin a, cos ^, then 
W, (tan tf cot Oa - i) = W, (tan 6 cot a, + i) ; 

W, cot ttj — W, cot a, 

367. The method pursued in the preceding will serve also to 
determine the position of equilibrium of a bar resting on two 
smooth inclined planes. For, let AB be the bar, and AA', BB 
portions of the planes on which it is resting. The inclinations of 
these planes are a, and a, respectively. Let W be the weight of 
the bar, resolve W acting at the centre of gravity of the bar into 
two forces W, and W,, acting at A and B respectively. Then, as 
in the preceding, 

tan«= ^■ + ^' 

W, cot a, — W , cot a. 

Let a and h be the distance of the centre of gravity of the bar 
from the points A and B respectively, then 

W, = W.— . and W, = W- ^ 



a+h a + b 

Substituting these values in the expression just given, and 

a+ b 



tan^ = 



b cot a, — a cot a. 
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Or, if be the angle which the beam, in the position of equili- 
brium, makes with the horizontal line, since (^ = 90' — 0, 

. J b cot a, — a cot a, 
tan d}= ? — -. 

^ a + b 

368. If any system of rigid bodies is in equilibnum under the 
action of no forces but their weights, tensions in inextensible cords, 
Resistances of smooth immoveable planes, and tlie reactions of fixed 
points, and if an indefinitely small motion be communicated to its 
parts, the centre of gravity will neither ascend nor descend. 

Let P„ P„ &c., be the weights of the several particles of the 
system, and 2,, z„ &c., the distances of their centres of gravity 
&om any horizontal plane ; then, if h be the distance of the centre 
Df gravity from the same plane (Art. 64), 

P, + P,+ P3+&C. 

Let the system receive an indefinitely small displacement, and 
let h, 2„ 2,, &c., become K, z^ + v^, z^ + v,, &c.; then 

P, + P,+ P3 + &C. ' 

h'-h- -^'^^ '^ ^'^' '^ -^3^3 + ^^' 
P, + P. + P3 + &C. 

But, by Art. 363, the principle of virtual velocities is applicable 
to the external forces alone, irrespective of the tensions, resistances, 
&c. Therefore, p^^^ + p^^^ + p^^^ + &c. = o ; 

^' — ^ = o ; or h' = h, 

369. To verify the preceding theorem in the wheel and axle and 
the double inclined plane. 

First : Let P and W be in equilibrium in the wheel and axle. 
Let R be the radius of the wheel, and r the radius of the axle, 
and let A, B be the respective positions of P and W when in the 
same horizontal lina The centre of gravity of P and W is evidently 



298 



ON VIRTUAL YELOCITIEB. 



in the line AB. Let the machine move on its axis through an angle 
COC, in consequence of which A moves to A', and B to K. Then. 
AA' is equal to the arc CC, and BF to the arc DD'. But CC, 
DD' are similar arcs of circles, and are therefore as 



the radii, or 



K : r; 
K:r. 
r : E; 
BB' : AA'. 




CC : DD' 
AA' : BB' 
But P : W 

P : W 
Also, since the triangles AGA', BGB' are similar, 
BB':AA': :B'G:A'G; 
P : W : : B'G : A'G, 
or G, a point in the horizontal line AB, is the 
centre of gravity of P and W in their new position. 

Secondly : Let the weights P and W, connected by a cord 
passing over a fixed pulley at C, be in 
equilibrium upon a double inclined plane. 
Let a„ a, be the inclinations of the planes, 
and )8„ p^ the angles made by the cord 
with the planes. Let T be the tension 
in the cord ; then, since T, P, and the 
resistance at A are in equilibrium, by 
Art. 100, 

P : T : : cos )8, : sin a,. 
Similarly, W : T : : cos ^^ : sin c^; 

P : W : : cos ^, sin a^ : cos p, sin a,. 
Let A and B be the positions of P and W when in the same 
horizontal line. Let A and B be moved through indefinitely small 
spaces to A' and B'. With C as a centre, describe the arcs A'a, Bft. 
Then Aa and B'&, being the portions by which the two parts of the 
cord are severally shortened and lengthened, are equal The arcs 
A'a, Bb being indefinitely small, may be regarded as straight lines 
perpendicular to AC and B'C respectively; that is, Aa = AA' cos jS^ 
and B'6 = BB' cos /?, ; 

AA' cos p, = BB' cos /?^ 
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I^t the angle AGA' = 0, then 

A'G = AA'?^, 
sin 

and B'G - BB' ?^, 

sin 6 

A'G _ A A' sin a, _ cos ^^ sin a, 
B^ BB' sin a, cos ^, sin <ju , 

A'G : B'G : : W : P, 

^1^ G is the centre of gravity of P at A' and W at B'. 

370. The importance of the principle of virtual velocities has 
^ed to attempts to supply a demonstration of it independently of 
^ie equations of equilibrium deduced in the preceding chapter, 
fcut none of these are sufficiently elementary in their character to 
oe introduced here. K, however, this principle be assumed, the 
Conditions of equilibrium may be deduced from it. 

371. To deduce the conditions of equilibrium of a rigid body 
Jrom the principle of virtual velocities. 

Every possible motion of which any rigid body is susceptible 
may be resolved into a motion of translation and a motion of 
rotation round a fixed axis. 

First, let the body receive a motion of translation, such that all 
the points in it move over a distance m in the direction of the 
line which makes with the axes angles whose cosines are a, &, c, 
respectively. Then, if x, y, z, be the co-ordinates of the point of 
application of any one of the forces P, and a, P, y, the angles 
which the direction of P makes with the axes; and if v be the 
virtual velocity of P, 

t; - Tw (a cos a + & cos ^ + c cos y). 

By the pruiciple of virtual velocities, 

2.Pi; = o; 

therefore, 

a 5 . P cos a + & 5 . P cos j8 + c 5 . P cos y = o. 
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But this result is independent of the values of a, b, and c, for the 
direction of the axes is altogether arbitrary. Consequently, each 
term must separately vanish, or we must have 

2 . P cos a = o, " 

5.Pcos/?=o, . (i.) 

S . P cos y = Q. , 
Again, let the body revolve through a small angle $ about a 
line passing through the origin, and making 
with any three rectangular axes angles whose 
cosines are a, h, c, respectively. Let ON ^/ \\4 

represent this line. Let M be the point of 
application of any one of the forces, and x, 
y, z, its co-ordinates, r its distance from the 
origin, and h its perpendicular distance from 
ON. Let M revolve about the axis ON, through a small angle 6 
into the position M. The small arc MM' may be regarded as a 
straight line perpendicular to the plane MON. Let the angles 
which MM' makes with the axes have for their cosines A, B, C 
respectively, and let the force acting at M make with the axes the 
angles a, ^, y. Then, if v be the virtual velocity, 

t7=MM'(A cos a + B cos /? + C cos y). 
The angles which OM makes with the axes have for their cosines 

-, ^, -, respectively. Hence, since MM' is perpendicular to OM, 
r r r 

Aa? + By+Cz = o. 
Similarly, because the angle between MM', and a line through M 
parallel to ON, is a right angle, 

Aa + B6 + Cc = o. 
From these two equations, it follows that 

AiBiCiibz — cyicx — aziay — bx* 

♦ The student will find it useful to remember the following result, which 
he may easily deduce. Given two equations between three quantities, x, y, *» 
of the form aiic+&iy+Ci2— o, 

then X : y : z : : &iCa - ftgCi : Cida - Ca^i : ai&a - a^bi. 
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But A' + B* + C* = I ; whence, letting K stand as an abbreviation for 

s/{hz - cyY + {cx- azf + {ay - hxfy 
^e obtain 

. hz — cy ^ cx — az ^^ay — bx 

Again, MM' = hO, But if the angle MON = <^, 

h = r BifL <^, 

J , ax + hy + cz , 

and cos <i = — - — ; 

r 

i^hence, remembering that a^ + lf + c'-i, and that sif + y" -^ z" = r^y 

* results that 

^ ='s/(bz - cy)' +(cx- azf + (ay - frJJ)^ 

or ^ = K. 

substituting the values of A, B, C, and MM' just obtained in the 
xpression v = MM'( A cos a + B cos )8 + C cos y), we have 
= ^{(&z — cy) cos a + (ca; — az) cos ^ + (ay — 6a;) cos y}, 
= ^{a(y cos y — 2 cos ^) + &(z cos a — « cos y) + c(a; cos jS — y cos a) }. 
^y the principle of virtual velocities, 

-^herefore, 

a 2 . P (y cos y — 2 cos P) 

+ ft 2 . P (2 cos a — ic cos y) 

+ c 5 . P (aj cos /J - 2/ cos a) = o. 

As before, this result is independent of the direction of the 

^es, and therefore of a, b, and c. Consequently, each term must 

inish separately ; that is, we must have 

S . P (y cos y - 2 cos^) = o,' 

5 . P (2 cos a — x cos y) = o, ■ (ii.) 

5 . P (a; cos iS - 2/ cos a) = o, 

Equations i. and ii. correspond with the six equations of equi- 

brium. 
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CHAPTER IV. 

ON THE CENTRE OF GRAVITY. 

372. It has been shown in the chapter on the centre of gravity 
in Part i., that the centre of gravity of any body can be readily 
found, when the centres of gravity of all its parts are known. 

Thus, if M„ Ma, &c., be the magnitudes of the several parts, and 
ic„ ajj, &c., the distances of their centres of gravity from any 
plane ; -then, if x be the distance of the centre of gravity from the 
same plane, -_Ma + M^, + &c.^ 

M, + M, + &c. 
or, according to the notation used in previous chapters, 

- 2. Ma; 
2.M 

If M„ M2, &c., be equal to one another, and n in number, then 
2 . Mic = M . 2a;, and 2 . M = wM, therefore, in this case 

- 2. a; 
x = 

n 

373. Whenever a figure is symmetrical about any axis, then if 
of uniform density, the centre of gravity will lie in this axis, and 
may be found by finding its distance from any plane at right 
angles with the axis. When the figure is not symmetrical about 
any axis, the position of the centre of gravity is found by finding 
its distances from three planes at right angles with one another. 

As before, let M„ M^, &c., be the magnitudes of the several 
parts ; a;,, x^, <fec., the distances of their centres of gravity from 
the first plane; y^, 2/2* &c., their distances from the second plane; 
and 2,, Z2, &c., their distances from the third plane : then if x, y, 
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the distances of the centre of gravity of the whole from 

planes, 

-_5.Ma; 

-_2.My 

-_5.M2 

given figure be a plane, it is sufficient to find the distances 
intre of gravity from two lines intersecting at right angles, 
position of the centre of gravity is given by the two 

' - 5. Ma; 

2.M 

[f the centre of gravity be the origin of co-ordinates 
= o, and z = o; and therefore in this case, 

2 . Ma; = o, 

2 . My = o, 

2 . M2 = o. 

Vo find the centre of gravity of the sector of a circle, 

be the radius of the. circle, and 
agle of the sector. Let OC 
le angle AOB; the centre of 
Qust evidently lie in this line. ^ 
e the centre of gravity, it re- 
determine the distance GO. 
3 the angles AOC, BOG, into 
3arts. Each half of the sector 

divided into n equal sectors, and when n is very large, 
y be regarded as n equal triangles, having their centres of 
tt a distance from = f r. 

;he' centre of gravity of each triangle with that of the 
similarly placed on the other side of OC. These lines will 
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be at right angles to CO, and will be bisected by it. Let L, M, N, 
&c. be the points in which these lines cut OC, then the points L^ 
M, N, &c. are the centres of gravity of each pair of triangles^ 
Then, taking their distances from 0, we have 

Xi = LO = — cos — ; 
3 4W 

x^ = MO = — cos 2^; 
3 4» 

«, = NO = — cos 5^; 
3 4w 



Hence, by Art. 372, 

G0 = -; 

n 



&c. &c. 



= — ( cos — + cos ^ + cos ^ + &.... + cos ^ ^— )• 

3W\ 471 4n 4n 4W / 

_ 2r sin \(L ^ 

x' .a 
'^ 2W sin — 

471 

Since n is very large, — is very small, and therefore the angle 

471 

itseK may be substituted for its sine. Therefore, 

QQ^^ sin jg . 

3 * *« ' 
_4r sin I a 

the angle a being measured by the ratio of the arc to the radius. 

* The sum of the series cos + cos 30+&C. + (2n- i) may be easily 
found as follows : — sin 20 = 2 cos </> sin 0, 

sin 40 - sin 20 » 2 cos 30 sin 0, 
sin 60 - sin 40=2 cos 50 sin 0, 
&c. &c. 

sin 2n(p - sin (271 - 2) 0»2 cos {2n - 1) sin 0. 
Whence, by adding together, 

sin 2w0=2 sin {cos + cos 30+&C. +cos (271- i) 0}; 

cos 0+cos 30+&C. +COS (2n- 1) 0-?lEJ!?:^. 

2 sm 
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375. In the result just obtained, if a = ir, the sector is a semi- 
circle. Therefore, if GO denote, as before, the distance of the 
centre of gravity from the centre, 

If a = - the sector becomes a quadrant, and in this case, 

2 

GO-- 8rsin45" _^ 4V2 

3^ 3^ 

376. By a process precisely similar to that followed in Art. 374, 

t may be shown, that in the case of a circular arc subtending at 

be centre an angle a, 

^Q _ 2r sin i a 

a 

rad. chord 

arc 

377. The following summations will be referred to in future 
Articles. They may be readily found by the method of Finite 

^differences. 

n(n+i) 
I +2 +3 + +n =— ^ if 

2 

6 

13 + 23 + 33+ +n3=(!il!?±il): 

1^+2^+3^+ ^^,^n(n^i)(6n^ + 9n^-^n-i. 

^d hence, by making n as large as we please, the following equa- 
^ixs may be made as nearly true as we please : 



I +2 +3 + ... 


... +n _ 


I 


I»+2»+3'+... 


... + n»_ 


2 

I 


13+23 + 33+.. . 


...+W3_ 


3 
I 


I*+2*+3*+ ... 


,,.+n* _ 


4 
I 


X 




5 
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378. To find the centre of gravity of the area of a semi-p 
Let A be the vertex and AB the axis of the parabola, and 
the equation of the curve. 

Divide BC into n equal parts, n 
being an indefinitely large number, 
and let BC = nh. 

Let MN be one of these divisions, 
then MN = k ; and let BN =pk. 

The area of the rectangle PM is 
equal to k . PN, and 

PN = AB - A V, 
_ BC' _ PV 

m m 
= m"Ar* {n* —p^ 
:. area of PM = m"k^ {n* - 2?»). (L ) 

The distance of the centre of gravity of PM from the 1 
is I PN, or J m'^k? (w' —p*) ; therefore the product of the 
PM into the distance of its centre of gravity from BC is e 

im-»A;s (w^ - 2n'p' +p^), (iL ) 
Hence, by giving io p the values i, 2, 3, &c., in the exprej 
we obtain M, = m~^k^{ri' — i*), 

M, = m-'k^{re - 2% 
M3 =- m'^kHrv' - 3=^), 

• • • • 

M* = m-'k\n' - n') ; 
and therefore, taking the sum 

2.M = m-'A;3{?i3-(i=+2'+3'*+ +w»)}, 

= f m"'BC^, since n is larga 
In like manner, from the expression ii., 

M,ic, = j7W*A;5(7i* - 271' , 1= + 1^), 
MaiCa = ^rrr^k^n^ — 2n'' . 2* + 2*), 
^3*3 = \rn'^k\n^ - 2w' . 3^* + 3*), 



M„a;,j = ^m'^k\n^ — 2?^' . w* + n*) ; 
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Dd therefore 

\ n^ n^ ) 

= ■^m'^BC^, since n is large, 
mce, if a; be the distance of the centre of gravity of the semi- 
rabola from BC, _ 2 j^^ 

= fAB. 

igain, since MN is very small, the distance of the centre of 
vity of the rectangle PM from the line AB may be taken as 
lal to BN or pk ; therefore the product of the area of PM into 
i distance of the centre of gravity from AB is equal to 

m'^k^{7fp —p^). 
jriving to^ the values i, 2, 3, &c., severally, we have 

'M.,y^ = m"k*{'ri', i - i^), 

M^y, = m'^k*(n' . 2 - 23), 

M32/3 - m-'Jc'ln' . 3 - 33), 

• • • • • 

d therefore 
l,.My-m"k*{n'{i + 2+ +n)- {1^ + 2^+ .,,,..+71^)}, 

= Jm-'BC*. 

snce, if 2/ be the distance of the centre of gravity of the semi- 
i^bola from the line AB, 

= fBC. 

J79. To find the centre of gravity of a solid of revolution. 

Let AC be the cvirve which generates the solid by its revolution 

nd the axis AB. 
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Let AB be divided into n oqnal ports, re being an indefiniteLj 
l&ige nuiuber, and let AB - nh. 

Let MN be one of these diviaioQS, say the yth ; then MN= h 
and AN =ph. 

The content of the cylinder generated by 
the revolution of the rectai^e FM is equal 
to wA.PN'. 

Since MN is vety small, the distance of the 

centre of gravity of this cylinder from A may 

be taken as equal to AN or ph ; hence, if G 

be the centre of gravity of the solid, 

^^_ 2.^ryj>PN\ 

^^- S.xAPN' ' 

_ S.ph'FJS' 




380. Ex, 1. To find the centre of gravity of a s^ment of a spliere. 
Let r be the radius of the sphere, then 

PK' = AN(2r-AN), 
T™™. =2rph-p-h'. 



GA 




-p-k')' 














2rA'(i' + 


2'+ ...+ 


»■)- 


-h*(V+2 


'+. 


.+»>) 






2Th\l + 


2 + k 


«)- 


■h\l'+2 


'+. 


.+«') 




arAB-. 


'+a' + 
n3 


.+ 


»'-AB' 




±^ 




xrAB'. 


+ 3 + . 


^.i^-AB'. 


l' + 


2'+... 


+«■; 




■-rAB-- 


JAB-, 
FSB' 




re U large; 








8r.AB- 


3.AB. 













.AB 

* From the denomin&tar of tbia fraction, wa see that the contsnt of ■ 
gegmeot of a sphere U equal to 

»(rAB»-iAB"). 
Also, since zr . AB - BC + AB', the content is equal to 
JtABOBC' + AB'). 
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381. Cor. If the segment be a hemisphere, then AB = r ; and 
therefore cr 

and therefore, if be the centre of the sphere, 

8 

382. Ex. 2. To find the centre of gravity of a paraboloid. 
Let m be the parameter of the generating curve, then 

PN' = 7w.AN, 

= mph. 



Therefore, 



li.mph* ^.ph*' 

_ h^(V+2''+ +71') 

h'{i +2 + +n)* 



AB3. 



l''+2^ + 



+ 71" 



n^ 



AB\ 



I + 2 + 



+ n 



n" 



= *AB. 



383. To find the centre of gravity of the portion of a sphere 
^^^cluded between two planes intersecting in a 
'Mameter at an angle eqtial to any sub-multiple 
^f tioo right angles. 

Let AOC be a section of the solid by a plane 
through the centre of the sphere, at right angles 
'with the intersection of the planes. Then, since 
this plane divides the given figure symmetrically, 
the centre of gravity will lie in this plane. 

Let the angle AOC be equal to 6, and let 
n$ = IT. Let G be the centre of gravity of the 
given solid. 

Suppose the hemisphere to be divided into n equal parts, each 
equal and similar to the given solid. Then the sum of the moments 
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of each part about AB is equal to the moment of the hemisphera 
Hence (Art. 372), 

G0(8m- + sm^ + 8m^ + + sm^ '— ) = =^> 

\ 2 2 2 2/0 

and therefore p^ i — cos wd _ ^rvr 

2 sin ^^ 8 
But n6 = 7r, and therefore cos 7i^= - i. Consequently, 

3wr sin (z) 
G0 = — 



8 



384. Cor. i. Hence, generally, if ^ be the angle between the 
planes, PO — ^ irrsinj^ 

"8 

385. Cor. ii. If the angle between the planes be indefinitely 



small, then, writing — for sin — , we have 

2 2 

GO = 3^. 

ID 

386. If the mass of each of a system of particles be mtUtiplied 
by the square of its distance from a given pointy the sum of these 
products will be the least possible when the given point is the centre 
of gravity of the system. 

Let TWj, m^, &c., be the masses of the particles, r„ r„ &c., their 
distances from G, the common centre of gravity, and p„ p^ &c-j 
their distances from any other point 0. 

Let G, the centre of gravity, be taken as the origin of co- 
ordinates ; let a;,, y^, 2, be the co-ordinates of m^; x„ y,, z, those of 
m„ and so on for the rest. Let a, 6, c be the co-ordinates of 0, then 
P.' = {x,-ay+{y,-b^) + {z,^cy; 

/. my!p^ = m^r^ + m, ., GO'' - 2a . m^^ — 2b . m^, — 2c . w^,. 
Similarly, 

m^/ = m^^ 4- m^ . GO' - 2a . m^^ - 2b . m^^ - 2c . mji^ 
m^^ = m^^ + m^, GO' - 2a , m^^- 2b . mj/^-'2c.m^p 
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Hence, 

5 . mp* = 2 . mi^ + GO* . 2m - 2a2 . mx - 2b% . my - 2c2 . mz. 
fint by the corollary to Art. 373, 

2 . Tax = o, 2 . my = o, 2 . mz = o ; 

therefore, 2 . mp» = 2 . mr» + G0»2m, 

that is, the sum of the products of each particle into the square of 
its distance from the centre of gravity is less than the sum of the 
products of each particle into the square of its distance from any 
other point 0, hy the quantity 

GO* . 2m ; 
or the product of the sum of the masses into the square of the 
distance of the point from the centre of gravity.* 

387. Cor. i. If a sphere be described, having G as its centre, 
and GO as its radius, then the sum of the products of each par- 
ticle into the square of its distance from any point on the surface 
of the sphere is invariable. 

388. Cor. ii. If the system consist of n equal particles, 2 . mp* 
= m2p*, 2 . mir^ — m^r' and 2m = nm. Therefore, 

2p» = 2?-* + n . G0^ 
Hence, the sum of the squares of the distances of n equal particles, 
from any point whatever, eocceeds the sum of the squares of their 
distances from th£ir common centre of gravity hy n times the square 
of the distance of the given point from the centre of gravity, 

389. CoR. III. If three equal bodies be placed at the vertices of 
any triangle ABC, their centre of gravity corresponds with the 
centre of gravity of the triangle. Hence, if G be the centre of 
gravity, and any point whatever, 

AO* + BO* + CO' = AG' + BG* + CG* + 3 . GO^ 

* If Pi, P2, &c., denote the distances of each particle from any plane, and 

»'i, ^2, &c., their distances from a plane through the centre of gravity parallel 

to the former ; then, GO being the distance between the planes, it may be 

easily shown that the equation 

S . mp^ = S . mr" + G0» . 'Lm 
still obtains. 
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390. Cor. iv. Also, if four equal weights be placed at ttie 
vertices of a triangular pyramid, their centre of gravity corre- 
sponds with the centre of gravity of the pyramid. 

Hence, if A, B, C, D be the vertices of the pyramid, G its centre 
of gravity, and any point whatever, 

A0» + B0« + C0*+D0» = AG«+BG»+CG' + DG»+4.G0'. 

391. The sum of the prodticts of each of a system of particles 
into the square of its distance from the centre of gravity of the 
system is equal to the sum of the products of each pair into the 
square of their mutual distance, divided hy the sum of their particles. 

Let w„ m„ &c., be the particles, r„ r„ &c., their distances from 
the centre of gravity of the system, and p^^, p^^ &c., the distances 
of 771^ and m^ of m, and m^ &c. ; then will 

zm 

mj-' + mjr* + &c. = ' ^ '•* ' ^ 'l • 

m, + m, 4- mg + &c. 

Let the centre of gravity of the particles be taken as the origin 
of co-ordinates, and let «„ 2/„ ^x, ««» ^ai 2?,, &c., be the co-ordinates 
of m„ m,, &c. ; then, by Art. 373, 

m^^ + m^^ + &c. = o, 
m,y,4-m^,+ &c. = o, 
m^^ + m^^ + &c. = o. 
Square each of these, and add ; then 

m*{x^* + yi* + z*) + m*{x^* + y^* + z,*) 4- &c. 
+ 2m,m^(x^^ + y,y^ + 2,2,) + 2m,m^{x^^ + y,y^ + z^^) 
+ &c. = o. 
But r/ = x,^ + 2/x* + z,\ and r* = x* + y^ + z/, and so on. 
Also, p% . , = (x, - a;,)* + (y, - y,)« + (2, - 2,)«, 

= r,* + /V - 2(iB^, -h y,2/i + «A)- 
Similarly, p*, . 3 = r,* + ^3* - 2{x^^ + y^^g + 2,23), 

&c. &c. 
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Substituting these values in the equation obtained above, 

+ m,mlp\ . 3 - r/ - r^), 

+ &C. 

Hence, by transposing, 

m^^(m^ + m, + &c.) 
+ mjr^{m^ + m,+ &c. ) 
+ &c. = mjWj^*, . 2 + vn^^i . 3 + &c. 



or 



> 



m.r,' + m.r/ + &c = >».>»^'.-. + >».>^3P'.-3 + &c 



w, 4- ??i2 + m, + &c. 



392. Cor. l Combining the result just obtained with that of 
Art. 386, we have 

393. CoR. II. If the system consist of n equal particles, then 
the result of Art. 391 becomes 

S . p'x . a = w . S . /^. 
Hence, ih^ sum of the squares of the mutual distances of each pair 
out of n equal particles is equal to n tlm^ the sum of the squares of 
the distances of the particles from their common centre of gravity, 

394. CoR. III. Consequently, (see Art 389,) if a, 6, c be the 
sides of any triangle, and A:, Z, m the distances from the centre of 
gravity, a* + &* + c* = 3 (A:* + Z* + m*). 

395. Cor. iv. Also, (see Art. 390,) if a, ft, c, cZ, e, / be the 
edges of any triangular pyramid, and A;, Z, m, n the distances of the 
vertices from the centre of gravity, then 

a* + &* + c* + cZ*4-e*+/'=4(A;'+Z* + m* + »*). 
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GTJLDIS'S PEOPEKTIES. 

396, If any ^ane figure rewlve about an axis lying in Us ms 
plane. Hie content of the generated eolid is equal to the product of 
the generating area into the length of the are described by its centre 
of gravity. 

Let ABDC be thegeneratii^ 
ares, and let it revolve about 
the axis CD, thiongh any angle 
6, into the position A'DTJC. 

Let CD be divided into n 
equal parts, n being an indefi- 
nitely lai^ number, and let 
CD = «A. 

Let MN be any one of these 
diviBionB,thenMN=A.Thiotigh 
M and N draw PM and QN, at 
right angles with CD ; then FN may be regarded as a tectangk, 
and the content of the solid generated by the revolution of PK is 
equal to Ax area of the sector PMP'. 

Let PM = y, then if fl be measured by the ratio of the enbtoinled 
arc to the radius, the area of the aector rMP* is equal to Jy^; 
hence, the content of the solid generated by the revolution of F^ 
is equal to ^y'6h, 

and therefore content of solid - ^3 . y'6h ; 

= ifiS . y'h. 

Again, the area of the rectai^le PN is equal to yh, and tbc 
distance of its centre of gravity from CD is equal to \y, therefore 
the moment of PK about CD is equal to 

Hence, if y be the distance of the centre of gravity of the *!** 
ABDC from CD, then 

^- S.yft 
Therefore, content of solid -y6xS,.yh. 
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But if G be the centre of gravity of the area ABDC, the arc 
GG' = y$ and %,yh\a the area of ABDC ; therefore, 
content of solid = GG' x area of ABDC. 

397. If any plane curve revolve about an axis lying in its oion 
plane, the area of the generated surface is eqiml to the proditct of 
the length of the curve into the length of the arc described by its 
centre af gravity. 

Let AB be the curve, and let it revolve about the axis CD, 
through any angle 0, into the position A'B'. 

Let AB be divided into n equal parts, n being an indefinitely 
large number, and let AB = ns. 

Let PQ be one of these parts, then PQ = s, and since PQ is very 
small, it may be regarded as a straight line; and if PM = y, the 
area generated by the revolution of PQ is equal to 

yO.s, 
and hence, area of ABB'A' = 2 . yOsy 

= &%.ys. 

Also, since PQ is small, the distance of its centre of gravity 
from CD may be taken as equal to y, and therefore the moment 
of PQ about CD is equal to ys ; 

and hence, if 2/ be the distance of the centre of gravity of AB 
from the line CD, - ^.ys 

and therefore area of ABB'A' = yO . AB. 

If G be the centre of gravity of AB, then GG' = yO, and therefore 

area of ABB'A' = GG' x AB. 



EXAMPLES. 

1. Find the centre of gravity of a segment of a circle; show 
that the distance of the centre of gravity from the centre of the 
circle is equal to the cube of the chord divided by 12 times the 
area of the segment. 
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2. Find the centre of gravity of the crescent formed by two 
arcs of equal circles, when the centre of one circle is upon the 
circumference of the other. 

Let r be the radius, then the distance of the centre of gravity 
from the middle of the common chord of the two arcs is equal to 

3. Find the centre of gravity of a spherical sector. 

Let the sector be divided into a spherical segment and a cone, 
let r be the radius of the sphere and x the thickness of the seg- 
ment, then the distance of the centre of gravity from the middle 
of the spherical surface of the sector is equal to 

8 

4. Find the centre of gravity of one-eighth of a sphere bounded 
by three planes at right angles to one another. 

Show that the distance of the centre of gravity from the centre 
of the sphere is S^v'S 

8 

5. If a regular polygon of n sides be inscribed in a great circle 
of a sphere, the sum of the squares of the distances of the an- 
gular points of the polygon from any point on the sphere is equal 
to 2w times the square of the radius of the sphere. 

6. The sum of the squares of the mutual distances of each pair 
of angular points in a regular hexagon is equal to the square of 
the periphery of the hexagon. 

7. In a regular polygon of n sides, the sum of the squares of 
the distances of any one angular point from the rest is equal to 
2?i times the square of the radius of the circumscribing circle. 

8. Find the centre of gravity of the portion of a sphere con- 
tained between two parallel planes, one of which passes througli 
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the centre of the sphere; the distance between the planes being 
equal to half the radius. 

Let T be the radius of the sphere, then the distance of the 
centre of gravity from the centre of the sphere is equal to 

w 

9. Assuming that the area of an ellipse is the product of its 
semi-axes multiplied by tt, find the centre of gravity of an elliptic 
quadrant 

Let a and h be the semi-axes, then the distance of the centre of 
gravity from the major-axis is equal to 

and its distance from the minor-axis is equal to 

— I 

10. Find the centre of gravity of the segment of a prolate sphe- 
roid cut off by a plane at right angles with the axis of revolution. 

Let X be the length of the axis of the segment, and a the 
semi-major axis, then the distance of the centre of gravity &om 
the vertex is equal to g^^ _ ^ 

1 2a -435 

11. Find the centre of gravity of the area contained between a 
parabolic arc AQP, and a chord AP drawn through the vertex. 

Let C be the middle part of the chord AP, and let a parallel 
to the axis through C meet the curve in Q ; show that the centre 
of gravity is in the line CQ, at a distance from C equal to 

2CQ 

—— • 

5 

12. Apply Guldin's Properties to the determination of the con- 
tent and surface of a mig. 

Let a be the radius of the generating circle, and h the distance 
of its centre from the axis of revolution, then the content of the 
ring is equal to 27r*a*&, and the surface of the ring is equal to 47r*a&. 
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13. Find, by Guldin's Properties, the content of an oblate 
spheroid. 

Let a and b be the semi-axes of the generating ellipse, th^ 
content required is equal to ^ira'b. 

14. The surface of a sphere whose radius is r is equal to 47rr*; 
determine the centre of gravity of a semi- circular arc. 

15. Find the content of the solid generated by the revolution of 
a triangle about one of its sides. 

Let a, by and c be the sides of the triangle, and let c be the aps 
of revolution, then the required content is equal to 

4ir8 . (« — a) (« — b) (s — c) 

16. Show that the content of the solid generated by the revolu- 
tion of a segment of a circle about the diameter which is parallel 
to its chord is equal to ^ir x (chord)^. 

17. Find the content of the spindle generated by the revolution 
about its chord of a circular segment whose height is equal to half 
the radius. 

Let r be the radius of the segment, then the required content is 
equal to Trr^fhlA - !rY 

18. Find the area of a spherical zone. 

Let r be the radius of the sphere, and c the axis of the zone, 
then the required area is equal to 2Trcr, 

19. Assuming the preceding, show that the centre of gravity of 
any spherical zone, or of the surface of any spherical segment, is 
the middle point of the axis. 

20. Show, from Guldin's Properties, that the content of a 
paraboloid of revolution is equal to the area of its plane surface 
multiplied by half its axis. 

(For the area of a semi-parabola, refer to Art. 378.) 



HYDEOSTATICS. 



CHAPTEE V. 

ON THE CENTRE Q^lksSURE. 




398. The pressure of a fluid up^^P^surface varies, as already 
Seen, with the depth of each point helow the sur&ce of the fluid. 
The point in the surface through which the resultant of these 
Several pressures passes is called the centre of pressure. When the 
surfiBkce in contact with the fluid is a plane surface, the pressures 
it the different points are all perpendicular to the surfece, and 
bence are parallel forces. Hence, if the pressures on the several 
parts of a surface be P„ P„ &c., and A;,, A;,, &c., be the distances of 
the centres of pressure of these parts from the surface of the fluid, 
md k the distance of the centre of pressure of the whole plane 
[roin the surface of the fluid (Art. 49), 

, _ VJc^ + VJc^ + &c. 

But if m„ m„ &c., be the areas of the several parts of the plane, 
and h^, h^ &c., the distances of their centres of gravity below 
the surface of the fluid, and w the weight of a unit of the fluid, 
P, = wmji^, P<, = wmjh^y &c. ; 

, _ mjijc^ + mjijc^ + &c. 
mjij^ + mji^ + &c. 

If the parts into which the plane is divided be indefinitely small 
rectangles, having one pair of sides parallel to the surface of the 
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fluid, the centres of pressoie and the centres of gravity may h 
regarded as coincident Whence, 

wi^,+ mji^-i- &C. ' 
or, as it may be conveniently written. 



k = 



l,.mk 



Cor. If the areas of the several parts are eqnal, the last expres- 
sion becomes i. . . r . . p -« r« 

A, + A, + &c 2 . h 

399. To find tJte centre of pressure of any parallelogram, one of 
whose sides is coincident taith the surface of the fluid. 

Let h be the depth of the lower side of the parallelogram. Let 
the parallelogram be divided by lines parallel to the surface into n 
equal parallelograms, n being an indefinitely large number. Since 
these parallelograms are indefinitely smaU, the depth of their 
centres of gravity may be taken as equal to that of their lower 
sides. Hence, 

n n n n 

i + 2*+ 4-yz* 

= h =-.(Art.377.) 

1 + 2 + +u 3 

or the centre of pressure is at two-thirds of the deptL 

Hence, the staves of a cylindrical barrel, containing any liquid, 
may be kept in their place by a single hoop placed at two-thirds of 
the depth of the fluid. 

400. To determine the centre of jyressure of a parallelogram im- 
mersed to any depth, but having one of its sides parallel to the fluid. 
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t ABCD be any parallelogram, having its lower side AB 
lei to the surface of the fluid. Let h be the depth of AB 
7 the sur£3ace, and h! the depth of the opposite side DC. 
uce the sides AD, BC to meet the surface of the fluid in 
d L. Let AB = a = CD, and let be the inclination of the 
) to the vertical line. 

ah . 



arly, 



Area of ABLK = 



pressure on ABLK = 



pressure on DCLK = 



cos B* 
ah h 



cos ^ 2 
ah' h' 



cos 2 

e, if A; be the depth of the centre of pressure on ABCD, 

ah h 2h ah' K 2^' 



' • — — • 



, _ cos ^ 2 3 COS ^ 2 3 

ah h ah' h' 

cos $'2 COS d * 2 

^2 h^ - h'^ 
Z'h^-h'^' 

^2 h^'+hh' + h'"' 
3 h + h' 



Draw CD perpen- 



1. To find the centre of pressure of a triangidar plane, whose 
: is on the surface of the fluid, and whose base is parallel to 
irface of the fluid, 

b ABC be the triangle, and AB its basa 

ur to the base, and divide it into n equal 

Through these points of division draw 

parallel to AB, and upon these lines as 

describe rectangles, as in the figure. 

increases, the sum of the pressures on 
Bctangles approaches to the pressure on 
iangle. 

Y 
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Let AB = a, and let h be the depth of AB below the sur&ce of 

the fluid. Then the base of the first rectangle is equal to -, the 

n 

base of the second rectangle to — , and so on : 

n 

area of first rectangle = - . 



second „ 



third 



n n 

2a CD 

— • — > 

n n 

_3a CD 

» • — ' 

n n 



<&c. &c. 

The depth of the centre of gravity of the first rectangle may be 

taken as equal to -, of the second — , of the third ?-, and so on. 

n n n 

Let k be the depth of the centre of pressure of the triangle, then 

aCD /h\* 2aCT> /2h\* ^ naCD /nh\* 

n* \nj n* \n J n* \n ) 

aCD h 2aCD 2h « . n.aCD nh 

+ ; + &C. . H 

n* n n* n n* n 

l3+ 2^+ + w3 

= h ,^ ,f T— a = ^ (Art 377.) 

1^ + 2^4- + n* 4 ^ ' 

402. To find the centre of pressure of a tricmgular plane vhm 
1)086 is on the surface of the fluid. 

Let h be the depth of the vertex, k the depth of the centre of 
pressure. The given triangle is the half of a parallelogram, one 
of whose sides is coincident with the surface of the fluid, and 
whose opposite side is at depth h. The centre of preaaure of this 
parallelograni is known from Art. 399. The other half of the 
parallelogram is a triangle whose vertex is on the siir£EU^ and 
whose base is parallel to the surface; its centre of preasoie is 
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therefore known by the preceding Article. Then, if A be the area 
of the given triangle, 

2Ah 2h 2Ah $h 

2 3 ^^^ 

< fy Ah * _ 



2AJ1 2AA 



Ah -n.^^^^-tn. 




2 3 

403. To find the centre of jpresmre of any triangular plane 
whose vertex is on the surface of the fluid. 

Let ABC be the given plane, and let A„ h^ be the depths of B 
and C respectively. 

Let BC produced meet the 
surface of the fluid in D. Draw 
BE, CF, perpendicular to AD, 
Then, if a be the inclination of 
the plane of ABC to the surface 
of the fluid, 

BE sin a = ^„ 
and CFsina=^,. 

The given plane is equal to the difference of the two triangles 
ABD and ACD. 

The area of ABD is equal to i AD x BE, or ^'^' ; the depth 

2 sina 

of its centre of gravity is ^A, ; and the depth of its centre of 
pressure is (Art. 402) \hj. 

The area of ACD is equal to J AD x CF, or :^^jl^. the depth 

2 sin a 

of its centre of gravity is ^h^; and the depth of its centre of 
pressure is JA,. 

Therefore, if A; be the depth of the centre of pressure of ABC, 

AD . h^ \ A, AD . \ 

3 



^2 \ hg 



k = 



2 sin a 



2 sin a 



AD ,\ h^ _ AD . h^ h^ 
2 sin a 3 2 sin a 3 



= i.'^^ 



K' 



h^ - h. 



^, h^ + h^i^ + h; 
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Cob. If a, is nearly equal to kg the depth of the centre of 
preganrBB is nearly ^ 

4 ' 
404, To find the depth of the centre of pressure of a dreuZar 
sector immersed vertically with one of its radii upon the sitrface of 
the fluid. 

Let AOB be the sector, having the ai^e AOB equal to a. 
Divide the sector into n equal sectors, a i 

n being indefinitely lai^. These sec- 
tors may be regarded as small triangles. 
Let h, be the depth of the lowest 
vertex of the first trian^e, h„ that of 
the second, and so on. Then the 
depths of the centre of gravity of the 
difierent triangles are respectively 
2h, ah, 

3' 3' 3' 

and the depths of the centres of presenro (Art. 403, Coi.) 
3^. A 3A-. 

4 ' 4 ' 4 ' 

Therefore, if A^ he the depth of the centre of pressnie of the 

i.- i(V+V+ -'•V) . 

"|(A.+A,+ +A,) 

£nt if a be the radius of the sector, h,-a sin -, A, = a sin —1 
n n 

and soon. 

Therefore, sabstituting these values, 




.-(™^% 
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» — 



COS I a ) Sin a 



. a 
sin- 



= 3^ ^ 

8 . /?i+ I a\ . a 



. /?i+ I a\ . a 
sin I . - I sin - 

\ n 2/ 2 



a 

sm — 

^a a — cos a sin a . . i 

= ^ . , since n is larse. 

8 I - cos a ^ 

405. Cor. i. K the sector be a quadrant, a = -, and therefore 

2 
TO 

406. CoR. IL K the sector be a semi-circle, a = ir, and therefore 

10 

407. CoR. III. Hence, also, if a sector be immersed with its 
plane vertical, its centre upon the surface, and its axis inclined to 
the surface at an angle $ ; then a being the angle of the sector, 

,_3a 2a — sin (2^ + a) + sin (2i9— a) 
""16 cos (^ - f ) - cos (6 + 1) 

408. CoR. IV. If a semi-circle, having its diameter on the surface 
of a fluid, be divided into small rectangles by lines parallel to the 
surface, and if m denote the area of one of these, and h the depth 
of its centre of gravity, then (Art. 398), 



h^ 



^,mh 



But, k = 5!^, and S . mh, or the sum of the moments of the 

several rectangles about the diameter is equal to the moment of 
the whole semi-circle ; that is, to — x ^ or ^\ Substituting 

2 37r 

these values, we have 

ira* 



^.mh* = 



8 
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In like maimer, if h^ \ be the distances of the centre of 
gravity and the centre of pressure from the sSrface line in the 
second position, ,. 5.mr« ,.. . 

But, by hypothesis, the line through the centre of gravity, parallel 
to the surface of the fluid, is the same in both cases, and conse- 
quently 5 . nir' is the same in equations i and ii ; therefore, 

CoR. If the figure is symmetrical about an axis, and the axis is 
at right angles to the surface line, then since both the centre of 
gravity and the centre of pressure are in the axis, the distance 
A; - A is in each case the distance of pressure from the centre of 
gravity, and hence the preceding theorem shows, that if any 
symmetrical figure he immersed with its axis at right angles to the 
surface line, the product of the distance of the centre of gravity from 
the surface line into the distance of the centre of pressure from the 
centre of gravity is invariable. 



EXAMPLES. 

1. Find the centre of pressure of a triangular plane immersed to 
any depth, having its base parallel to the surface of the fluid, and 
lower than the vertex. 

Let c be the depth of the vertex, and c + h that of the base; 
then the depth of the centre of pressure is equal to . 

60" + Sch + 3^* 

2. Find the centre of pressure of a square plane, having one of 
its corners upon the surface of the fluid, and one of its diagonals 
vertical. . 

Let a be the side of the square, then the depth of the centre of 
pressure is equal to 7a^/2 

- 

12 
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3. Find the centre of pressure of a hexagonal plane immersed 
vertically, with one of its sides upon the surface of the fluid. 

Let a be a side of the hexagon, then the depth of the centre of 
pressure is equal to 230^3 

4. Find the centre of pressure of a trapezium immersed with its 
base upon the surface of the fluid, and its parallel sides perpendicular 
to the surface. 

Let A, and \ be the lengths of the parallel sides, then the depth 
of the centre of pressure is equal to 

5. A conical vessel, filled with a liquid, is placed with its vertex 
upwards, and its axis inclined to the vertical line at an angle equal 
to half the angle of the cone ; determine the distance of the centre 
of pressure of the base from the centre of the base. 

Let 2a be the angle of the cone, and r the radius of the base ; 
then the distance required is equal to 

r tan' a 



6. An octagonal plate is immersed in a fluid, so that one of its 
sides is upon the surface; find the distance of the centre of pressure 
from the centre of the plate. 

Let a be the side of the plate, then the distance required is 
equal to g (1 + 2^2) 

12 
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CHAPTEE VL 

ON THE EQUILIBRIUM OF FLOATING BODIES. 

411. It has already been seen that, when a floating body is in 
equilibrium, the weight of the body acting vertically downwards 
at its centre of gravity is equal and opposite to the weight of the 
fluid displaced, acting at the point which was the centre of gravity 
of this portion of the fluid before displacement. If then a vertical 
line passing through this last-mentioned point be called the line of 
thrust, one of the conditions of the equilibrium of a floating body 
will be, that the line of thrust pass through its centre of gravity. 

412. A body at rest is said to be in stable equilibrium^ if after 
receiving a slight displacement it tends to return to its former 
position, but unstable if it tends to recede from it If neither of 
these happen — ^that is, if equilibrium be not destroyed by the dis- 
placement — ^the body is said to be in neutral equilibrium. 

413. If a body in equilibrium be displaced through an indefi- 
nitely small angle, the point in which the lines of thrust before and 
after displacement intersect one another is termed the metacefatre. 

414. The equUibrium of a floating body is stable, unstable, or 
neutral, according as the metacentre is above, betono, or coincident 
with the centre of gravity. 

Let G be the centre of gravity of a floating body, and M,GM, 
the line of thrust when at rest. Let ^^M, be the 
line of thrust after displacement, then M, is the 
metacentre, and falls above G. The body is then 
acted upon by two equal forces, the weight of the 
body acting vertically downwards at G, and the 
resultant pressure of the fluid acting upwards at ^,. 
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These forces will rise to a motion of rotation, such as tends to 
restore the line M,GMa to the vertical position, and consequently 
the equilibrium is stable. 

Again, let ^^M, be the line of thrust afber displacement, so that 
the metacentre is below G, then the two forces acting upon the 
body tend to produce rotation in a direction contrary to that in 
the former case, or to cause MiGM, to recede from the vertical 
position ; the equilibrium is therefore imstable. 

If the line of thrust after displacement pass through G, the 
body will still remain at rest, and therefore the equilibrium is 
neutraL 

415. To find the depth of the immersed part of any floating body 
when its form is similar to that of the whole body. 

Let V be the volume of the given body, V that of the part 
immersed, and s the ratio of the specific gravity of the body to that 
of the fluid. Let w be the weight of a unit of the fluid, then the 
weight of the body is equal to 

Ysw, 
and the weight of the fluid displaced is equal to 

and therefore, by Art. 289, 

"Y'v) — Ysw, 

and hence, V _ 

Let h be the vertical height of the floating body, and 7i' that of 
the part immersed. Then, if the body be a plate of uniform 

thickness, :^ = X' = 

h^ V ^' 
and therefore, in this case, h' = hy/s. 

Secondly : if the body be not of uniform thickness, then, since 
by. hypothesis the floating body and the part immersed are similar 
soHds, ^''_V'_ 

and therefore, in this case, K = A V^« 
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416. To find the podtions of equilibrium of a triangular plaii 
fixating vertically in any fluid. 

Let ABC be the triangular plate, G its centre of gravity, and s 
the ratio of the specific gravity of the 
floating body to that of the fluid. 

First : let one vertex only be im- 
mersed, as in the figure, and let g be 
the centre of gravity of the displaced 
fluid. Then, by the conditions of 
equilibrium, ^G must be vertical, and 
the weight of the fluid displaced 
must equal the weight of the floating 
body. ^ 

Let AC = a, BC = b, EC = x, and FC = y, and let C represent the 

angle ACB ; ^rea of ABC = iab sin C. 

area of EFC = ^y sin C. 

Hence, i£ whe the weight of a unit of the fluid, and 8 the ratio of 
the specific gravity of the body to that of the fluid, 

weight of ABC = J swab sin C, 
weight of displaced fluid - ^ uKty sin C. 
Therefore, wocy = swaby 

icy = sab, (L) 

Since g is the centre of gravity of EFC, N is the bisection of 
EF, and ^g = i NC. Li like manner, D is the bisection of AB, 
and DG = ^ DC. Hence, in the triangle DCIT, DG : DC : : K^ : 
NC, and therefore D!N" and Gg are parallel Consequently, DN is 
vertical, or at right angles to EF, and therefore the lines DE and 
DF are equal. 

But DE'' = DC + af- 2xDG cos ACD, 

and DF« = DC'' + y" - 2yDC cos BCD ; 

/. of - 2a;DC cos ACD = y*- 2yJ)C cos BCD. (ii.) 

The equations i and ii. are sufficient for determining the values 
of X and y, or the positions of equilibrium, when C only is im. 
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mersed. And, in like manner, the positiona of equilibrium may- 
be found when either of the vertices is 
immersed singly. 

Secondly ; let one vertex only, C, be 
without the fluid. Then, as before, 
G^ must be vertical ; for since G is the 
centre of gravity of the whole figure 
ABC, and g of the part EFC, the cen- 
tre of gravity of the remainder ABFE 
must lie in the line joining G^. Con- 
sequently, if, as before, GE = x, and 
CF = y, equation ii applies to this case also. To obtain the other 

equation, 

ABFE = ABC -EFC, 

= J (ab — xy) sin C ; 

weight of displaced fluid = ^w {ah — xy) sin C ; 

w{ab -• xy) sin C = swab sin C, 

db — xy- sab, 

xy = (i--s)db, 

417. The equations deduced in the preceding Article admit of 
•• asy solution, if the vertex to which they apply be the vertex of 
. n isosceles triangle. Let this angle be 2a, and let each of the 
equal sides be a ; then DC = a coa a, and the equations i and ii 
become ocy = sa% 

and of — 2ax cos' a = i/* -- 2ay cos* a ; 

af -- ^ — 2a cos' a (a; — y) = o, 
(x-y) (x+y-2a co8^a)=:o. 

This equation is satisfied when either of its Actors vanishes. 
Let the first &.ctor vanish, then 

x-y=oi 

x = y = a^s, 
which gives the position of the triangle when floating with DC 
vertical Let the second factor vanish, then 

a + y — 2a cos' a = o. 
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Substituting the value of y, fronj the equation xy = «a% 

af — 2ax oofi* a + ^a' = o ; 
x = a cos* a±a,y(co8* a — «). 

If « be greater than cos* a, this expression involves an impossible 
quantity, and the only position of equilibrium will be that already 
determined. If « = cos* a, the expression under the radical vanishes, 
and we have a = a cos" a = V^ ; 

« . a* . 

a . cos a 

which gives the same position as before. If « be less than cos* a, 
the equations wiU give two real values for x and y^ and there may 
consequently be two positions of equilibrium besides that already 
determined. 

If the vertex be without the fluid, the equations for the dete^ 
mination of the position of equilibrium become \ 

xy = {i-8)a% 
and (^ — y) (a; + y — 2a cos* a) = o. 

Whence x = a-^( i — s), 

and x = a cos* a ± ay {cos* a - (i - ^) }, 

which may give three positions of equilibrium, if x — ^ be less 
than cos* a; that is, if « be greater than i -^ cos* a. 

41 8. To find the greatest number of positions in which an equi- 
lateral triangular plate will float in a given fluid. 

Since the plate is equilateral, a = 30**, and therefore cos*a=}. 
Let x^ x^ x^y y^, y„ ^3, be the different possible values of a; and y 
when any one vertex is immersed ; then 

x,=: ay/{s) =j/„ 

«^a = « (! + >/(*-«)} =^3* 

In order that a*,, x^, y^y y^ may be possible, s must be less than 
•^. The nature of the problem also requires that neither x nor y 
shall be greater than a. "No value below -^ given to 8 will make 
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either the first or third expression greater than a. That the second 
expression be not greater than a, 8 must be so taken that 

f +V(A""^) ^ ^^* greater than i, 

or, 8 is not less than \, 

If « be less than ^, ar, and y^ are both greater than a, and there- 
fore the positions denoted by a;^, y^ and by ajj, ^3, are inadmissible. 
Again, let a;^, y^ a;^, y^, aig, y^, be the possible values of x and y, 
when any vertex is singly above the fluid. Then 

«4* as/{i-8) ^y^ 

In order that the second and third of these expressions may be 
possible, 8 must be greater than -j^, and that the second may not 
be greater than a, 8 must not be greater than J. K « be greater 
than i, ajg and y^ are both greater than a, and therefore the posi- 
tions denoted by aj^, y^, and by x^, y^, are inadmissible. 

Hence we obtain the following results : — 

First : If s be greater than unity, the body will not float at aU. 

Secondly : K 5 lie between i and -^ the body will float in six 
positions ; namely, when either vertex is singly above or below the 
surf8U5e, and the opposite side horizontal 

Thirdly: K « lie between -^ and J, each vertex, when singly 
immersed, will rest in three positions, and when singly above the 
surface in one; namely, with the opposite side horizontal; there 
will therefore be twelve positions. 

Fourthly: If « lie between J and ^, each vertex, when singly 
above the surface, wiU rest in three positions, and when singly 
below in one ; namely, with the base horizontal ; there are there- 
fore twelve positions of equilibrium. 

Fifthly : If s = i, there are also twelve positions only. For 
though it might seem as if this would give three values for x, both 
when each vertex is singly below the surface and when above, it 
will be seem that when 8 has this value, either x or y, except when 
one side is horizontal, is equal to a, and consequently one vertex 
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is on the surface. Six of the positions, therefore, having one 
vertex singly below will be identical with six having one vertex 
singly above. There will not then be eighteen positions of equi- 
librium, but twelve only. 

Sixthly : If « be less than -j^, the body will float in six positions ; 
namely, with either vertex singly above or below the surface, and 
the base honzontaL 

419. A square plate of uniform thickness and density floats 
vertically in a fluid with one side horizontal ; to determine the 
position of the metacentre, and the nature of the equUihrium. 

Let 2a be the length of a side of the plate, and s the specific 
gravity of the plate relatively to that of 
the fluid. Let ABMN" be the immersed 
part when the plate is in the position of 
equilibrium, then 

ABMN = 4a»«. 
Let DEMN be the part immersed when 
the plate has been moved through an 
indefinitely small angle 0, in such a way 

that the quantity of fluid displaced after the disturbance is the 
same as that displaced before ; and therefore 

ACD = CEB. 
Let G be the centre of gravity of the plate, g that of ABMN", and 
g' that of DEIO. Let the vertical line through g/^ meet the line 
^G in 0, and then is the metacentre. 

If « be the distance of ^ from the vertical line through G, 

G0 8intf=«, 

or, GO = -, — 5i = -;r, since is indefinitely small 
sin ^ ^ 

The value of z may be found as follows : — 

DEMN = ABMN - ACD + CER 

Therefore the moment of DEM^ about the vertical line through 

G is equal to the algebraic sum of the moments of these several 

parts. 
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The area of DEMN is equal to /^a% and the distance of its centre 
of gravity from the vertical line through G is by hypothesis z. 

The area of ABMN* is equal to 40% and the distance of its 
centre of gravity from the vertical line through Gr is equal to 
^.^, or atf (i-«). 

The area of the indefinitely small triangle ACD may be regarded 
as equal to that of a sector of the circle, whose centre is at C and 
radius CA or a \ whence the area of ACD is equal to \a^^ and the 
distance of its centre of gravity of ACD from C is equal to fa, 
and therefore its distance from the vertical line through G is 
fa - wC. 

Similarly, the area of CEB is equal to \ol% and the distance of 
its centre of gravity from the vertical line through G is equal to 
fa+wC. 

Therefore, assuming the left hand side of the vertical line 

through G to be the positive direction, and consequently giving 

the negative sign to the moment of CEB, we have 

4a*5. 2=4a3«. tf (i -8)-'\a*6 (fa-mC) - Ja*tf (fa + wC), 

and therefore, _ ^ 65(1— «)— i 

* — aCf • "z. • 

Consequently, GO = a . — (l — 

If this value be positive, falls below G, and the equilibrium 
is unstable. If it equal zero, coincides with G, or the equili- 
brium is neutral K it be negative, falls above G, or the 
equilibrium is stable. Hence, tiie equilibrium is 

unstable if «" ^ ^ + ^ be negative, 
neutral ,, „ vanish, 
stable „ „ positive. 
The roots of this expression are ^' 

3±>^and3lVi 

6 6 

Hence the equilibrium is unstable if the value of s lie between 

these limits, neutral if it be equal to either of them, and stable if 

it lie without them. 

z 
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420. The method pursued in the preceding Article may be easily 
adapted to the more general case of a plate of any symmetrical 
figure, and also to that of any solid of revolution. 

To find the metacemtre of a plate of any 8]/mmetrical figure 
when fioating vrith its axis vertical. 

Let y be the magnitude of the 
part immersed. Let 2a be the line 
of floatation. Let A be the magni- 
tude of the parts raised and de- 
pressed by the disturbance, which 
are evidently equal Let p be the 
distance of the centre of gravity of 
either of these parts from C. Then, 
as in the preceding Article, taking 
the moments about the vertical line through G, we have 
V^.GO = V^.^-A(jp-mC)-A(i? + mC); 
and therefore ^tn n 2A» 

The parts raised and depressed may, as before, be regarded as 
small circular sectors, whose radius is a, and angle 0, Hence, 
A = ia% and p = %a, consequently, 

421. Ex. An isosceles triangular plate fioats vertically, with its 
base Tiorizontal and its vertex immersed ; to determine ths position 
of the mstacentre, and the nature of the equilibrium. 

Let 2a be the vertical angle, h the vertical height of the triangle^ 
and s the specific gravity of the plate relatively to the fluid. 

Li the position of equilibrium, the part immersed is also an 
isosceles triangle, whose vertical angle is 2a. Let h' be its height, 
then V = h^* tan a, 

a ==: h' tan a, 

and gQ^ = i{h-h'). 
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Therefore, GO = f (A - ^') - f A' tan* a, 

*\ COS" a/ 
But, h' = hy/8 (Art 415); therefore 

3 V COS' a/ 

Whence it follows that the equilibrium is unstable, neutral, or stable, 
according as « is less than, equal to, or greater than cos^ a. 

422. To find the metacentre of any solid of revolution when 
floating with its axis vertical. 

Let Y be the magnitude of the part immersed, and a the radius 
of the plane of floatation. 

Let A be the magnitude of the parts raised and depressed by 
the disturbance, and jp the distance of their centres of gravity 
from C ; then, as in Art. 420, 

The parts raised and depressed may be regarded as parts of a 
sphere (radius = a,) cut out by planes intersecting at the centre at 
the indefinitely small angle 6 ; and therefore (Art. 385), 



Also, A = 



i6 
2a^6 



3 

Substituting these values, we have 



iro* 



Cor. The second term on the right hand side of tl^e equation is 
the distance of the metacentre from the centre of gravity of the 
displaced fluid, or 



va 



4 



90 = h"-^' 



340 ON THB EQUIUBRIUM OF FLOATING BODIES. 

423. Ex. 1. To find the metacentre of a right cone when float- 
ing with its axis vertical 

Let h be the height of the cone, 2a its vertical angle, and 8 its 
specific gravity relatively to the fluid. Then, if h! be the depth of 
the part immersed, the radius of the plane of floatation is equal to 

h! tan a, 
and the volume of the part immersed is equal to 

^K* tan* o. 
Also, the distance between the centres of gravity of the cone and 
of the part immersed is equal to 

Substituting these values in the general formula 

we have for the metacentre of a right cone, 

GO = f (^ -hTj- iK tan' a, 

\ €0S* a/ 
But, by Art. 415, K ^h?^8\ therefore, 



G0 = 3AA__V?_Y 
4 \ cos' a/ 



Cor. Hence, the equilibrium of a righir cone is stable when 

cos* a.<lj8\ 
/. when cos* a < «. 

424. Ex. 2. To find the metacentre of a circular cylinder when 
floating with its axis vertical 

Let r be the radius of the cylinder, h its height, and 8 its 
specific gravity relatively to that of the fluid; then, if ^' be the 
depth of the part immersed, 

V = ^A'; 
also, a^r^ 

and ^G = ^(A-^'). 
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Substituting these values in the general expression of Art. 422, 
But h' = hs, and therefore 

4?18 

Cor. Hence, the equilibrium is stable when 

r*> 2h*8{i — «); 

that is, when ^r-> 28 (i— 8), 

a* 

425. Ex. To find the metacentre of a paraboloid of revolution. 
Let ]/' = 4CX be the equation of the generating parabola, h the 
axis of the paraboloid, and h' the depth of the part immersed; then 

a' = 4ch\ 
and V = 2'n'ch\ 

Also (Art. 382), gGr =%{h- K) ; 

therefore GO = f (^ - h') - 2c. 

To find h\ let w be the weight of a unit of the fluid ; then, 
since the weight of the body is equal to that of the displaced fluid, 

2'n'eh* . W8 - 2'tt'ch''w ; 
whence h' = hy/8. 

Consequently, for the metacentre of the paraboloid, we have 

G0 = f^(i-^«)-2c. 
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MISCELLANEOUS EXAMPLES. 

1. The plane surface of a spherical segment is the base of a 
cone ; what must be the height of the cone that the solid may 
rest with any point of its spherical surface in contact with a 
horizontal plane, the axis of the segment beiog equal to half the 
radius of the sphere 1 

Let r be the radius of the sphere, then the height of the cone 
is equal to r{2+y/i^) 

2 

2. A cylindrical vessel, filled with liquid, is divided into four 
equal portions by two vertical planes through its axis at right 
angles to each other; find the resultant pressure upon either 
portion of the cylindrical surface. 

Let a be the height of the vessel, r the radius of its base, and 
w the weight of a unit of the liquid, then the required pressure is 
equal to tt?a%/2 

2 

3. Two balls of equal weight are fastened together by a cord of 
given length, one of the balls is placed on the ground, and the 
other projected vertically upwards with a given velocity, to what 
height will the second ball rise 1 

Let I be the length of the cord, and the velocity of projection 
that acquired by a body falling freely through the height h, then 
the required distance is equal to h — l 

4 

4. Find, by Guldin's Properties, the surface of the spindle gene- 
rated by the revolution of a circular arc about its chord. 

Let r be the radius of the arc, and 2a the angle subtended by 
the arc at the centre of the circle, then the surface of the spindle 
is equal to 47rr* (sin a — a . cos a). 
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5. A hemispherical bowl, filled with a fluid, is divided into two 
parts by a vertical plane through the centre, find the resultant 
pressure upon one of the parts. 

Let r be the radius of the bowl, and w the weight of a unit of 
the fluid, then the pressure required is equal to 

6. A body is projected with a given velocity along a rough 
horizontal plane; find the space described by the body before 
coming to rest 

Let ft be the co-efficient of friction, and the velocity of projection 
that acquired in falling freely through the distance h, then the space 
required is equal to h 

7. A body is projected in a horizontal direction along a smooth 
inclined plane, with a velocity equal to that acquired in falling 
freely through the distance h ; show that the path described is a 
parabola, and that if a be the inclination of the plane, the latus 
rectum of the parabola is equal to 4^ 

sin a 

8. Find the velocity acquired by a body in falling down a rough 
inclined plane. 

Let v, v^ be the velocities acquired by a body in falling freely 
through distances equal to the height and base of the plane 
respectively, and let fi be the co-efficient of friction, then the 
required velocity is equal to y/W — /^O* 

9. An imperfectly elastic ball is projected at a given inclination 
against a horizontal plane; determine the velocity of projection 
that the ball after its rebound may strike a given point in a 
vertical wall. 

Let e be the modulus of elasticity, a the angle at which the ball 
strikes the horizontal plane, a the distance of the wall from the 
first point of impact, and b the height of the second point, then 
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the velocity of projection is that acquired in falling freely through 
a distance equal to a* 

2ae sin 2a — 4b oos'a 

10. In a cylindrical vessel filled with air, a cone exactly fitting 
it is placed with its vertex downwards, to what depth will the cone 
sink, supposing it to come to rest before its vertex touches the 
bottom of the vessel 1 

Let a be the height of the cylinder, 3^ that of the cone, 8 the 
specific gravity of the cone relatively to that of mercury, apd h 
the height of the barometric column ; then the required depth is 
equal to b8(a — b) 

h+bs 

11. A lever of equal arms, bearing equal weights P, P, is move- 
able about a rough cylindrical axis; find how far one of the 
weights may be moved towards the fdlcrum without disturbing the 
equilibrium, disregarding the difference between the radius of the 
axis and that of the hole in which it works. 

Let w be the weight of the lever, r the radius of the axis, and 
fi the co-efficient of friction, then, if tan c = /m, the distance required 
is equal to r sin c (2P + w) 

P 

12. Determine the velocity with which a body must be projected 
up a rough inclined plane so that it may just reach the top, the 
inclination of the plane being equal to the angle of repoee. 

Let h be the height of the plane, then the required velocity is 
equal to ,y{4gh). 

13. A thin conical vessel, when floating in a certain fluid with 
its vertex downwards, is immersed to half its depth; determine 
the nature of the equilibrium. 

Let h be the height of the cone, then the equilibrium is stable 
if the radius of the base is greater than 

V7 
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1 4. A body falls down an inclined plane which is partly smooth 
and partly rough, what must be the inclination of the plane, that 
the velocity acquired in falHng down a given distance on the 
smooth plane shall be just sufficient to carry the body over an 
equal distance along the rough plane ) 

Let fi be the co-efficient of friction, then the inclination of the 
plane is equal to . ^'fl^\ 

15. Two planes of equal inclination meet in their lowest points, 
a perfectly elastic ball falling vertically strikes one of the planes at 
a given point, and, after rebounding from the second plane, rises 
vertically; from what height did the ball fall on to the first plane 1 

Let a be the inclination of the planes, and a the distance of 
the first point of impact fix)m the lowest point of the plane, then 
the height required is equal to 

a cos a 
sin 4a 

16. A perfectly elastic ball falls into a hemispherical bowl from 
a given height ; determine the position of the first point of impact, 
in order that the second may be the lowest point of the bowL 

Let h be the given height, and r the radius of the bowl, then, 
if ^ be the angle subtended at the centre by the arc contained by 
the two points of impact, 

17. A circular plate just immersed in a liquid is divided by a 
horizontal diameter ; find the centres of pressure of the upper and 
lower sendcircles. 

Let r be the radius of the circle, then the distance of the centre 
of pressure of the upper sendcircle from the highest point of the 
plate is equal to r^ 15^ — 32 

4 S'T- 4 
and that of the lower semicircle is equal to 

r i5?r + 32 

4* 3^+ 4* 



cos 6^ = 
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18. An elastic ball is projected with a given velocity from a 
point in a horizontal plane ; at what distance from that point wiU 
it finally rest 1 

Let e be the modulus of elasticity, s/{2gh) the velocity, and a 
the angle of projection, then the distance required is equal to 

2h sin 2a 
1 — e 

19. The axis of a thin hemispherical bowl, when on the point 
of sHpping down an inclined plane, is inclined to the vertical line 
at an angle of 45° ; determine the co-efficient of friction. 

The co-efficient of friction is equal to 

2v^2-H I 

7 

20. An elastic ball is projected from a point in one of two parallel 

vertical walls, and strikes against the other ; compare the intervals 
between the times of the successive impacts. 

Let t be the time between projection and the first impact, then 

the required intervals are 

t t t , 

— > — > — > and so on. 

21. A hemispherical bowl, of given material, just floats in a 
given fluid ; determine the thickness of the bowl. 

Let 8 be the specific gravity of the material of the bowl relatively 
to the given fluid, then, if a be the external radius, the internal 
radius is equal to 



V(^> 



22. A particle moves from rest over the convex side of a para- 
bola whose axis is vertical; show that when the particle starts from 
the vertex, the square of the reaction at any point varies inversely 
as the cube of the distance from the focus. 

23. A particle moves from rest over the convex side of a para- 
bola, whose axis is horizontal and whose plane is vertical; show 
that when the particle starts from a point whose distance from the 
axis is equal to three times the semi latus rectum, it will leave the 
curve at the extremity of the latus rectum. 
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L To find the length of a perpendicular {p) drawn to the tangent 
of an ellipse from any point (S). 

Let a^^ + &*af = a'2>* be the equation to the ellipse, the centre 
being the origin of co-ordinates, then the equation to the tangent 
at the point («', if) is 

and .*. if «, y be the co-ordinates of S, 

^ - ^{a*y" + b\c'') ' 

~ "" ab^(rr') 

Cor. 1. If S be at tiie centre, x = o, and y = o, 

ah 



p = 



>/{rr') 



CoR. 2. If S be at the focus from which r is measured, x= -ae, 
and y = o. 



^=v(?> 
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Cor. 3. K S be at the extremity of the major axis, or x= - a, 

and y = o, 

_ & (a;' + a) _ 5. SM 

Cob. 4. If S be at any poiilt on the ellipse, then a V + Ifod^ = a'lfy 
and aY + ^a?" = «''^% 

But » = _ 2a'yy-\-2lfxx'-'2a*h' ^ 

2aby/{rr') 

the negative sign being taken because S is on the same side of the 
tangent as the origin. 

Substituting for 2a*6*, the value given above, we have 

aXy-y'Y + b'ix-xy 



P = 



2ahy/{r/) 



II. To find the length of a perpendicular (p) drawn to the 
tangent of a parabola &om any point S. 

Let y* — ^cx be the equation to the parabola, the vertex being 
the origin ; then the equation to tangent at {x\ y) is 

yy' —2cx==2cx''y 

and therefore, if «, y be the co-ordinates of S, 



tyy'— 2CX — 2cx' 

■^ 2^{cr) 



CoR. 1. If S be at the focus, x = c and y=.o, 
CoR. 2. If S be at the vertex, x = o and y = o. 
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Cor. 3. If S be any point on the parabola, then y* = ^cx, and 

IIL To find the length of perpendicular (p) drawn to the 
tangent of a hyperbola from any point (S). 

Let a^-'b*3if= —(fb* be the equation to the hyperbola, then 
the equation to the tangent at (a^, y') is 

a*yy'-b*xx'= -a'b', 

and /. if X, y he the co-ordinates of S, 

_ 1 a*yy' - b^xx' + a*b* 

ia*yy — b^xx' 4- a*b* 

"T - ab^{rr') ' 

Cor. 1. If S be at the centre, a;= o, and y = o, and hence 

ab 

Cor, 2. If S be at the focus from which r is measured, x= -ae, 
and y = o. Hence, / fr\ 

Cor. 3. If S be any point in the hyperbola, then, proceeding as 
in L Cor. 4, we have 

a'(y-y>)--&'(a;-a^)' 

^ ^ aaVK) 

the upper sign if S and P are on the same branch, the lower sign 
if they are on different branchee. 
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RADIUS OF CXJRVATUEE. 

Dbp. If P and Q be any two points in a curve, and the circle 
be drawn which, passes through P and Q, and has its centre in the 
normal at P, then the limiting value of this circle as Q approaches 
more and more nearly to P, is called the eirde of curvaturey and its 
radius the radius of curvature. 

Let p be the radius of curvature at any point P (fig. Art 224), 
then p is the limiting value of PC, the radius of the circle PQ^'. 

But PQ« = 2PC . PX, 

= 2PC . QR, 

PC- ^Q' 

pe= limit ^!i^. 
2QR 



• • 



rV. To find the radius of curvature at any point (P) of an 
ellipse. 

Let aj, y be the co-ordinates of P, x\ j/ those of Q ; then 

PQ* = (^-a;0* + (y-y?; 
and since QR is the perpendicular from Q to the tangent at P, 
then (I. Cor. 4), 

aby/{r/) 
^aby/irr") K^-x/ ^ 
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But the limit of ^- — s-„ as found in deducing the equation to the 

x — x 

tangent, is — , 

a" y 

rr). — —^ — -, 

^ a^lfiaY + h'x') 

= aV(rr).--^, 
_(»^')f 

V. To find the radius of curvature at any point of a parabola. 
As in the preceding, 

and by II. Cor. 3, 

PQ* ,, . {x-xy + (yy'Y. 



"^H^*'\ 



But the limit of 5— ?, = ! ; hence 

y-y 2c 



= V(-){(0-Hij. 



2y/{cr) . 



4C* 

C-¥X 



= 2C. 



C 



© 
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VL To find the radius of curvature at any point of a hyperbola. 
As before, pQ» ^ (3. _ r^y + (^z - /)*, 

and by IIL Cor. 3, since P and Q are on the same branch, 

ab^(rr ) 
iQR" """^^'^ ' ■ nx-x'Y-a\y-y')- 

1+ f?^Y 



- a VK) . - 



\x — x J 



But limit of ?^^^ = —, 
a? — a? a*y 

1 + 



4>/S 



p=-aV("-') ?^, 

rr ) . — — ^ ; — ^,, 

a6 
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THE STUDENT'S HISTORY OF ROME. 

From the Earliest Times to the Establishment op the 
Empire. With Chapters on the History of Literature and Art. 
By DEAN LIDDELL. With 80 Woodcuts. (686 pp.) Post 
8vo. 7f . 6d. 

THE STUDENT'S GIBBON ; An Epitome of 

THE History of the Decline and Fall of the Roman 
Empire. B^ EDWARD GIBBON. Incorporating the researches 
of recent historians. With aoo Woodcuts. (700 pp.) Post 8vo. 
7t.6d, 
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MURRAY'S STUDENTS MANUALS, 



THE STUDENT'S MANUAL OF ANCIENT 

GEOGRAPHY. By REV. W. L. BEVAN, M.A. With 
150 Woodcuts. (710 pp.) Post 8vo. 7^. dd. 

THE STUDENT'S MANUAL OF MODERN 
GEOGRAPHY, Mathematical, Physical, and Descriptive. 
By REV. W. L. BEVAN, M.A. With 120 Woodcuts. (684 pp.) 
Post 8vo. 7 J. 6</. 

THE STUDENTS HISTORY OF EUROPE 

DURING THE MIDDLE AGES. By HENRY HALLAM, 
LL.D. (650 pp.) Post 8vo. 7s. 6ci. 

THE STUDENT'S CONSTITUTIONAL HIS- 
TORY OF ENGLAND. From the Accession of Henry VIL 
to the Death of George II. By HENRY HALLAM, 
LL.D. (680 pp.) Post 8vo. js.6d. 

THE STUDENT'S HUME ; A History of 

England, from the Earliest Times to the Revolution 
IN 1688. By DAVID HUME. Incorporating the Corrections 
and Researches of recent Historians, and continued to x868. 
With 70 Woodcuts. (780 pp.) Post 8vo. 7*. 6d. 

*♦* Questions on the " Stitdenfs Hume,** \wno. as, 

THE STUDENT'S HISTORY OF FRANCE. 

Fro.m the Earliest Times to the Establishment of the 
Second Empire, 1852. With Notes and Illustrations on the 
Institutions of the Country. By REV. W. H. JERVIS, M.A, 
With Woodcuts. (724 pp.) Post 8vo. js. 6d. 

THE STUDENT'S MANUAL OF THE ENG- 
LISH LANGUAGE. By GEORGE P. MARSH. (538 pp.) 
Post 8vo. 7J. 6d, 

THE STUDENTS MANUAL OF ENGLISH 

LITERATURE. By T. B. SHAW, M.A. (510 pp.) Post Svo. 

THE STUDENTS SPECIMENS OF ENGLISH 

LITERATURE. Selected from the Bf.st Writers. By 
THOS. B. SHAW, M.A. (560 pp.) Post Svo. 7*. 6rf. 

THE STUDENT'S ELEMENTS OF GEOLOGY. 

By SIR CHARLES LYELL, F.R.S. With 600 Woodcuts. 
(692 pp.) Post 8vo. 9^. 

THE STUDENT'S MANUAL OF MORAL 

PHILOSOPHY. With Quotations and References. By 
WILLIAM FLEMING, D.D. (440 pp.) Post Svo. 7*. &/. 

THE STUDENT'S BLACKSTONE. An Abridg- 
ment OP the entire Commentaries. By R. MALCOLM 
KERR, LL.D. (670 pp.) Post 8vo. 7*. &/. 

THE STUDENTS EDITION OF AUSTIN'S 

JURISPRUDENCE. Compiled from the larger work. By 
ROBERT CAMPBELL. Post 8vo. J2S. 

AN ANALYSIS OF AUSTIN'S LECTURES 

ON JURISPRUDENCE. By GORDON CAMPBELL, of 
the Inner Temple. Post 8vo. Cs. 



DR. WM. SMITH'S SMALLER HISTORIES. 



These Works have been drawn up for the lower forms^ 
at the request of several teachers^ 7vho require more elementary 
books than the Student's Historical Manuals. 



A SMALLER SCRIPTURE HISTORY OF 

THE OLD AND NEW TESTAMENTS. Edited by WM. 

SMITH, D.C.L. With 40 Woodcub!. (370 pp.) i6mo. 3^-6^. 
" Students well know the value of Dr. "'Vm. Smith's larger Scripture 
History. This abridgment omits nothing of importance, and is 
presented in such a handy form that it cannot fail to become a 
valuable aid to the less learned Bible Student" — Peoples Magazine. 

A SMALLER ANCIENT HISTORY OF THE 

EAST, from the Earliest Times to the Conquest of Alex- 
ander THE Great. By PHILIP SMITH, B.A. With 70 
Woodcuts. (310 pp.) i6mo. y. 6d. 

" Designed to aid the study of the Scriptures, by placing in their 
true historical relations those allusions to Egypt, Assyria, Babylonia, 
Phoenicia, and the Medo-Persian Empire, which form the back- 
ground of the history of Israel. The present work b an indis* 
pensable adjunct of tne ' Smaller Scripture History ;' and the two 
have been written expressly to be used together." — Pre/ace. 

A SMALLER HISTORY OF GREECE, from 

the Earliest Times to the Roman Conquest. By WM. 
SMITH, D.C.L. * With 74 Woodcuts. (268 pp.) x6mo. 3*. 6d. 

A SMALLER HISTORY OF ROME, from the 

Earliest Times to the Establishment op the Empire. By 
WM. SMITH, D.C.L With 70 Woodcuts. (324 pp.) x6mo. 
y. 6d. 

A SMALLER CLASSICAL MYTHOLOGY. 

With Translations from the Ancient Poets, and Questions on 
the Work. By H. R. LOCKWOOD. With 90 Woodcuts. 
(300 pp.) i6mo. 3*. 6{f. 

A SMALLER MANUAL OF ANCIENT 

GEOGRAPHY. By Rev. W. L. BEVAN, M.A. With 36 Wood- 
cuts. (240 pp.) i6mo. 3^. 6it, 

A SCHOOL MANUAL OF MODERN GEO- 
GRAPHY, Physical and Political. By REV. JOHN 
RICHARDSON, M.A. (400 pp.) Post 8vo. 5*. 

A SMALLER HISTORY OF ENGLAND. 

From the Earliest Times to the year 1868. By PHILIP 
SMITH, B.A. With 68 Woodcuts. (400 pp.) i6mo. 3s. 6cl. 

A SMALLER HISTORY OF ENGLISH 

LITERATURE ; giving a sketch of the lives of our chief writers. 
By JAMES ROWLEY. (276 pp.) i6mo. 3*. &/. 

SHORT SPECIMENS OF ENGLISH 

LITERATURE. Selected from the chief authors and arranged 
chronologically. By JAMES ROWLEY. With Notes. (368 pp.) 
z6mo. 3^. 6d. 



DR. WM. SMITH'S DICTIONARIES. 

BIBLICAL, CLASSICAL, AND LATIN. 

DICTIONARY OF THE BIBLE; Its Antiqui- 

TIES, Biography, Geography, and Natural History. With 
Illustrations. 3 vols. Medium 8vo. 5/. 5s. 

CONCISE BIBLE DICTIONARY. Condensed 

fhsm the above. With Maps and 300 Illustrations. (1030 pp.) 
Medium 8vo. aix. 

SMALLER BIBLE DICTIONARY. Abridged 

from the above. With Maps and 40 Illustrations. (620 pp.) 
Crown 8vo. js. 6d. 

DICTIONARY OF CHRISTIAN ANTIQUITIES. 

The History, Institutions, and Antiquities, from the 
TIME OP the Apostles to the age op Charlemagne. With 
Illustrations. Vol. z. (910 pp.) Medium Sva 3xx. 6^. 

DICTIONARY OF CHRISTIAN BIOGRAPHY, 

LITERATURE, SECTS, AND DOCTRINES. From the 
time of the Apostles to the agb of Charlemagne. Vol I. 
(930 pp.) Medium 8vo. 3xx. 6d, 

DICTIONARY OF GREEK AND ROMAN 

ANTIQUITIES. Including the Laws, Institutions, Domestic 
Usages, Painting, Sculpture, Music, the Drama, &c. With 500 
Illustrations. (1300 pp.) Medium 8vo. a8f. 

DICTIONARY OF GREEK ' AND ROMAN 

BIOGRAPHY AND MYTHOLOGY. Containing a History 
of the Ancient World, civil, literary, and ecclesiastical. With 
564 Illustrations. (3720 pp.) 3 Vols. Medium 8vo. 84^. 

DICTIONARY OF GREEK AND ROMAN 

GEOGRAPHY. Including the political history of both countries 
and cities. With 530 Illustrations. (2512 pp.) a Vols. Medium 
8vo. $6s. 

CLASSICAL DICTIONARY OF MYTHOLOGY, 

BIOGRAPHY, AND GEOGRAPHY. With 750 Woodcuts. 
(840 pp. ) 8vo. z8x. 

SMALLER CLASSICAL DICTIONARY. With 

200 Woodcuts. (472 pp.) Crown 8vo. 7*. 6d. 

SMALLER DICTIONARY OF GREEK AND 

ROMAN ANTIQUITIES. With 200 Woodcuts. (474 pp.) 
Crown 8vo. ^s. 6d. 

COMPLETE LATIN-ENGLISH DICTIONARY. 

With Tables of the Roman Calendar, Measures, Weights, and 
Moneys. (1220 pp.) Medium 8vo. aix. 

SMALLER LATIN-ENGLISH DICTIONARY: 

with Dictionary of Proper Names and Tables of Roman Calendar, 
etc (672 pp.) Square i2mo. 7^. ^ 

COPIOUS & CRITICAL ENGLISH-LATIN 

DICTIONARY. (976 pp.) Medium 8vo. ax*. 

SMALLER ENGLISH-LATIN DICTIONARY. 

(720 pp.) Square zamo. js, 6d» 



DR. WM. SMITH'S EDUCATIONAL COURSE. 

^ " Theg;eneral excellence of the books included in Mr. Murray's educa- 
tional series, is so universally acknowledged as to give in a ereat degree 
the stamp of merit to the works of which it consists. — Schooanaster. 

% 

LATIN COURSE. 

PRINCIPIA LATINA, Part I. First Latin 

Course. A Grammar, Delectus, and Exercise Book with Vo- 
cabularies. (200 pp.) z2mo. 3f. dd. 

%* This work contains the Accidence arranged as in the 
"ordinary grammars" as well as in the "Pubuc Schools 

APPENDIX TO PRINCIPIA LATINA. Part I. ; 

being Additional Exercises, with Examination Papers. z2mo. 2X.6<^ 

PRINCIPIA LATINi^ Part II. Reading Book. 

An Introduction to Ancient Mythology, Geography, Roman 
Antiquities, and History. With Notes and a Dictionary. (268 
pp.) z2mo. 3^. td. 

PRINCIPIA LATINA, Part IIL Poetry, i. Easy 

Hexameters and Pentameters, a. Eclogse Ovidians. 3. Prosody 
and Metre. 4. First Latin Verse Book. (160 pp.) z2mo. y. 6d, 

PRINCIPIA LATINA, Part IV. Prose Compo- 

siTiON. Rules of Syntax, with Examples, Explanations of Syno- 
nyms, and Exercises on the Syntax. (194 pp.) z2mo. y, 6d. 

PRINCIPIA LATINA, Part V. Short Tales 

AND Anecdotes from Ancient History, for Translation 
INTO Latin Prose. (140 pp.) z2mo. 3*. 

LATIN -ENGLISH ^VOCABULARY, arranged 

according to Subjects and Etymology; with a Latin-English 
Dictionary to Phsdrus, Comehus Nepos, and Caesar's "Gallic 
War." (190 pp.) i2mo. 3*. 6d. 

THE STUDENT'S LATIN GRAMMAR. FOR 

THE Higher Forms. (406 pp.) Post 8vo. 6s. 

SMALLER LATIN GRAMMAR. Abridged from 

the above. (220 pp.) i2mo. y.6d, 

TACITUS. Germania, Agricola, and First 

Book of the Annals. With English Notes. (378 pp.) i2mo. y.6d. 

A CHILD'S FIRST LATIN BOOK, Including a 

Systematic Treatment of the New Pronunciation ; and Praxis 
OF Nouns, Adjectives, and Pronouns. By T. D. HALL, 
M.A. (68 pp.) i6mo. 

GERMAN COURSE. 

GERMAN PRINCIPIA, Part I. First German 

Course. Containing Grammar, Delectus, Exercbes, and Voca- 
bulary. (164 pp.) zsmo. y. 6d. 

GERMAN PRINCIPIA, PART IL A Reading 

Book. Containing Fables, Stories, and Anecdotes, Natiual His- 
tory, and Scenes from the History of C^ermany. With Gramma- 
tical Questions, Notes, and Dictionary. (273 pp.) i2mo. 3^. 6d. 

PRACTICAL GERMAN GRAMMAR. With a 

Sketch of the Historical Development of the Language and its 
Principal Dialects. (340 pp.) Post 8vo. 3s, 6d, 



DR. WM. SMITH'S EDUCATIONAL COURSE. 



GREEK COURSE. 

INITIA GRiECA, Part I. First Greek 

CouRSK, containing Grammar, Delectus, Exercise Book, and 
Vocabularies. (194 pp.) lamo. 3^. 6d. 

INITIA GRiECA, Part II. Reading Book ; 

containing short Tales, Anecdotes, Fables, Mythology, and 
Grecian History. With a Lexicon. (220 pp.) i2mo. y. 6d. 

INITIA GR^CA, Part III. Prose Composi- 
tion ; containing the Rules of Syntax, with copious Examples 
and Exercises. (210 pp.) i2mo. 3^.6//. 

STUDENTS GREEK GRAMMAR FOR THE 

Higher Forms. By PROFESSOR CURTIUS. (386 pp.) 
Post 8vo. 6s. 

SMALLER GREEK GRAMMAR. Abridged from 

the above work. (220 pp.) Z2mo. y. 6d. 

GREEK ACCIDENCE. Extracted from the above 

work. (125 pp.) x2mo. as. 6d. 

ELUCIDATIONS OF CURTIUS' GREEK 

GRAMMAR. Translated by EVELYN ABBOTT, M.A- 
Post 8vo. 7*. 6d, 

PLATO. The Apology of Socrates, the Crito, 

AND Part op thb Ph^do ; with Notes in English from Stall* 
BAUM and Schlbibrmachbr's Introductions. (343 pp.) x2mo. 
3*. 6d, I ^^^ 

FRENCH COURSE. . 

FRENCH PRINCIPIA, Part I. First French 

Course, containing Grammar, Dblbctus, Exbrosb Book, and 
Vocabularies. (z8o pp.) z2mo. 3^. 6d, 

FRENCH PRINCIPIA, Part IL Reading- 

Book, contauning Fables, Stories, and Anecdotes, Natural His- 
tory, and Scenes from the History of France. With Grammatical 
Questions, Notes, and a copious Etymological Dictionary. 
(364 pp.) T2mo. 4s. 6d. 

FRENCH PRINCIPIA, Part IIL Prose Com- 

POSITION, containing a systematic Course of Exercises on the 
Syntax with the Principal Rules of Syntax. i2rao. {In /he press. 

THE STUDENTS FRENCH GRAMMAR: a 

Practical and Historical Grammar of the French Language. By 
C. HE RON-WALL. With an Introduction by M. LittrM. 
(^490 pp.) PostSvo. •;s.6d. 

A SMALLER GRAMMAR OF THE FRENCH 

LANGUAGE. For the Middle and Lower Fonns. Abridged 
from the above. (230 pp.) i2mo. 3s. 6d. 



ITALIAN COURSE. 

ITALIAN PRINCIPIA. Part I. A First Italian 

Course, containing a Grammar, Delectus, Exercise Book, with 
Vocabularies, and Materials for Italian ConTenation. By Signor 
Ricci. zsmo. 



DR. WM. SMITH'S EDUCATIONAL COURSE. 



ENGLISH COURSE. 

PRIMARY HISTORY OP^ BRITAIN. FOR Ele- 
mentary Schools. (368 pp.) i2ino. 2s. 6d. 

" An admirable work, one of the best short school histories of England 
we have seen." — Educational Times, 

SCHOOL MANUAL OF ENGLISH GRAMMAR; 

with Copious Exercises. By WM. SMITH, D.C.L., and T. D. 
HALL, M.A. (256 pp.) Post 8vo. 3J. 6d. 

*' The use of this book will render unnecessary that of many others. 
It is really a serviceable school-book." — Noncoufonnist, 

PRIMARY ENGLISH GRAMMAR FOR ELE- 

MENTARY SCHOOLS. With Exercises and Questions. Based 
upon the above work. By T. D. HALL, M.A. (76 pp.) i6mo. \s. 

" We doubt whether any grammar could be more clear, concise, and 
full than this." — Watchman. 

A SCHOOL MANUAL OF ENGLISH COMPO- 
SITION. With Copious Illustrations and Practical Exercises. 
By T. D. Hall. x2rao. [/» tAe Press. 

SCHOOL MANUAL OF MODERN GEO- 
GRAPHY, PHYSICAL AND POLITICAL. By JOHN 
RICHARDSON, M.A. (400 pp.) Post 8vo. 5*. 

" The most comprehensive, accurate, and methodical geography with 
which we are familiar." — School Guardian. 



STANDARD SCHOOL BOOKS. 

KING EDWARD VL's LATIN GRAMMAR; 

or. An Introduction to the Latin Tongue. (324 pp.) i2mo. 3;. 6d. 

KING EDWARD VI.'s FIRST LATIN BOOK. 

The Latin Accidence. Syntax and Prosody, with an English 
Translation. (220 pp.) x2mo. ^,6d, 

OXENHAM'S ENGLISH NOTES FOR LATIN 

ELEGIACS, designed for early proficients in the art of Latin 
Versification. (156 pp.) x2mo. 3;. 6d. 

HUTTON'S PRINCIPIA GR^ECA. An Intro- 

DUCTiON TO THE Studv OF Greeic. A Grammar, Delectus, 
and Exercise Book, with Vocabularies. (154 pp.) z2mo. 3* . 6rf. 

MATTHIiE'S GREEK GRAMMAR. Abridged 

by BLOMFIELD. Revised by E. S. CROOKE, B.A. {41a pp.) 
Post 8vo. 4^. 

LEATHES' HEBREW GRAMMAR. With the 

Hebrew text of Genesis i. — vi., and Psalms i, — vL Grammatical 
Analysis and Vocabulary. (252 pp.) Post 8yo. js, 6d. 



MRS. MARKHAM'S HISTORIES. 

" Mrs. Markham's Histories are constructed on a plan which is novel 
and we think well chosen, and we are glad to find that they are deservedly 
popular, for they cannot be too strongly recommended.*'— 7i77<r/M/^ 
Education, 

♦ 

A HISTORY OF ENGLAND, from the First 

Invasion by the Romans. By MRS. MARKHAM. Continued 
down to 1867. With Conversations at the end of each Chapter. 
With 100 Woodcuts. (528 pp.) i2mo. 3*. 6d, 

A HISTORY OF FRANCE, from the Conquest 

BY THE Gauls. By MRS. MARKHAM. Continued down to 
1861. With Conversations at the end of each Chapter. With 70 
Woodcuts. (550 pp.) i2mo. 3*. 6d, 

A HISTORY OF GERMANY, from the Invasion 

OP THE Kingdom by *thb Romans under Marius. On the 
plan of Mrs. Markham. Continued down to 1867. Wi^ 50 
Woodcuts. (460 pp.) i2mo. 3*. 6d, 

LITTLE ARTHUR'S HISTORY OF ENGLAND. 

By LADY CALLCOTT. Continued down to the year 1872. 

With 36 Woodcuts. (286 pp.) i6mo. zx. td, 
"I never met with a history so well adapted to the capacities of 
children or their entertainment, so philosophical, and written with such 
simplicity." — Mrs. Marcett. 

iESOP'S FABLES. ' A New Version. By Thos. 

JAMES, M.A. With zoo Woodcuts. (z68 pp.) Post 8vo. aj. 6(i. 
**Of iEsop's Fables there ought to be in every school many copies, 
fiill of pictures."— ^rof^j Magazine, 

THE BIBLE IN THE HOLY LAND: being 

Extracts from DEAN STANLEY'S SINAI AND PALES- 
TINE. With Woodcuts. (210 pp.) z6mo. 2s. 6d, 



NATURAL PHILOSOPHY & SCIENCE. 

— ♦ 

NEWTH'S FIRST BOOK OF NATURAL 

PHILOSOPHY; an Introduction to the Studjr of Statics, 
Dynamics, Hydrostatics, Light, Heat, and Sound, with numerous 
Examples. Jvew and enlarged edition. Small 8va 31. td, 

NEWTH'S ELEMENTS OF MECHANICS, in- 

dudmg Hydrostatics, with numerous Examples. (374 pp.) Small 
8vo. 8f . td, 

NEWTH'S MATHEMATICAL EXAMPLES. A 

Graduated Series of Elementary Examples in Arithmetic, Algchra, 
LoB^thms, Trigonometry, and Mechanics. (378 pp.) Small 
8to. 8x. &/. 
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